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O crabunmusanuum AMHAMUKUA YIIPYTOTO 3JEMEHTA
KOHCTPYKIIMHU IIPU CBEPX3BYKOBOM OOTEKaHWUU

Cnaxyn A.B.

VIbIHOBCKHI MHCTUTYT T'PAZKJIAHCKON aBUaIuu
nMenu ['yaBaoro mapmasa asuarnuu b.I1. Byraesa

Annomayusa: Pacemorpena 3ajaqa HeTMHERHON crabuM3anuy JUHAMUKEA YIIPYIOro
9JIEMEHTA KOHCTPYKIIUU TIPW CBEPX3BYKOBOM OOTEKAHWW B CJIy4ae HEYCTONIMBOCTH
9TOro v1emenTa. Hemuueiinoe ypaBHeHrEe B 9aCTHBIX TPOU3BOIHBIX, OMIMCHIBAIOIIEE [TH-
HAMWKY YIPYTOTO JIEMEHTa MPU HATUINH HEKOTOPOTO YIIPABJISIONIEr0 BO3AeHCTBHS,
MPUBOJIUTCA K CUCTEME HEJIMHEHHBIX OOBIKHOBEHHBIX Ju(hdepeHnnalbHbIX yPAaBHEHH
¢ moMmortpio merosa lamepkuna. [Tonydennas cucrema ¢ moMonpio auddepeHuaTbHO-
TEOMETPUYECKUX METOIOB UCCJIEIYETCS Ha, YIPABISIEMOCTD U JIJIsT HEE CTPOUTCS YIIPaB-
JleHne, 00eCmeYnBaroIIee aCUMITOTHIECKYIO YCTONIMBOCTD HYJIEBOTO PEITIEHIS.

Kaoueesvie caosa: yupyruil 3jeMeHT, CBEPX3BYKOBOe 00TEKAHUE, YPABHEHUS C YaCTHbI-
MU IPOM3BOAHBLIMU, MeTo [anepkuHa, auddepeHnpuaabHO-reOMeTPUIECKIe MEeTOIbI,
crabun3anus.

1. BBeaenue

YVeToMdIHUBOCTh YIPYTUX JIEMEHTOB — KJI0UeBoe TpeboBaHHe IPU ITPOCKTUPOBAHUN
KOHCTPYKIIAH, ITOABEPTAIOIINXCS CBEPX3BYKOBOMY OOTeKaHmIO ra3oM. CBepX3BYKOBOI 1MO-
TOK MOXKET MHAYIIMPOBATHL B 9THX dJEMEHTAX HEYCTOHUYMBBLIC KOJeOaHUs, BEAYIIHE K HUX
pa3pyIIeHHIO WK YXYAIeHNI0 pabourx XapakTepucTHK KOHCTpyKiun. B pabore [1] GbLia
paccMOTpeHa 3a/lava HAXOXKJICHUA JTUAlla30HA 3HAYCHUN MMapaMeTpoB YIPYTIHX 3dJeMeH-
TOB KOHCTPYKIIHIl JIIs1 KOTOPHIX TapaHTHPOBAHA UX YyCTORIMBOCTH. OHAKO €CJIH IKCILIY-
aTalMs MPeJIINo/araeTcs B YCJIOBHAX, HAPYIIAIOMHUX YCTONINBOCTD, BOSHUKAET HEOOXO/IU-
MOCTB PACHTb KOJIEOAHHSI YIIPYTOT'O 3JIeMEHTA Iy TeM HOAXOISIIEr0 YIIPAB/ISIONIEro BO31ei-
creus [2|. Takoit oax01 MOKeT IPeJOTBPATUTH Pa3pyIleHue i 06eCHednTh HEOOX0 UMY IO
GYHKIIMOHAIBHOCTh KOHCTPYKIIHH.

2. IlocranoBka 3aga4un

PaccmarpnBaercs 3ajava yupasaeHust JMHAMUKONR YIIPYTOTO 3JI€MEHTa KOHCTPYKIINN
B BHJE IIACTHHBI-IIOJIOCH IPH OJHOCTOPOHHEM OOTEKAHMH €€ CBEPX3BYKOBLIM HMOTOKOM
WJIeAJTbHOTO Ta3a B CJIydae ee IMIADHUPHOIO 3aKpelieHusl Ha o0oux KoHrax. JuHamu-
Ka YIPYIOro JeMeHTa B CBEPX3BYKOBOM IIOTOKE Ia3a OIMChIBaeTCs auddepeHnuabHbIM
YyDABHEHHEM C YaCTHBIME TPOU3BOJAHBIME [3]

3 " 3 "
11— 3 (w')? +alw” [ 1- 3 (w')? ) = 3ww'i’ | +

+mab + Nw” — Bi" + v (b + Vu') + f(z, 1) =0, (1)

Dw

rie w(x,t) — nporud MWIACTHHBI; T — MPOAOJbHas KoopauHata, © € [0,1], | — aymHa mia-
crunbl; t — Bpemst; f(x,t) — HeKoTOpoe yIpaBidioniee Bo3aeicTBIe; V' — CKOPOCTD MOTOKA,

69



XVII Meotcdyrapodnas naywnas Kon@eperyua
Jupdepernyuarvroe YpasHeRUA U UT NPUAOHCEHUA 6 MATNEMAMUKECKOM MOJEAUPOBAHULS
Capanck, 29-31 urosrs 2025

m, D, N, a, 8 — HEKOTOpBIE TIOCTOSIHHBIE, ¥ = (Polg, Po — IJIOTHOCTH HOTOKA, Ay — CKO-
POCTDb 3BYKa B OJHOPOIHOM IIOTOKE; IITPUX 0003HAYAET HPOU3BOJIHYIO 110 KOOpJHUHATE T,
TOYKa — HPOU3BOAHYIO 110 Bpemenu t. [locrosanast ag = 1 Jij1s1 OJITHOCTOPOHHEIO U Oy = 2
JIJI JIByCTOPOHHEr0 0OTeKAHUs ILJIACTUHBI.

