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ITpenucioBue

Hacrosree nzganne comepkuT MaTepuaJibl Tokaan0B XVI Mextynapo-
HO¥ Hay4HOW KoHepeHiun «/Iuddepennnaibubie ypaBHEHUS U UX TTPUJIO-
JKEHUST B MATEMATUIECKOM MOJICJIMPOBAHUNY, KOTOPas mpoxoaut ¢ 17 1o 20
asrycra 2023 roma B 1. Capanck (Poccust). Opranusaropamu KoHbepeHInn
BoicTynun Hammonaabublit nccsieioBaTesbekuit MopaoBeKmii rocytapcTBen-
uerit yausepcurer M. H.IT. Orapesa, Uncturyr npukiajgHoii MaTeMaTUKH
uMm. M.B. Kesipiina PAH u Cpejine-Boskekoe maremarndeckoe o0IIecTBo.

Hay4unbie kondepennun mo JuddepeHnuajbHbIM yPaBHEHUSIM U UX TTPHU-
JIOXKEHUSIM B MaTeMaTuIecKoOM MojiesinpoBannn B Mop/ioBCKOM roCy/1apCTBeH-
Hom yausepcurere um. H.II. Orapésa nposojsitcst peryssipuo ¢ 1994 roja.
OcHoBaresieM U UJICHHBIM BJIOXHOBUTEJIEM HAyJIHBIX KOH(MEPEHIHH U IMTKOJI-
CEMUHAPOB ABJISLIICA TaJAaHTIUBBIA YIEHBIH 1 Opranu3aTop 1.qd.-M.H. mpodec-
cop E.B. Bockpecencknii. Ou pykoBojua stuMu Meporpusitusivu 10 2008 ro-
ja. C 2009 roja npejceiaresieM KOH(DEPEHINAN SIBJISETCS 1ICH-KOPPECIOH ICHT
PAH, n.d.-m.u. npodeccop B.®. Tumkun (3aB. ormesom WucturyTta mpu-
kaagroir maremarukn uM. M.B. Kengwiita PAH, r. Mocksa, npodeccop Ka-
deipbl IpuKJIaHON MaTeMaTUKK, JinddepeHIinaibHbIX yPaBHEHUN 1 Teope-
traeckoil Mexannku OTBOY BO «MI'V um. H.II. Orapésas, r. CapaHck).

Pabora kondepeHnu mpoBOJIUTCs 10 CEKITUSIM:

1. KadecrBeHHble M aCUMIITOTHYECKUE METOJbI JinddepeHIinaj bHbIX |
uHTEerpo-jauddepeHinaibHbIX ypaBHEHUI.

2. Ob6bikHOBeHHBIE AuddepeHnnaabible YPaBHEHUS U UX NPUJIOXKEHHUS B
IPaKTUICCKHUX 33/1a4aX.

3. YpaBHeHUsi B YACTHBIX MPOU3BOJHBIX W UX MPUJIOXKEHUS B MaTeMaTu-
YECKOM MOJICTTUPOBAHUN.

Bcee mok1a b1, mpejicTaBieHnble Ha KOH(EpeHTr, ObITH TpeBapUTEIbHO
MpopereH3upoBanbl [IporpaMMHBIM KOMUTETOM.

OpranuzaTopbl 6siaroapHbl BCeM ydaCTHUKAM KOH(DEPEHIINN 38 NHTEPeC-
HbIE JIOKJIAJIbI ¥ TIJIOJIOTBOPHYIO JIUCKYCCHIO.



ITporpammHBbIii, OpraHU3aMNOHHBIN U PEeIAKITMOHHBI KOMUTETHI
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YPaABHEHUA U NX NPUJIOXKEHUS B MAaTEMAaTUYECKOM MO/JIeJIMPOBAHUM »
Capanck, 17 — 20 aBrycra 2023 roma

Ilpenceparens opraHm3anmOHHOTO KOMUTETA —

pektop Hamumonanbuoro uccienoBarebcKoro MopoBCKOro rocy1apcTBEHHOIO YHHBEPCHU-
tera . E. Dimymko (r. Capanck)

Ilpencenarenp mpoOorpaMMHOTO KOMUTETA —

wien-koppecnorienT PAH n.db.-m.H. npodeccop B. @. Tumkun (MTHCTHTYT TPUKIATHONK
maremarukn uM. M. B. Kemmgsima PAH, r. Mocksa).

Yuenslii cekperapp —
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VIIK 517.91

Tomosornyeckaa n IHapaMerTpniecCkKkasd OIITUMU3anmnd
KOHCOJIN KPblJIa CaMOJIETa

Abparkun T1.M.

VIIbSHOBCKHIT TOCYJAPCTBEHHBIT TEXHUYECKUN YHUBEPCUTET

Annomayua: PaccMaTpuBaeTcsi TpexMepHas MOJETh KOHCOJHM KPBIIA JIETATETHHOTO
anmapara. Ha ocHoBe mome/in pa3pabaThiBAETCsT METOINKA MPOEKTUPOBAHUS CUIOBO-
1o HAbOpa KPHLIA C WCIOJIH30BAHUEM METOJOB TOMOJOTMYECKONW W TapaMeTPUIECKON
onrumu3anuu. B nporpamme OptiStruct mpoeemeHa TOmoOOrHYecKas ONTHMA3BAIUS.
Ilosnygen psim KOHCTPYKIHiT CHIOBOro Habopa, Ha 6a3e BHIOPAHHOIO ONTHUMAIbLHOIO
BapUAHTa MPOU3BEIEHA, MTAPAMETPUUIECKAS ONTUMU3AINS B MTPOrPAMMHOM KOMILIEKCE
ANSYS Workbench.

