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1. Problem description

In this section we consider the system

drs
dt

where fy(t,zs) € C(Jt x R™ — R™), fis(t,z1,...,2¢) € C(JT x R™ x -+ x R"™ — R"),
rs(t) € C(JT = R™), JT ={t:t =19 >0}, |lrs(t)|| < ks, 0 < ks = const; z = (21 ,...,2])T,
R"M @& .--@® R = R", s = 1, q. Superscript T denotes transposition. We will take Euclidean
norm as the norm of a vector.

Assume (2] (to), ..., zL (t0))" = 2(tg) = wo. Suppose that with r4(t) = 0 (s = 1,q) the
system (1) has a unique equilibrium z; = --- = 2, = 0, and besides f,(¢,0) = fi5(£,0,...0) =
f2s(t,0,...0) =0, s = 1,q. We also assume that the vector functions fs(t,zs), fis(t,21,...,2q)
(i =1,2; s =1,q) are sufficiently smooth concerning phase variables. This ensures the existence
and uniqueness of a solution of the Cauchy problem with initial data (to,x¢) € J* x R™.

We assume that the "linear"approximation of the system (1) is a system

= fs(t,xs) + fis(t,z1, ... xq) + fos(t,z1, ... xq) +1s(t) (1)

dp
dits:fs(taps)+fls(t7pla'-->pq)"‘Ts(t)a 5:1,(] (2)

with initial data (p! (o), ... ,qu(to))T = p(to) = w0 = z(to) = («] (to), ... ,qu(to))T.

To obtain connective estimates of errors of linearization let us introduce fundamental coupling

matrices L = (Io;){'{ and E = (€5;){{ and current coupling matrices L = (I5){{, E = (es;){1,

L € L, E € E. Here es; = {0 if there is no connection between the subsystems, and 1 if
the connection between the subsystems takes place}. Similar arguments are taking elements of
matrix E. Elements l5; = {0 if Zsj =0; 0 if Zsj = 1, but the corresponding bond in the case at
present; 1 otherwise}. Similar arguments are taking elements of matrix E. More details of the
systems, taking into account the fundamental matrices and current connections are described
in [4, chapter 2|. Then the systems (1) and (2) will take following forms

drs
dt = fs(ta xs) + fls(t7l81x17 .- wlsqxq) + fQS(t7 €s1L1, - - 'aesqxq) + Ts(t)v s=1,q (11)
and
dps
dt = fs(t7p5> + fls(talslpla s 7lsqpq) + Ts(t>7 S = 17q (21)
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Here L and E are fundamental coupling matrices of subsystems and the original system
respectively; L and E, L € L, E € E are current coupling matrices. It is obvious that under
conditions imposed on the right-hand sides of systems (1) and (2) we may apply Caratheodory;s
theorem on the existence and uniqueness of the Cauchy problem for systems (1) and (2;) made
in [5, chapter 1]. Hence solutions of the systems (1;) and (2;) are absolutely continuous vector
functions.

2. Estimate constructing

We assume that the systems (1) and (21) admit representations

df — = 7 = - 37 =
dts = fsl(tvx&xs) + fls(t, lazy,... 7lsq$qalslxla cee alsql'q) + (12)
+ f251 (t)éslfh v 7Esqfqa é51517 cee agsqiq) + rs1 (tO)
dis —_ = 7 — 7T — 3 = 37 =
di = fsl(tvx&xs) + fls(ty ls171, ... 7lsq$qalslx17 e 7lsqxq) +
+ f251(t,éslfl, - ,Esqfq,éslil, .. ,ésqiq) + ng(t), s=1,q
and
dps_ t.5..5 tii Z,i: i: " 9
dt _fsl( 7p57ps)+flsl( yUs1P1y -+ quq) s1P1s -+« quq)+rsl( ) ( 2)
D _ 5.7 t,1,1p loqDos Lo1P [ t), s=1
dt — fSQ( aps)ps)+f182( yUs1P1y - vy quqa s1P1y -+ quq)+7n52( )7 s=1,q9.
Here
Ts € R™, T, e R, R™ xR™ =R"™, z, = (z1,7,)7, 2= (&,...,70), T= (&F1,...,70)7,

R™ x - xR =R" 2= (@& ,7)7; faq € C(Jt x R™ x --- x R — R"™),
fi2 €C(JT XR™ x oo x R — R™), fig € C(JT x R™ x R™ x - x R"% x R™ — R"),
fiss €C(JT X R™ x R™M x ... x R" x R™ — R"™), ry € C(J* = R™),

