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1. Problem description

In this section we consider the system

dxs
dt

= fs(t, xs) + f1s(t, x1, . . . , xq) + f2s(t, x1, . . . , xq) + rs(t) (1)

where fs(t, xs) \in C(J+ \times Rns \rightarrow Rns), fis(t, x1, . . . , xq) \in C(J+ \times Rn1 \times \cdot \cdot \cdot \times Rnq \rightarrow Rns),
rs(t) \in C(J+ \rightarrow Rns), J+ = \{ t : t \geqslant t0 \geqslant 0\} , \| rs(t)\| \leqslant ks, 0 < ks = const; x = (xT1 , . . . , x

T
q )

T ,
Rn1 \oplus \cdot \cdot \cdot \oplus Rnq = Rn, s = 1, q. Superscript T denotes transposition. We will take Euclidean
norm as the norm of a vector.

Assume (xT1 (t0), . . . , x
T
q (t0))

T = x(t0) = x0. Suppose that with rs(t) \equiv 0 (s = 1, q) the
system (1) has a unique equilibrium x1 = \cdot \cdot \cdot = xq = 0, and besides fs(t, 0) \equiv f1s(t, 0, . . . 0) \equiv 
f2s(t, 0, . . . 0) = 0, s = 1, q. We also assume that the vector functions fs(t, xs), fis(t, x1, . . . , xq)
(i = 1, 2; s = 1, q) are sufficiently smooth concerning phase variables. This ensures the existence
and uniqueness of a solution of the Cauchy problem with initial data (t0, x0) \in J+ \times Rn.

We assume that the "linear"approximation of the system (1) is a system

dps
dt

= fs(t, ps) + f1s(t, p1, . . . , pq) + rs(t), s = 1, q (2)

with initial data (pT1 (t0), . . . , p
T
q (t0))

T = p(t0) = x0 = x(t0) = (xT1 (t0), . . . , x
T
q (t0))

T .
To obtain connective estimates of errors of linearization let us introduce fundamental coupling

matrices L = (lsj)
q,q
1,1 and E = (esj)

q,q
1,1 and current coupling matrices L = (lsj)

q,q
1,1, E = (esj)

q,q
1,1,

L \in L, E \in E. Here esj = \{ 0 if there is no connection between the subsystems, and 1 if
the connection between the subsystems takes place}. Similar arguments are taking elements of
matrix E. Elements lsj = \{ 0 if lsj = 0; 0 if lsj = 1, but the corresponding bond in the case at
present; 1 otherwise\} . Similar arguments are taking elements of matrix E. More details of the
systems, taking into account the fundamental matrices and current connections are described
in [4, chapter 2]. Then the systems (1) and (2) will take following forms

dxs
dt

= fs(t, xs) + f1s(t, ls1x1, . . . , lsqxq) + f2s(t, es1x1, . . . , esqxq) + rs(t), s = 1, q (11)

and
dps
dt

= fs(t, ps) + f1s(t, ls1p1, . . . , lsqpq) + rs(t), s = 1, q (21)
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.
Here L and E are fundamental coupling matrices of subsystems and the original system

respectively; L and E, L \in L, E \in E are current coupling matrices. It is obvious that under
conditions imposed on the right-hand sides of systems (1) and (2) we may apply Caratheodory;s
theorem on the existence and uniqueness of the Cauchy problem for systems (11) and (21) made
in [5, chapter 1]. Hence solutions of the systems (11) and (21) are absolutely continuous vector
functions.

2. Estimate constructing

We assume that the systems (11) and (21) admit representations

dxs
dt

= fs1(t, xs, xs) + f1s(t, ls1x1, . . . , lsqxq, ls1x1, . . . , lsqxq)+ (12)

+ f2s1(t, es1x1, . . . , esqxq, es1x1, . . . , esqxq) + rs1(t0)

dxs
dt

= fs1(t, xs, xs) + f1s(t, ls1x1, . . . , lsqxq, ls1x1, . . . , lsqxq)+

+ f2s1(t, es1x1, . . . , esqxq, es1x1, . . . , esqxq) + rs2(t), s = 1, q

and

dps
dt

= fs1(t, ps, ps) + f1s1(t, ls1p1, . . . , lsqpq, ls1p1, . . . , lsqpq) + rs1(t) (22)

dps
dt

= fs2(t, ps, ps) + f1s2(t, ls1p1, . . . , lsqpq, ls1p1, . . . , lsqpq) + rs2(t), s = 1, q.