Karouesnie caoea: ToMIMepHBbIE KOMIIO3UIIMOHHBIE MATEPHUATBI, AaBUATTMOHHAS TTPOMBITII-
JIEHHOCTH, TOIOJIOTHYeCKas ONTHUMU3allNd, l1apaMeTpuyecKas ONTUMU3allid, lieeBasd
dyHKIUA, MATEMATHYIECKOE MO/IEJIMPOBAHNE, ONTHMU3AIUS.

1. Tonmosoruyeckass onTuMuU3aliisad KOHCTPYKITAN

[Touck cryI0BOit KOHCTPYKIMH KPbLJIA CAMOJIeTa IPOBOJIUTCS HA MOJIEJIH KOHCOIH KPbI-
aa CASA C-295. JlanHas KOHCO/Ib ObLIA YIIPOIIEHA IIyTEM OCTABICHUS a9POINHAMUIECKO-
1o Npodujsd U CTPEJTOBUIHOCTH KPBLIa. 3aTeM Ha MOJIEIH CO3JaeTCsT KOHETHO-3IeMeHTHAS
(K9) ceTka, B KOTOPO# y4acTBYeT TOJBKO BHYTDEHHsIS YaCTh (HAMOJTHEHHE) KPbLIA, BbI-
nojHeHHas u3 SOLID saemenToB. SHELL-3j1eMEHTHI UCHOJAB3YIOTCH TOJAbKO JJIS 3alaHus
I'PaHUYIHBIX yCJ’IOBI/IIU/I Ipu TONOJIOI'NYEeCKOI OIITUMUI A, OHTI/IMI/IS&HI/IH IIpOBOAMJIACH C
UCI0/1b30BaHmeM nporpammbl K9 amanu3a Altair OptiStruct. Ha moarorosmennoit K9
MOJIe/TH OBLIN 3aIaHbI CIeAYIONNEe TPAHNIHBIE YCI0OBUS: 3aKPeIIeHIe KPBLIa OCYIIeCTBIs-
eTCs Ha TOPIE CO CTOPOHBI KpeIlieHus K (DI03e/IsKY, Ha HU2KHIOIO U BEPXHIOIO IOBEPXHOCTD
KpbL1a JeiicTByeT paBHOMepHOe Aasienue, pasHoe 0.01 MIIa u 0.005 MIla coorBeTcTBeH-
HO (puc. . Kpbli10 COCTOUT U3 aJTIOMHHUSI.

0,005 Mra

0,01 MMa

Puc. 1. I'pannunsie ycaoBus.

Tonosiornyeckast ONTUMHU3AINS TPOBOIUTCS IO PeATN30BAHHOMY B ITPOTPpaMMe MeTOLY
SIMP. B uccienoBanun paccMarpuBaercs JiBa BapuaHTa BbIOOpa 1eaeBOil byHKIUU u
orpannyenuii. lcnosb3oBaauch cieiyionme Kpurepuit 1 orpaHuydeHust:

1. Kpurepuit — MmuHEMEI3aIms Macchl (neaeBas MyHKIHS — Macca).

2. Kpurepuit — MuHRMH3aIHA TOAATINBOCTH (1iesieBas (DYHKIHSA — MOJATIUBOCTS).
Orpannyenne — MaKCHMaJbHasg oObeMHast JoJst Marepuana, pasaas 30%.

1 Kayka0ro BapuaHTa ObLIN 33/ IaHBI TEXHOJIOTHYECKHe OTPAHUYEHUS B BUJE MaKCH-
MaJbHO BO3MOXKHBIX IepeMellleHn 3aKOHIIOBKH KphliIa B guama3zoHe 1500 MM n MakcH-
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MaJIbHO JIOIIYCTHUMBbIX HAIPsZKEeHUN B KOHCTPYyKIMH, He npepbinraomnux 250 MIla.

O/MH W3 OCHOBHBIX MapaMeTpPOB, OKA3LIBAIOIINX BIUSHUE HA KOHEUHBIH DPE3yJbTaT
Oy/yIIeil KOHCTPYKIIUKA — OTpaHUYeHre MaKCUMAJIbHOIO U MUHHUMAJIHLHOTO JIMAMeTpa CHU-
JIOBOTO TIyTH.

Vcnionb3oBaHue TaHHOI OMITUU JIa€T BO3MOYKHOCTD MOJIETMPOBATH KOHCTPYKITNH, YU~
TBHIBAIONIHE MTPOU3BOJICTBEHHbIE OI'DAHUYEHUs W MCKJIOYAIOIIie U3 HUX HEeBOCIIPOU3BO/IU-
Mble MeJKHe jeMeHThl. OJHAKO CTOUT YUUTHIBATH, UYTO ITOT MapaMeTp UyBCTBUTEIEH K
pasMepy ceTkn K3, a mporpaMMHBIe BO3MOXKHOCTU OT'PAHUYUBAIOT TPUMEHUMOCTD JaH-
woit onruu (3d < mindim < 2d, rne d — cpepnuii pazmep K3D). IockosbKy cpemnuit
pasmep cerku cocrapiger 20 MM, TIPeJCTaBIEHbl PACYeThl ¢ MUHUMAIbHBIM / MAKCHMA T b-
HBIM JinaMeTpoM cuyioBoro mytu, pasabiM 100, 150 u 200 mm. B pesysbrare Tonosiornye-
CKOI ONTHMU3AINY OBLI MOJIYY€eH PsiJl BADUAHTOB KOHCTPYKITUiT CHIOBOTO HAabOpa KOHCOJIH
KpBbLIa.