JT={t: t>ty =0}, ||rsi(t)]| < ks = comnst, i =1,2, s =1,q.
We also assume that the phase variables p; ... p, of the system (2;) appear to be similar to the

phase variables x1, ..., x4, and have some indices. Further assume that

a) for each subsystems
dps

dt = fSl(tvpsps) (3)
dp _

5 = f, t,DDs)-
o fs2(t,DsDs)

there are Lyapunov functions satisfying

arsw(|[ps) || < Vs(t, Py Ps) < azsw([IPs)
[Vi(t2, Ps2s Psa) — Vs(t1, D1 D1l < Lis([t2 — tal + sz = Paall + IPs2 — Psa ) (4)

D+V:9(t7ﬁ37§s)‘(3) < _CSw(HﬁsH)a
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where D+‘/S(t7537]:95)|(3) = lirnh—H—O SUP% {‘/;(t + hvﬁs + hfsl(tﬁsvﬁs)vﬁs + hfsz(t>]35a]:95)}7 w(”ﬁs”)
— Khan function [6,§8.2] , w(0) = 0, t € J*, p, € R, b, € R™: ay,, as, cs — positive real
constants, s = 1, q.

b) there are positive real constants as (s = 1,¢q) and the number 0 < p < 1 such that satisfy
inequality

. 1 — —_ = - 7 - 7 = 7 =
lim sup —{Vs(t + h,Ts + h(fs1(t,Ts, Ts) + fis1(t, ls1T1s - - -, LsqTq, L1 T1s - - -, LsqTq),
h—+40 h

is + h(fﬂ(?f,fs,is) + flsz(t,zslfl, L. ququslih Ce lsqiq)) — V(t,fs,i)s} <

< (p - 1) ZO‘s(L)w(Hjs”)'
s=1

Then based on the condition a) and b) we have

q q
DYVt T, To)|(a6.15) < (0= 1) D as(D)w([Tsll) + D (LsAgjesiw® (IZ5]) + Ls(Ka + Ke2))
s=1 s,j=1

For the system 15 we choose Lyapunov function in following form

:L') = st%(taf&%s% (5)

where dg > 0 - real numbers.
From the definition of V (¢, z) it follows that

M=

DYV (t, o)1) < D ds{(p — Das(L)w(|[Ts]) +

s=1

q
3 (LA ([T ]) + L)),
7=1

Note that for the definition of V' (¢, ) in form (5)), correctness of inequation follows

q

q
stalsw(ufsu) <V(t ) < sta?sw(HESH)a
s=1 s=1

and, consequently,
arw([|zs]]) < Vs(t, 75, Ts) < asw(||Tsl]), (6)

where a1 and ag are real positive constants. With estimates (6) and representation of w we have
+ 4 Lo
DTVt 2)lag) < (p = Dall) =+ B(E) 5V + K, (7)
1

where o = Zij:l dsaslsj, B = Zg,j:1 djAsjesj, K = 31 dsLs(Ks1 + Ks2), and differential
equation of comparison for (7) is given by

o(L); | BE)

DYU(t,x) = (p—1)

U? + K, (8)

q
U(to, x0) = Up = Vo = V(to,To) = » _ dVi(to, Zs(to), Ts(to)).
s=1
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According to comparison theorem, we will have V' (t) < U(t) for ¢ > to.
Let us presume that in field U > 0 the equation
E L
H(U):&Q)Ua%-(p—l)MU—FKZO (81)
al ag
has solutions. It is clear that there are no more than two solutions. We denote them by Uy (a1, as, (L), B(E))
and Uz (a1, as, (L), B(E)). Further they will be denoted by Ui (-) and Us(-). Then

>0, for 0S U< UL(+), U= Us(),
B = () ()

<0, for Ui(-) < U < Us(").

Thereby Ui (-) is connectivly asymptotically stable equilibrium of the equation (8) and Us(-)
is unstable one. So, the solution U (t, ¢, Up) of the equation (8) approaches Uj(-) monotonically
when Uy < Us(+) and t — tg — 0o. Hence in Uy < Us(+) the solution of the equation (8) satisfies
the valuation

sup ||U (t, to, Up) || max{asw(To), U1(-)},

=0

from which it follows upper estimate

sup (0,10, Un)] < 7! (- max{one(ml). Un(an, D). 5ED}) . (0)

t>to

We shall now construct a connective errors estimate of linearization concerning part of phase
variables T. For that we introduce an accessory differential equation system based on a difference
of the system solutions (12) and (22). Consider two vector functions (t) = Z(t, to, To, To) —
p(t, to, Py, Do) and £(t) = T(t, to, To,To) — D(t,to, Pys Dy)- Then accessory differential equation
system takes the form

dg — o _— — = =
d: = Y (t, &, 55) + Y11 (t, 51815 - - - lsqEqs 11815 - - -, lsng) +
+ fgsl(t, €511, - .. ,esqfq, 65151, RN esqfq), (13)
dgs —_ = — — = =
I = }/Sg(t, €3y 65) + Ygsl(t, l31€1, e lquq, l31€1, e lSanq) +
+ f282(t) €s1T1, - - - 7€sqfqa eS].%la B 7€8q§q)a s = ]-a q.