Here

xs \in \BbbR n\prime 
s , xs \in \BbbR n\prime \prime 

s , \BbbR n\prime 
s \times \BbbR n\prime \prime 

s = \BbbR ns , xs = (xTs , x
T
s )

T , x = (xT1 , . . . , x
T
q )

T , x = (x
T
1 , . . . , x

T
q )

T ,

\BbbR n1 \times \cdot \cdot \cdot \times \BbbR nq = \BbbR n, x = (xT , x
T
)T ; fs1 \in C(J+ \times \BbbR n\prime 

s \times \cdot \cdot \cdot \times \BbbR n\prime \prime 
s \rightarrow \BbbR n\prime 

s),

fs2 \in C(J+ \times \BbbR n\prime 
s \times \cdot \cdot \cdot \times \BbbR n\prime \prime 

s \rightarrow \BbbR n\prime \prime 
s ), fis1 \in C(J+ \times \BbbR n\prime 

1 \times \BbbR n\prime \prime 
1 \times \cdot \cdot \cdot \times \BbbR n\prime 

q \times \BbbR n\prime \prime 
q \rightarrow \BbbR n\prime 

s),

fis2 \in C(J+ \times \BbbR n\prime 
1 \times \BbbR n\prime \prime 

1 \times \cdot \cdot \cdot \times \BbbR n\prime 
q \times \BbbR n\prime \prime 

q \rightarrow \BbbR n\prime \prime 
s ), rs \in C(J+ \rightarrow \BbbR ns),

J+ = \{ t : t \geqslant t0 \geqslant 0\} , \| rsi(t)\| \leqslant ksi = const, i = 1, 2, s = 1, q.

We also assume that the phase variables p1 . . . pn of the system (21) appear to be similar to the
phase variables x1, . . . , xq and have some indices. Further assume that

a) for each subsystems
dps
dt

= fs1(t, psps) (3)

dps
dt

= fs2(t, psps).

there are Lyapunov functions satisfying

a1s\omega (\| ps)\| \leqslant Vs(t, ps, ps) \leqslant a2s\omega (\| ps\| )

| Vs(t2, ps2, ps2) - Vs(t1, ps1, ps1)| \leqslant Ls(| t2  - t1| + \| ps2  - ps1\| + \| ps2  - ps1\| ),

D+Vs(t, ps, ps)| (3) \leqslant  - cs\omega (\| ps\| ),

(4)
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where D+Vs(t, ps, ps)| (3) = limh\rightarrow +0 sup
1
h

\bigl\{ 
Vs(t+ h, ps + hfs1(t, ps, ps), ps + hfs2(t, ps, ps)

\bigr\} 
, \omega (\| ps\| )

– Khan function [6, \S 8.2] , \omega (0) = 0, t \in J+, ps \in \BbbR n\prime 
s , ps \in \BbbR n\prime \prime 

s ; a1s, a2s, cs – positive real
constants, s = 1, q.

b) there are positive real constants \alpha s (s = 1, q) and the number 0 < \rho < 1 such that satisfy
inequality

lim
h\rightarrow +0

sup
1

h
\{ Vs(t+ h, xs + h(fs1(t, xs, xs) + f1s1(t, ls1x1, . . . , lsqxq, ls1x1, . . . , lsqxq),

xs + h(fs2(t, xs, xs) + f1s2(t, ls1x1, . . . , lsqxq, ls1x1, . . . , lsqxq)) - V (t, xs, x)s\} \leqslant 

\leqslant (\rho  - 1)

q\sum 
s=1

\alpha s(L)\omega (\| xs\| ).

Then based on the condition a) and b) we have

D+Vs(t, xs, xs)| (4.6.12) \leqslant (\rho  - 1)

q\sum 
s=1

\alpha s(L)\omega (\| xs\| ) +
q\sum 

s,j=1

(LsAsjesj\omega 
2(\| xj\| ) + Ls(Ks1 +Ks2))

For the system 12 we choose Lyapunov function in following form

V (t, x) =

q\sum 
s=1

dsVs(t, xs, xs), (5)

where ds > 0 - real numbers.
From the definition of V (t, x) it follows that

D+V (t, x)| (4.6.12) \leqslant 
q\sum 

s=1

ds\{ (\rho  - 1)\alpha s(L)\omega (\| xs\| )+

+

q\sum 
j=1

(LsAsj\omega 
2(\| xj\| ) + LsKs)\} .