PacemorpuM pesysabTaThl ONTHUMU3AIMK, TPeJICTaBIeHHbBIe HA PUC. ), JIIS cJIydas
MUHUMUA3AIAS MacChl ¢ OrpaHUYeHneM: MaKCHMaJbHble HAIpszKeHns 1Mo Musecy He mpe-
eimatorT 250 MIla, MakcumasibHbIE TTepeMeleHns 3aKOHIIOBKH KpbLIa He TPEeBBINIAIOT
+500 M.

Pacnipenenenue | a) Pesynbrat ontimuzanum. [{eneBas GpyHKIS: MUHIMI3AIHI Macchkl, Macca 11.2 1.
3JIeMeHTHOIT
IIOTHOCTH 11O

KOHCTPYKIINH

1.000E-02

Max = 1.000E+00
Gnds 384
Min = 1.000E-02

Puc. 2. Pe3ynbrar onruMu3amm.

PaccmorpuM cirenyronuii BapuaHT OOTHMH3AINUU ¢ M3MEHEHHBIM JOMOJHUTEIbHBIM
OrPpAHMIHBAIOIMINM IapaMeTpPOM — MUHUMAJIBHBIA JIHaMeTp CHJIOBOrO IIyTH, paBHBIH 150
mu (mindim = 150) — puc. [2p).

[TosryueHHbBIE PE3YJIBTATHI MOKA3BIBAIOT, 9TO PACIEeTHASA KAPTUHA HE COOTBETCTBYET pe-
asabHolt. Ecym 6e3 1o0aB/ieHusT JOTOJHUTEIBHOTO OIPAHNYEHUsT MOYXKHO C OOJIBITOMN HATSIZK-
KOIi CKa3aTh, 9TO B KOHCTPYKIMH MPUCYTCTBYIOT ABa MaJeHbKHUX JOHKEPOHA, PACIIOJI0-
JKeHHBIX TaK 7Ke, KAK Ha HACTOSIINX JieTaTeIbHbIX ammaparax (JIA), To npu mobasiennn
JIAHHOTO OIPAHMYEHHs] CHI0Basd KOHCTPYKIHMA He IIOX0:Ka Ha PEeAJbHYI0, IOCKOJbKY He
HPOCMATPUBAIOTCS JIOHKEPOHBI U HepBIOpHL. [l09TOMY B paMKax HCCIeI0OBAHHS BApUAHT
¢ JaHHO# 1eeBoil (pyHKIuei paccMaTpuBaThCcd He OyIeT.

B BapmanTe n300pakeHHOM Ha PHUC. )7 nesaeBas (pyHKIUS — TOJATINBOCTD — IIOIe-
JKAT MUHMMU3AIUN CO CJCIYIONUMA OrPAHNICHUSIMMT:
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1) MakcumasibHas OObEMHAsS 10J8 MaTepuaia B Kpblie pasaa 30%,

2) MakcuMasbHble HalpszkeHus 1o Musecy He mpesbimmaor 250 Ma,

3) MakCUMAaJIbHbIe MepeMeIeHns 3aKOHIIOBKH Kpbljia He mpeBbimaior +500 M.

lajiee paccMOTpUM BapuaHThI C BBEJEHUEM JIONOJHUTEIHLHOIO TMapaMerpa — MHHU-
MaJIbHOT'O MJIM MaKCHMaJbHOTO JUaMeTpa cujaoBoro mytu. Ha puc. |3| npeacTaBieno pac-
npejie/ieHre IJIOTHOCTH MaTepHuaJia 0 KPbLIY /I CJAeAyIONuX BapUaHTOB:

1) mindim = 100,  2) mindim = 150,  3) mindim = 200, 4) maxdim = 100,

5) maxdim = 150, 6) maxdim = 200, 7) mindim = 100, maxzdim = 200.

Pacnpenenenue Mindim = 100, macca 7.1 T. Maxdim = 100, macca 8.2 T
SJIEMeHTHOI
IUIOTHOCTH 110

KOHCTPYKIIHI

Maxdim = 150, macca 8.4 T

[ e——

Maxdim = 200, macca 8.5 T

|

Mindim = 100 Maxdim = 200, macca 6.4 T.

—_——

Puc. 3. Pesynaprar ontrnMusamim

[8 S00E-01
7 800E-01
—6.700E-01
g 5.600E-01
&4 500601

3 400E-01
2 300E0
1. 200E-01
1.000E-02

AHaIu3upys MoJydeHHbIe Pe3yIbTaThl, MOKHO 3aMETHTh, YTO J0OABJIEHHE TOIOJIHU-
TEJBHOTO MapaMeTpa — MUHUMAJBHOTO AWaMeTpa CUJIOBOTO TMYTH — CYIIECTBEHHO U3Me-
HsieT pe3y/brar onrumusanuu. OJHAKO HCIOJIb30BAHUE COBMECTHOrO JOIOJIHUTEIbHOIO
ImapaMerpa — MHUHHUMaJIbHOI'O U MaKCHUMaJIbHOI'O JHaMeTpa CHUJIOBOI'O IIYTH — HE€ TOJIbKO
M3MeHsieT KOHCTDPYKITHIO, HO W 3HAa4YuTeJbHO obsierdaer eé. Ilosromy s masbHeiiniero
HCCJIeIOBAHNS B KavuecTBe 6a30BOii Mojesn OymeT B3sT HMeHHO 5ToT BapuaHT. Ha puc. {4h)
JKeJITBIM [[BETOM IOKa3aHa NpUMepHad OTPUCOBKA COOTBETCTBYIOIIEH CUI0BON KOHCTPYK-
nuu Kpbuia. Ha puc. [46) npejicraBieHa oTpucOBaHHASI MOJIENb KPbLIa JIJisl TapaMeTpHYe-
CKOI OIITHMH3AIINH.