Beegem Ge3pasMepHbIe KOOPAUHATY T, BpeMsd { 1 (pyHKIMIO ITPOruda w:

z -V w
T=—, t=—t wWw=—. 2
l’ [ l 2)
[Ipu ucnonb30BaHUKM 3aMeHbI ITePEeMEHHBIX B YpaBHEHHH H U YTBEPXKICHUU 34
Oe3pa3sMepHBIMU TIePEMEHHBIMH MPEeKHNX 0003HAUeHU , MOJIyIaeM MOC/e JieJeHnsT 00enx

yacTeil ypaBHeHus Ha 7l

D 3 , " o ' 3 , . "
Vi [w” (1 -5 (w') >] + PP [w" (1 b (W)™ ) = 3w"w'vw'| +

+ m—vw+ iw” - ﬁ "+ +w + if(x,t) =0. (3)
~l V1 I3 ~l

Sanmaua. Haiitn s crydast AuHAMAYECKOH HeyCTORUINBOCTH ypaBHeHust (3]) ynpasis-
forriee BosneiicTere f(x,t), Takoe, 9TO COOTBETCTBYIOIIEE eMy HYJIEBOe DellieHre ypaBHEeHHs
w(x,t) =0, z € [0,1] GyaeT aCUMITOTHIECKH YCTOHIHBBIM.

B wagajbubiit MmomenT Bpemenu t = (0 jgedopmanusg U CKOPOCTb TOYEK ILIACTUHBI
3aJIAI0TCST PABEHCTBAMU:

w(zr,0) = V2¢ sin (72) + V2 eysin (212) , € [0,1],

w(z,0) = V2essin (7x) + V2 ¢y sin (272, x € [0,1],
TJIE C1, Co, C3, C4 — HEKOTOPBIE 33 TAHHBIE TOCTOSHHBIE.

3. IlocTrpoenne penteHmit

JI1si mOCTPOEHMST YIPABJISIIOIIEr0 BO3AEHCTBUS M PENIeHUus yPaBHEHUs] METOIOM
Tanepkuna O6ynaem 3agaparh Gyaknuu f(z,t) u w (x,t) B Buge [4]

n n
Flat) = u g (@), wlt)=> v(t)g(x),
k=1 k=1
rie {gx (¢)}5° — moanas Ha [0, 1] cucremMa HOpMHPOBAHHBIX GA3UCHBIX (DYHKIHI, COOTBET-
CTBYIOLIMX C/Iy4Yal0 HIAPHUPHOIO 3aKpellIeHns KOHIOB ILIACTUHLL

w(0,t) = w(1,t) = w"(0,¢) = w'(1,¢) = 0.

Bribepem gj, (1) = v/2 sin (k7z) 1 orpammanMes caydaem n = 2, TOLIA yIIPAB/ISIONIee
BozeiicTBue f (x,1) 3anuiercs caeayonmM 00pa3oM:

f(z,t) = V2uy (t)sin (1) + V2 uy (t) sin (27z) (4)

rie up (t) , ug (1) — HEKOTOPbIe KYCOUHO-HempephIBHbIe (hDYHKIUH (J1a1ee yupaBieHust ), obec-
MEeYNBAIONIAE PENICHUE TTOCTABICHHON 3a1a91.

B pesyabrare nmpuMeHeHHA DpOHEeLypbl METOAA [aJepKuHa MOJydaeM CHCTEMY JABYX
0OBIKHOBEHHBIX /b dEPEeHINATBHBIX ypaBHe I 2-r0 nopsiika Jiist byakuumit vy (t), ve (1),
COJIEPZKAIIY IO YIIPABACHUS U (1), us (t). st 9T0# crcTeMbl ¢ HOMOMbIO TuddepenuaIbHo-
reOMeTPHYECKHX METOJIOB aHAJN3a HeJMHEHbIX CHCTeM, OMUCAHHBIX B MoHOTpadun [5|
HAHIEeHBl YCJIOBHA YIPABISEMOCTH U CHCTEMa 3allUCAHA B KAHOHUYIECKOM BHJIE, KOTOPBII
HO3BOJISET TOCTPOUTD CTA0MIN3UPYIONIEe YIIPABJICHHE.
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On stabilizing of dynamics of the elastic structural
element in supersonic flow

AV. Gladun

Ulyanovsk Civil Aviation Institute named after
Chief Marshal of Aviation B.P. Bugaev

Abstract: The paper addresses the problem of nonlinear stabilization for the dynamics
of an elastic structural element under supersonic flow conditions, in the case of
its inherent instability. The nonlinear partial differential equation describing the
dynamics of the elastic element under the action of a control input is reduced to
a system of nonlinear ordinary differential equations using the Galerkin method.
The resulting system is analyzed for controllability employing differential-geometric
methods, and a control law is synthesized to ensure asymptotic stability of the zero
solution.

Keywords: elastic element, supersonic flow, dynamics, controllability, stabilization,
partial differential equations (PDEs), Galerkin method, differential-geometric methods,
stabilization, nonlinear control, asymptotic stability.
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