Note that for the definition of V (t, x) in form (5)), correctness of inequation follows

q\sum 
s=1

dsa1s\omega (\| xs\| ) \leqslant V (t, x) \leqslant 
q\sum 

s=1

dsa2s\omega (\| xs\| ),

and, consequently,
a1\omega (\| xs\| ) \leqslant Vs(t, xs, xs) \leqslant a2\omega (\| xs\| ), (6)

where a1 and a2 are real positive constants. With estimates (6) and representation of \omega we have

D+V (t, x)| (12) \leqslant (\rho  - 1)\alpha (L)
V

a2
+ \beta (E)

1

a21
V 2 +K, (7)

where \alpha =
\sum q

s,j=1 ds\alpha slsj , \beta =
\sum q

s,j=1 djAsjesj , K =
\sum q

s=1 dsLs(Ks1 + Ks2), and differential
equation of comparison for (7) is given by

D+U(t, x) = (\rho  - 1)
\alpha (L)

a2
U +

\beta (E)

a21
U2 +K, (8)

U(t0, x0) = U0 = V0 = V (t0, x0) =

q\sum 
s=1

dVs(t0, xs(t0), xs(t0)).
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According to comparison theorem, we will have V (t) \leqslant U(t) for t \geqslant t0.
Let us presume that in field U \geqslant 0 the equation

H(U) =
\beta (E)

a21
U2 + (\rho  - 1)

\alpha (L)

a2
U +K = 0 (81)

has solutions. It is clear that there are no more than two solutions. We denote them by U1(a1, a2, \alpha (L), \beta (E))
and U2(a1, a2, \alpha (L), \beta (E)). Further they will be denoted by U1(\cdot ) and U2(\cdot ). Then

H(U) =

\left\{     \geqslant 0, for 0 \leqslant U \leqslant U1(\cdot ), U \geqslant U2(\cdot ),

\leqslant 0, for U1(\cdot ) \leqslant U \leqslant U2(\cdot ).

Thereby U1(\cdot ) is connectivly asymptotically stable equilibrium of the equation (8) and U2(\cdot )
is unstable one. So, the solution U(t, t0, U0) of the equation (8) approaches U1(\cdot ) monotonically
when U0 < U2(\cdot ) and t - t0 \rightarrow \infty . Hence in U0 < U2(\cdot ) the solution of the equation (8) satisfies
the valuation

sup
t\geqslant t0

\| U(t, t0, U0)\| max\{ a2\omega (x0), U1(\cdot )\} ,

from which it follows upper estimate

sup
t\geqslant t0

\| xs(t, t0, U0)\| \leqslant \omega  - 1

\biggl( 
1

a1
max\{ a2\omega (\| x0\| ), U1(a1, a2, \alpha (L), \beta (E))\} 

\biggr) 
. (9)

We shall now construct a connective errors estimate of linearization concerning part of phase
variables x. For that we introduce an accessory differential equation system based on a difference
of the system solutions (12) and (22). Consider two vector functions \varepsilon (t) = x(t, t0, x0, x0)  - 
p(t, t0, p0, p0) and \varepsilon (t) = x(t, t0, x0, x0)  - p(t, t0, p0, p0). Then accessory differential equation
system takes the form

d\varepsilon s
dt

= Ys1(t, \varepsilon s, \varepsilon s) + Y1s1(t, ls1\varepsilon 1, . . . , lsq\varepsilon q, ls1\varepsilon 1, . . . , lsq\varepsilon q)+

+ f2s1(t, es1x1, . . . , esqxq, es1x1, . . . , esqxq), (13)

d\varepsilon s
dt

= Ys2(t, \varepsilon s, \varepsilon s) + Y2s1(t, ls1\varepsilon 1, . . . , lsq\varepsilon q, ls1\varepsilon 1, . . . , lsq\varepsilon q)+

+ f2s2(t, es1x1, . . . , esqxq, es1x1, . . . , esqxq), s = 1, q.

Here
Yis(t, \varepsilon s, \varepsilon s) = fsi(t, \varepsilon s + ps(t), \varepsilon s + ps(t)) - fsi(t, ps(t), ps(t)),

Yis1(t, ls1\varepsilon 1, . . . , lsq\varepsilon q, ls1\varepsilon 1, . . . , lsq\varepsilon q) =

= fis1(t, ls1(\varepsilon s + ps(t)), . . . , lsq(\varepsilon s + ps(t)), ls1(\varepsilon s + ps(t)), . . . , lsq(\varepsilon s + ps(t))) - 

 - fis1(t, ls1p1(t), . . . , lsqpq(t), ls1p1(t), . . . , lsqpq(t)), s = 1, q, i = 1, 2.