a) 6)
Puc. 4. BapuaHnT OTpUCOBKYU CHJIOBOM KOHCTPYKITHH
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2. [Tapamerpuyeckas onTUMuU3alisad KOHCTPYKITUN

B namnom pasmese mpeacTaBIeHbl pe3yabTaThl TPOBEJIEeHUS TapaMeTPUIecKOi ONTH-
MU3alliu OOIIMBKU M CUJIOBOIO HabOpa KOHCOJIM KpbLia camoJjiera B mporpamme ANSYS
Workbench. Onrumusaliust KOHCOIN KPbBLJIA IPOBOAUIACH IIPH MOMOIIH METOAA TIOUCKA OII-
TAMAJIBHOT'O PENIEeHUd IIPU IMMOMOIIY MOBEPXHOCTH OTKJINKA — Response Surface Method.
B kauecTBe KpuTepus BbIOpaHA MUHHUMM3AIMUS MACCHI 1 MUHUMU3AIUS TTePEMEITeHi 3a-
KOHIIOBKH Kpblja. B KauecTBe orpaHnyeHuil BRICTYIIHIM MAKCAMAJIbHbIE HAITPAXKCHUS, Ha-
xogsamuecd B guanazone ot 200 mo 300 MIla u crpemsamueca K 250 MIla. ['panmanbie
yCJIOBHS He M3MeHeHbl. B KauecTBe ONTUMHU3HPYEMBIX HApaMeTpoB OBLIM BHIOPAHDI:

1. TonmmuHa 0HOTO €104 MTpenpera U3 OJHOHAITPABIEHHOTO SMOKCHTHOTO YIJIEPOTHOTO
BOJIOKHA B Auana3oHe oT (.28 MM 1o 28 MM ¢ maroMm (.28 M.

2. KosindecTBO 11akeToB yrjepoJiHOro BOJOKHA B 3jieMenTe — ot 1 10 3.

Hamnpapiienue BBIKJIaJIKH CJI0EB yIJIEPOIHOIO BOJIOKHA B KayKJIOM YeThIPexX CJIOWHOM
nakere 0°, £45°, 90°. B kauecTBe MaTepnaJia BHIOpaH MOKCHTHBINH KAPOOH CO CBOMCTBAMMU:

a) Moy FOHra B pogosibHOM Hampasierun pasen 121000 MITa;

6) momyab FOura B nonepednom Hanpasiaennu — 8600 MIla;

B) koaddunuent [lyaccona B mpogoapHOM Hampapienuu paped 0.27;

r) Koadbdunuent Ilyaccona B monepednom Hanpasienun — 0.4;

1) MIOTHOCTH paBHa 1490 r/M°.

s mpoBeieHns MapaMeTpUIecKOi OMTUMA3AIINE TTPOBOIATCS BBITUCIUTE/THHBIEC KC-
MEPUMEHTHI JIjIsl TOCTPOEHUsI TOBEPXHOCTH OTKJINKa. Ha ocHOBe 1oJ1y4eHHO#N HOBEPXHOCTH
IIPOrPaMMOIi TIPe/IaraeTcs TPH HAWAydInux pesysbrara (Tabauna |[1)).

Tabunia 1. Pe3ynbraTst mapaMeTpuyecKkoil OMTHMU3 AT

Hawnmenorparmue mapamerpa Pezysprar 1 | Pesyawrar 2 | Pesyabrar 3
[Taker obruBKu TonmuHa cmod, MM 14 2.24 0.84
KonugaecTBo makeros 1 1 1
Tonmuna smeMenTa, MM | 5.6 8.96 3.36
[Taker mepemuero Tonrmuna cros, MM 2.8 0.28 0.56
JIOH2KEPOHA KonndectBo makeTos 2 3 3
Tonmumaa smemenTa, MM | 22.4 3.36 6.72
[Taker 3agHErO Tonmmra cirost, MM 0.56 3.92 26.04
JIOHKEPOHA KonndaectBo makeTos 3 1 1
Tonmmura smemenTa, MM | 6.72 15.68 104.16
MaxkcumaabHOEe TepeMertienne KpbLia, MM 297.5 216 136.7
Makcumannroe Hanpsokerne, MIla 255.75 223.94 239.21
Macca, T 1.13 1.31 1.39

AHaIu3upys moaydeHHbIe Pe3yabTaThl, IPUXOJNM K BBIBOIY, UTO IIEPBBI BADHAHT —
HAWIYYIIHH, TOCKOJIbKY B JAHHOM CJydae CaMblil TOHKHN 3J€MEHT HMeeT TOJIIUHY 5.6
MM. B npyrux BapmaHTax 3TOT MOKa3aTejb MEHbIIE.

Ha ciegyromem mmare Oblia mpoBegeHa IpoBepKa Pe3yabTaTa ONTHMHU3ANIE. JTO HeOb-
XO0AUMO IOCKOJIbKY Jid ITOCTPOCHUA ITOBEPXHOCTH OTKJIUKaA HpOFpaMMOfI 6bIﬂO IIpou3Be-
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JEHO DO YNCAEHHBIX IKCHEPUMEHTOB, 3TOTO KOJMYECTBA HEIOCTATOYHO /I TTOCTPOEHUS
nO/IPOOHOI MOBEPXHOCTU OTKJIMKA. B pe3yjibTare NPOBEPKH ObLIN MOJYYEHBI CJIeIYIOIIHE
pe3ysbTaThl: MAKCUMaJ/IbHbIe Hanpsizkenust cocrapuan 275 Mlla, mepemenienune 3aKOHITOB-
KM Kphliaa coctaBuio 370 MM (puc. . Orarame OT MOy YEHHOTO Pe3yabTara 00bACHIAETCS
TeM, 4TO IIPH IIPOBEJICHUU ONTUMHU3AIUU TpebyeTcd Hosiee CHIbHAS JIeTaIn3alus IpHa 10-
CTPOEHUN MOBEPXHOCTh OTKJIUKA.