Here
)/is(ug&gs) = fsi(tﬂgs +ﬁs(t)7§8 +§s(t)) - fsi(t,ﬁs(t),]:?s(t)),

Yisl(ta lslgly cee 7lsnga lslglv ey lSQgQ) =

Suppose that for the system

a7 _
5 :YS t77 77 ) 1
o 16,95, 7s) (10)
a5 _
5 - }/TS t77 77 b == 17 b
o 16,75 Ys)s 8 q

there exist Lyapunov functions satisfying

Ay W([7sl1) < Vst 75, 7s) < as([171)),
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|V8(t77327§32) - Vs(tvﬁsbﬁsl” < LSl(HﬁsQ —751” + ||§32 _ﬁslH)v (11)
D+V5(t7787§8)|(10) < _Esw(”75||)’

where @5, a2s, Cs — positive real constants, @(]|7,]|) is Khan functions, s = 1,¢. Then

DJFVs(tvg&gs)‘(lg) < (12)

q q
< —e@(|[Esll) + Lo Y Myjlow((IE5]) + L ) Ajes;o? ([1551)-
j=1 j=1
Here Vs(tvgsvgs) = Vs(tvisaﬁs)v s = m
Assume that there exist such 0 < p < 1 and ¢ positive constants k1,. .., k, that

q q
D+V5(t753a58)|(10) <—(1-7) ZZSjkjw(HfjH) + L1 ZZSjASjGSjwz(HgJH)v s=1,4q.
j=1 j=1

Let us define Lyapunov function for system (13)

q
£,8) = Z s(t,Es,85), where ds >0, s=1,q.
From definitions of V(t,&s,2s) and V(t, 7, 7s), S it follows that
q p— p—
aw([el) <Y dasw(|esl) < V(t,e2) w(llzsl) < aaw(ElD, (13)
s=1

where @; and @, are positive real numbers. Hence we have the following differential inequality
B q
DYV < (p—1)K *2 Z sLs1As(B)|71]%, (14)
ay g =1
which corresponds to the differential equation of comparison
o q
DU < (p— 1) *2 Z s slAs] ||£L'1|| (15)
ay g =1

Herewith V(t)) =Vo=Uo=U(ty) =0,a V(t) <U(t), t = to = 0.

T = e~ DE@ -0, 4 / (DK L)) L Z Ay L1 Ay ()| |2dr

to

The equation (12) has the equilibrium

U= e [ (Gme0)]

then we have the estimate
Sa_1dsLs A
(p— 1)K (L)aj

Hereby, for the given definition of V (¢, €, ) the connective errors estimate of linearization concerning
part of phase variables T takes the form

sup |U(t,to,Up)| < max{

t>t0>0

(Do, 11}

max! {all ma{ }} (16)

B 1
sup [[Z(t)|| < =
t>to>=0 ay

Thus, we state the following theorem.
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Theorem 1. Assumptions: 1) for the system (3) and (10) there exist Lyapunov functions satisfying
(4) — (11). 2) the equation (81) has solutions 0 < U1(-) < Us(-) for a(L) > 0, B(E) > 0. Then:
1) the solution y(t,to,yo) exist for t > tg = 0 and, in addition, with Uy < Us(-) satisfies the
valuation (4.6.9) for all possible L € L, E € E; 2) differences in the systems solutions (1) and
(22) with same initial data satisfy the valuation (13) for all L€ L, E € E.

References

1.

Voronov A.A. Vvedenie v dinamiku slozhnyh upravlyaemyh sistem. Moscow: Nauka, 1985.
352 p.

. Shchennikov A.V. Princip vklyucheniya i ustojchivopodobnye svojstva

"chastichnogo"polozheniya ravnovesiya dinamicheskoj sistemy // S.-Petersburg Univ.
Vestnik, 2011. Series 10., Issue 4. P. 119-132.

Shchennikov V.N. Ob ocenke pogreshnosti linearizacii nelinejnoj differencial’'noj sistemy v
kriticheskom sluchae // Diff. uravneniya, 1981. Vol. XVIII, No. 3. P. 568-571.

Shchennikova E.V. Postroenie konnektivnyh ocenok pogreshnostej linearizacii

mnogosvyaznyh nelinejnyh sistem // Saint-Petersburg University Vestnik, 2007. Series 10,
Issue 1. P. 76-83.

. Shchennikov V.N., Shchennikova E.V. Ocenki pogreshnosti linearizacii otnositel’no chasti i

vsekh fazovyh peremennyh // Differential equations, 2001. Vol. 37, Issue 1. P. 149-150.

380