Suppose that for the system
d\gamma s
dt

= Ys1(t, \gamma s, \gamma s), (10)

d\gamma s
dt

= Ys1(t, \gamma s, \gamma s), s = 1, q,

there exist Lyapunov functions satisfying

a1s\omega (\| \gamma s\| ) \leqslant V s(t, \gamma s, \gamma s) \leqslant a2s\omega (\| \gamma s\| ),
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| V s(t, \gamma s2, \gamma s2) - V s(t, \gamma s1, \gamma s1)| \leqslant Ls1(\| \gamma s2  - \gamma s1\| + \| \gamma s2  - \gamma s1\| ), (11)

D+V s(t, \gamma s, \gamma s)| (10) \leqslant  - cs\omega (\| \gamma s\| ),
where a1s, a2s, cs – positive real constants, \omega (\| \gamma s\| ) is Khan functions, s = 1, q. Then

D+V s(t, \varepsilon s, \varepsilon s)| (13) \leqslant (12)

\leqslant  - cs\omega (\| \varepsilon s\| ) + Ls1

q\sum 
j=1

Msjlsj\omega (\| \varepsilon j\| ) + Ls1

q\sum 
j=1

Asjesj\omega 
2(\| \varepsilon j\| ).

Here V s(t, \varepsilon s, \varepsilon s) :: = V s(t, \gamma s, \gamma s), s = 1, q.
Assume that there exist such 0 < \rho < 1 and q positive constants k1, . . . , kq that

D+V s(t, \varepsilon s, \varepsilon s)| (10) \leqslant  - (1 - \rho )

q\sum 
j=1

lsjkj\omega (\| xj\| ) + Ls1

q\sum 
j=1

lsjAsjesj\omega 
2(\| \varepsilon j\| ), s = 1, q.

Let us define Lyapunov function for system (13)

V (t, \varepsilon , \varepsilon ) =

q\sum 
s=1

dsV s(t, \varepsilon s, \varepsilon s), where ds > 0, s = 1, q.

From definitions of V s(t, \varepsilon s, \varepsilon s) and V s(t, \gamma s, \gamma s), s = 1, q, it follows that

a1\omega (\| \varepsilon \| ) \leqslant 
q\sum 

s=1

dsa1s\omega (\| \varepsilon s\| ) \leqslant V (t, \varepsilon , \varepsilon ) \leqslant 
q\sum 

s=1

dsa2s\omega (\| \varepsilon s\| ) \leqslant a2\omega (\| \varepsilon \| ), (13)

where a1 and a2 are positive real numbers. Hence we have the following differential inequality

D+V \leqslant (\rho  - 1)K(L)V +
1

a21

q\sum 
s,j=1

dsLs1Asj(E)\| x1\| 2, (14)

which corresponds to the differential equation of comparison

D+U \leqslant (\rho  - 1)K(L)U +
1

a21

q\sum 
s,j=1

dsLs1Asj(E)\| x1\| 2. (15)

Herewith V (t0) = V 0 = U0 = U(t0) = 0, a V (t) \leqslant U(t), t \geqslant t0 \geqslant 0.

U = e(\rho  - 1)K(L)(t - t0)U0 +

\int t

t0

e(\rho  - 1)K(L)(t - \tau ) 1

a21

\sum 
dsLs1Asj(E)\| x1\| 2d\tau 

The equation (12) has the equilibrium

U =

\sum q
s=1 dsLs1Asj

(\rho  - 1)K(L)a21

\biggl[ 
\omega  - 1

\biggl( 
1

a1
max\{ \} 

\biggr) \biggr] 2
,

then we have the estimate

sup
t\geqslant t0\geqslant 0

| U(t, t0, U0)| \leqslant max

\biggl\{ \sum q
s=1 dsLs1Asj

(\rho  - 1)K(L)a21
[max\{ U0, \} ]2

\biggr\} 
Hereby, for the given definition of V (t, \varepsilon , \varepsilon ) the connective errors estimate of linearization concerning
part of phase variables x takes the form

sup
t\geqslant t0\geqslant 0

\| x(t)\| \leqslant 
1

a1
max\omega  - 1

\biggl\{ 
1

a1
max\{ \} 

\biggr\} 
(16)

Thus, we state the following theorem.
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Theorem 1. Assumptions: 1) for the system (3) and (10) there exist Lyapunov functions satisfying
(4) - (11). 2) the equation (81) has solutions 0 \leqslant U1(\cdot ) \leqslant U2(\cdot ) for \alpha (L) > 0, \beta (E) > 0. Then:
1) the solution y(t, t0, y0) exist for t \geqslant t0 \geqslant 0 and, in addition, with U0 \leqslant U2(\cdot ) satisfies the
valuation (4.6.9) for all possible L \in L, E \in E; 2) differences in the systems solutions (12) and
(22) with same initial data satisfy the valuation (13) for all L \in L, E \in E.
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