PacnpegeneHue HanpsXeHWn PacnpefeneHve nepemelleHui
OKBMBaneHTHble MepeMelleHus,
HanpsbkeHua, Mla MM

244,69 32919
21411 288,04
183,52 - 246,89
Il 152,93 205,74
B 12235 1646
91,76 12345
82,298

61,173
I 30,587 41,149
0 Min 0 Min

] 275,28 Max B 370,34 Max
|

Puc. 5. PesynbraTst mpoBepkn

[TogBoast UTOT, MOXKHO 3aKJIIOUUTH, YTO IIPOIECC ONTUMHUBAINHN CYIIECTBEHHO Y/Iyd-
I TTOKa3aTeJn KOHCON KPbljia caMoJjieTa W MO3BOJIMI JIOCTUYb Macchl, paBHOit 1.13 T,
0 CPABHEHHUIO ¢ HacToAmell KoHCOIbI0 Kpblaa camonera CASA C-295, macca KOTOpOii
cocrapysier puOAN3nTeNbHO 1.7 T (Tabsanna . DTO 03HAYAET, YTO ONTHMUBAIUS 3HA-
YUTE/THHO YCKOPUJIA W YJIYUIIUIa TPOIECC CO3MaHust 00JIeTIeHHO MOe/ i, KOTOPBIH TTpu
PYYHOM CO3/IaHUK TTOTPeboBasI Obl 3HAYUTEIbHBIX 3aTPAT BPEMEHU B CBA3H C IIepebopoM
Pa3/IMYHbIX BAPUAHTOB JU3aiHA.

Tabauiia 2. Pe3ynbrarsl paboTh

XapaKTepucTuKa [Tocme [Tocme Koncrpyknnsa
TOTIOJIOTMYECKOM napamerpudeckoil | kpbuia C-295
ONTUMUBAIIH ONTUMUBAIIAH

MakcumaabHOe TIepeMereHme 63.35 370.34 550

Kpbla, MM

MakcumaabHOe HAIPSIAKEHNE, 224 275.28 —
MIla
Macca, T 4.3 1.13 1.8

Biarosaps npuMeHEHUIO ONTUMH3AIMU Oblaa OBICTPO OIpEJe/NeHa HAMJIYUIIasd KOH-
Ienus KOHCTPYKIMHA KOHCOH Kpblta JIA, 6e3 HeoOXOMUMOCTH pacCMOTPEHHST MHOYKECTBA
aJIbTepHATHBHBIX BapuaHTOB. TakuM 06pa3oM, ONTUMH3AIM TIpeacTaBsgeTcd 3hheKTHB-
HBIM COBPEMEHHBIM HHCTPYMEHTOM I pa3spaboTKH pasHoOOpPa3HBIX KOHCTPYKIM, rie
HEJIbI0 SIBJISIETCS JIOCTHZKEHNEe HAMJIYUIIero 3HAYeHMsl KaKOH-1100 OlpeIe/leHHON XapaK-
TepucTUKY (HanpuMep, MEHUMHU3AIHS U MAKCUMU3AIUs MacChl, 00beMa, MOJaTJInBOCTH
U T. JI.) TIPU COOJIONEHNH 3aJaHHBIX KPUTEePHEB (HalpuMep, OrpaHUYeHuil Ha mepemerre-
HUsI, HANPsI?KEHHe | T. 11.).
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MSC 34D20

Topological and parametric optimization of
the airplane wing console

P.M. Abrashkin

Ulyanovsk state technical university

Abstract: The three-dimensional model of an aircraft wing cantilever is considered. On
the basis of the model, a methodology for designing the wing force set using topological
and parametric optimization methods is developed. Topological optimization is carried
out in the OptiStruct program. A number of force set designs are obtained, and
parametric optimization is performed in ANSYS Workbench on the basis of the
selected optimal variant.

Keywords: polymer composite materials, aviation industry, topology optimization,
parameric optimization, objective fumction, mathematical modeling, optimization.
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YK 531.36:62-50

O mMozmeampoBaHUU AMHAMUKN MHOTO3BEHHBIX
pPOOOTOB-MAaHUITYJIATOPOB C BA3KOYIIPYTUMN

apHupamMu’|

Annpees A.C., Cyrnipkuna E.A., Bynnakoscknii I1.A.

VIIbSHOBCKHI TOCYJAPCTBEHHBIIl YHUBEPCUATET

Annomayua: Uccnegyercs npobieMa BIUSHES HACIEICTBEHHBIX CBOWCTB MEXaHUIE-
CKO# CHCTEMBI Ha, YCTOMYMBOCTD €€ IOJIOXKEHUI paBHOBeCHsI. PacCMOTPEHO yIipaB/ieHIe
MHOT'O3BE€HHBIM MAHUIIYJIATOPOM C NUJIWHIPUYECKUMU BA3KOYNIPYTUMH IIAPHUDPAMUA
HACJIEeICTBEHHOrO JIeHiCTBUA MO KjaccumdeckoMy ompezenennio B. Bomereppa. Ilpen-
CTaBJIEHbI HEKOTOPbIE HOBBIE MOJIE/IM YIIPABI€HUS MHOTO3BEHHBIM MAHUIYIATOPOM C
BA3KOYIIPYTUMU IUJIUHAPUIECKUME MIAPHUPAMUA. Y DABHEHUS [TWHAMUKU MAHUIIYJISA-
TOPaA BbIBOJATCH HA OCHOBE KOHIEIIIMU MaTeMaTU4eCKONl MO/en MeXaHW4eCKOU cu-
CTEMBI C BA3KOYyIpyrumMu demeHTamu. OOOCHOBAHBI 3AKOHBI YIIPABIEHNUS, PEITAIOIIIe
3a/1a4y CTAOMJIN3AINHN TIOJIOXKEHHST MAHUMYISATOpA 0€3 M3MepeHusi CKOPOCTH, a TaK-
2Ke 33/1a9y OTCJIeKUBAHUS TPAaeKTOpwuH. Permaercs 3a1ada yrpaBieHns TPEX3BEHHBIM
MaHHUIYJIATOPOM C BA3KOYIPYTUMU IUINHIPUYECKUMU IAPHUPAMU.

Karouesvie ca06a;: MEHOrO3BEHHDIH POOOT-MAHUIY/IATOD, BA3KOYIPYTHE IMIAPHUPHI, CTa-
OMIM3aInsT IBUYKCHUS.

1. BBeaenue

HecmoTpst HA MHOTOUYMC/IEHHBIE UCCIEI0BAHUSI, MPOOIEMa YIIPABJICHUST MAHUITY ISITO-
POM ¢ BSABKOYHNPYTUMH TMAPHUPAMU MO-TPEKHEMY aKTyaJbHa. DTO CBA3aHO KaK C TIpe-
AMYIIECTBOM BSI3KOYIIPYIUX COEIMHEHHH IO TOYHOCTH, ILIABHOCTH, HAJAEXKHOCTH U JIPY-
UM CBOMCTBaM, TaK M CO CTpeMJIEHHEM pa3paboTaTb MOIEJH POOOTOB-MAHUIIYJIATOPOB
C YeJIOBEKOINOA00HBIM JIBUTATEILHBIM MexXanu3MoM. Cpeau paboT MOCJaeTHUX JIET B 3TOM
HAIIPABJICHUN MOYKHO BBIJIETUTH paboTsl [1-3].

Henbro jjanuoit paboThl SIBJISIETCS MCCICI0BAHUE 338491 yIPABICHUS MHOIO3BEHHbBIM
MAHUILYJISTOPOM C MUIAHIPUYIECKAMHI BI3KOYTPYTUMHE IIAPHUPAMHI HACIEICTBEHHOTO JIeii-
CTBUA 110 KJaccuieckoMy onpejenenuto B. Boabreppa. B pasnene 2 npejcrapiena mare-
MATHIeCKasT MOJeh MAHUMYJIATOPA C BI3KOYIPYTUMU TapHupamu. B pazmene 3 mpej-
CTaBJIEHO peIlleHrne OJHON M3 TpexX peIIeHHBIX 3334, & IMEHHO 337a4d O CTAaOWIH3aIun
HOJIOZKEHUsT MAHUIYIITOPa 6e3 u3MepeHus CKopocTH. B mokmane Takke OyayT mpeacTas-
JIEHBI PE3YJIbTATHI PelleHns] JaHHOHM 3a1a1Un 0 CTAOMIM3AINE BPAIIATeIbHOTO JIBUKEHUS U
OTCJIEKMBAHNS TPAEKTOPHH JIBMKEeHUsI MAHUIIYJIATOPA. B KadyecTBe KOHKPETHOrO MpUMepa
pelraeTcs 3a1a49a YIPaBJIeHAsT TPEX3BEeHHBIM POOOTOM-MAHUIIYIATOPOM € BA3KOYIPYTHMHI
MMapHUPAMHU.

“PaboTa BBITIOHEHA, TPY 9aCTUIHON GuHAHCOBOH mommepxkke Poccuiickoro mayanoro donma (rpant Ne 22-71-
00062, https://rscf.ru/project/22-71-00062/).
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2. MaremarndecKas MOJIeJIb MAHUITYJIATOPA C BA3KOYIIPYTUMM Iap-
HUPpaMU U ITOCTAHOBKA 3aa4u

MaHHIYIATOPBI ¢ A0COJIOTHO KECTKUME 3BeHbIMHI MOJICTUPYIOTCA KaK MeXaHHIecKast
CHCTEMa ¢ KOHEUHBIM YHCJIOM CcTelleHel ¢BoOOAbI. MOXKHO MPeIIo/I0KUTh, YTO TaKOH Ma-
TeMaTUIecKoil MOIeNbIo aBasgeTcd cucTeMa ¢ N MaTepuaJbHBIMU TOYKAMHU, MOJIOKEHHE
KOTOPBIX OTPeIendeTcs pajinyc-BeKTOpaMu

r= (C(]l,yl,Zl), ro = ($27y2,22>, Lo, Iy = ({L’N,yN,ZN>. (].)

[IpeamonoxkuM, 9T0 K j-Oif TOUKe TPUIOKEHBI BA3ZKOYIPYTHE 3JEMEHTHI C peaKIus-
v £, (j = 1,N; k = 1, un), KOTOpBIE ONIpPEeEISIOTCA 110 CBOHCTBY HAC/IEICTBEHHOCTH
MeXaHH4YeCKuX cucreM corsiacHo B. Bosbreppa [4]

t

fir = finele = —(oiulin(r; (1)) + / ik (v — )k (r;(v))dv)ely, (2)

—0o0

rae lj; — yanuHeHue k-ro 3jeMeHTa ¢ yUeTOM OcTaTO4HOi JedopMallun IpH IepeMelre-
0
Hut r;(t), pji U gjp — COOTBETCTBYIOIMNE KOI(DDUIUEHTH! JKECTKOCTU U PeIaKCaluH, €j), —
e,ZLHHI/Iqulﬁ BEKTOP COOTBETCTBYIOIIECI'O HallpaBJICHUA.
Bupryansmyio pabory peakuuit £, (j = 1, N; k = 1, uy) na smementapaoMm mepeme-

MeHnN 0ejj, = 0€;j;€j; MOXKHO HallTH, HCHOIb3Ys PaBEHCTBA!

Hj

N
A=Y (£ - dej) = £,

j=1 k=1

1/ — <l17l27'"7l1M17"'7lNMN> - (ll,lg,...,lp),

£'= (fin frzs - s - fvun) = (o for -0 fp) = —pl(x (1) — / G(V—t)l(r(V))dV(,)
% 3
N
p= Z:uja P = diag(pi1, p12,- - -, pp), G = diag(gu1, g12, - - Gp)-

j=1

[IycTh HA MeXaHHYECKYIO0 CUCTeMY HAJIOKEHBI HJeaJbHble CTAIlMOHAPHBIE CBI3U, TaK
YTO ee MOJIOXKEHHEe OMUCHIBAETCS 1 0DOOIIEHHBIMUA KOOPAUHATAME (1, o, . . ., ¢p. VI3 i
(B) maxommm 0BGOOIIEHHbBIE CHITBI, OMPEIESIONINE IeHCTBIE BA3KOYIMPYTUX JIEMEHTOB

ol ol oy, 1o, ..., 1)
Wy = (—) f, 1=1(q), (—) = : (4)
oq dq Nar, g2, - - n)

PaceMoTpuM 33129y YIPaBIEHUS N-3BEHHBIM 3JIEKTPOMEXaHUYECKIM MAHUIIYIATOPOM
¢ Baskoynpyrumu coegunenusvu tuna  ([2). Ilyers ¢ = (p1, @9, ..., @) — BEKTOp yIIOB
MKy 3BEHbSIMU MAHUIYJISATOPA, 1 = (11,19, ..., 1,)" — BEKTOp YIJIOB TOBOPOTA BBIXOJI-
HBIX BAJIOB 9/1EKTPONPUBOA0B. Torna s KazkJa0ro u3 1 COeJIMHEHNH KPYroBOe Y/JIMHEHHE
ompenenserca Kax [; = rj(p; —1;), Tae r; — paguyc Baja.

VpaBHeHHs] YIPaBIAEMOro JBUKEHISA MAHUIIYJIATOPA MOYKHO 3allACATh B BUJE yDaB-
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nennii Jlarpamxa [5|:

AWMH4X%@¢+ﬂ¢—¢H1/GW—@WWO—MWMV+Q@=07

Jw—aw—ww1/ew—www0—wwwu=m (5)

rie A(q) € R™" — MaTpulla WHEPIUHN KeCTKUX 3BeHbeB, J € R™" — nuaronajbHast
MaTpuna wHepiuu npuBonos, J = diag(ji, 2, ..., jn) > 0, KOPHOJUCOBBI U MEHTPOOEIK-
Hble MOMEHTHI uHepiuu onuchiBaiorces Kak C(q, q)q, dyukuus g(q) upejacrasiser rpa-
BUTAIMOHHBIE MOMEHTHI, & U € R™ — BXOJHOW KPyTAImUii MOMEHT, s = (S, S2,...,5,),

0
G = diag(G1, Gy, ..., G,), upu stom s, + [ Gr(y)dy >0 (k=1,n).

B crarbe AaHO pelneHue 3a1a491 O CTa6I/IﬂI/ISaHI/H/I IIOJIOZKECHUA U YCTAaHOBUBHICI'OCA Bpa-
HIaTeJIbHOTO ABUYKEHUA, a TaKzKe IMOJIYYCH 3aKOH YIPaBJICHUAA, HO3BOJ’IHIOH[I/II7I OTCJIeZKH-
BaTb TPACKTOPHUU ABU2KECHUA MaHHUITYJIATODPA.

3. Pemterue 3amaydm 0 cTabmam3anum IMOJIOXKEHUS MaHUITYJIATOPA
0e3 u3MepeHusd CKOpPOCTU

[Iycth ¢ = g — 3aJaHHOE TIOJIOYKEHUEe MAHUIYJIATOPa, 1 = 1Yy — COOTBETCTBYIOIINE
OJIOZKEHHUsI BBIXOIHBIX BaJIOB, OIIpe/iesigeMble 1Mo (hopmyiie:

1

%=s+/mww g(0) + 0. (6)

JlokazaHo, 4To 3a7a4a O CTAOMIN3AIMH MTOJIOKEHAA MAHUIYJIATOPA PEIIaeTcs YIIpaB-
JIeHWeM BHU/]Ia

u:gww—BW—m»+/Hw—wwwwwmw,
t—h

B = diag(bl,bQ, . 7bn>7 H= diag(Hl,Hg, .. -;Hn)7 H] >0 (j = L_n), (7)
0
h >0, bj—/Hj(v)d7>0
—h

?)aMeTI/IM7 9TO BTOPad COCTaBJIAION[ad 3aKOHA YIIDaBJICHUA AdHaJIOTH4YHa CTPYKTYpe
BASKOYIIPYI'OI'O KPYTAIIEI0O MOMEHTA.

4. 3akKJ/Ir04eHue

B pabore nosryvueHbl HOBBIE MOJIEIN YIIPABJIEHUST MHOTO3BEHHBIM POOOTOM-MAHUTTYIITOPOM
¢ BA3KOYNPYTUMH TTapHUpaMu. MonelupoBane MaHUITYJISATOPA Ha OCHOBE (DU3UIECKOTO
upuniuna B. Bosbreppa 1o3Bojisger yrBepzKiaTh OIPeeJIeHHOe CXOJCTBO Mojieiell Ta-
KX POOOTOB-MAHUITYJIATOPOB C JIEHCTBUEM MHOI'OCYCTaBHOM pyKH dejioBeka. [Iposesenb
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YUCJAEHHbIE SKCIEPUMEHTHI C JIBYX3BEHHBIM M TPEX3BEHHBIM MAHUITYJISTOPAMHU, KOTOPBIE
HO/ITBEPZKIAIOT 000CHOBAHHOCTD MOCTPOEHHBIX MO/JIE/ICH yIPAB/ICHUI.
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MSC 39A30

On the dynamic modelling of the multilink robot
manipulators with viscoelastic joints

A.S. Andreev, E.A. Sutyrkina, P.A. Buldakovskii
Ulyanovsk State University

Abstract: We study the problem of the influence of the mechanical system hereditary
properties on the stability of its equilibrium positions. We consider the control of
the multilink manipulator with cylindrical viscoelastic joints of hereditary action
according to the classical definition of V. Volterra. Some new control models for a
multilink manipulator with viscoelastic cylindrical joints are presented. The manipulator
dynamics equations are derived based on the concept of the mathematical model for
a mechanical system with viscoelastic elements. The control laws are substantiated
that solve the position stabilization problem of the manipulator without measuring
velocity measurements as well as the trajectory tracking control problem. The control
problem of the three-link manipulator with viscoelastic cylindrical joints is solved.

Keywords: multilink robot manipulator, viscoelastic joints, motion stabilization.
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VIIK 517.91

ITpuMeHeHEe OTKPHITOMOPUCTHIX CTPYKTYP KakK
JJAMUHUPU3ATOPA IIOTOKA B KaHaJe. YncijieHHasd OIeHKa
BJINAHUS KOHCTPYKIIMU HA OJAHOPO/JHOCTh T€YE€HUSI

banaduna T.1O., lepiorun FO.H.

Poccuiickuit denepanbHblit siaepHblit meHTp — Beepoccuiickmii
HAYYHO-UCCIeI0BATEIbCKIA HHCTUTYT KCIePUMEHTAIbHONR (hU3HTKI

Anrnomayua: B pabote mIpuBoaATCS Pe3yIbTAThl YACTEHHOTO UCCIEI0BAHNS BJIUSAHUS
orkpbironopuctoii crpykrypsl (OIIC) na smamMunupuzanuio noroka B kanase. Jis mo-
nenuposarus OTIC ucnonszoBanack momens ®Popxreiimepa-BpurkMana, B KOTOPO#
BSAI3KOCTHON M WHEPIHOHHBIH KO3 MUIIMEHTHI ObIIN Oy YeHbI TyTEeM CKBO3HOTO Pac-
9eTa, 3TOM CTPYKTYphl. Pacmpesenenne mapaMeTpoB B MOTOKE OBLIO MOJIYIEHO U3 pe-
3yJBTATOB MOJEITUPOBAHNUS MTOBOPOTA KaHaIa. KOMMIeCTBEHHBIM KPUTEPHEM BIASHUS
OIIC Ha OAHOPOAHOCTH MOTOKA SBJISETCs yPOBEHDb 3aBUXPEHHOCTH. Pacdyers Tedenuit
BBIIIOJIHEHBI B CTanoHapHON nocranoBke 1o xkomiuiekey «JIOT'OC» ¢ ucnonb3oBa-
HUEM TapajijIe/IbHBIX BBIUUCICHWH HA CYNEepKOMIbIoTEpe. V3 aHaimn3a MmoydeHHbIX
PE3YJIBTATOR CIIeJIaH BBIBOJ O TOM, 4To ¢ npumenenuem OIIC ypoBeHb 3aBUXpEHHOCTH
CYIIECTBEHHO CHUZKAETCA W HEMOCPEICTBEHHO BJMsET Ha MPOQUIbL CKOPOCTH BHU3 IO
MIOTOKY

Karouesnie c06a: OTKPBITOIIOPUCTAS CTPYKTYpa, Moaeab @opxreiimepa-bBpuakmana,
3aBUXPEHHOCTb.

1. IIpo6GaemaTuKa mccjieayeMoro BOIpoca

PaccmarpuBasg npobjieMy BbIpaBHUBaHUS TPOMUIT CKOPOCTH TMOTOKA, CJICAYET yUHU-
THIBATH, YTO KAXKJbI{l UCTOYHUK I'€HEPAIIMU BO3MYIIEHU MOPOXKIAET ONPE/IeICHHBIH BU/T
HEOJHOPOMHOCTU. B pamkax JanHO# paboThl paccMOTpeH Mpoduib CKOPOCTH 33 TOBOPOT-
HBIM yYaCTKOM KaHasia Ha yrou 90° (KoJeHo). Pe3yabraTel MoIeInpoBaHus TAKOTO HCTOY-
HHUKa BO3MYIIEHUsI TpeacTaBiensbl B [1]. [l OleHKN JTaAMAHUPH3AIUE TOTOKA PACCMOT-
PEHBI PE3YIBTATHI PACUETOB, KOTOPble MAKCUMAJIBHO OJIM3KO COOTBETCTBYIOT SKCITEPUMEH-
TaTbHBIM JAHHBIM [2]. [ToCKOJIbKY aHATN3UPpYEMOe TeueHne ABJISeTCs cyTy6o TypOyIeHT-
HbIM, B Ka4ecTBe OIEHOYHBIX apaMeTPOB PACCMATPUBAETCH OCPEIHEHHBIH TOKA3aTe b
Mo/ LyJtst 3aBuxpeHHocTH [3,4]. OrneHka ypoBHs 3aBHXPEHHOCTH, KOTOPas PACCIHTHIBATIACEH
B NPAMOJUHEHHOM KaHaJie 33 MOBOPOTOM B IMOMNEPEYHBIX CEYCHHAX C HNEPUOAUIHOCTHIO
OJTHOTO mraMeTpa TPYObl TTOKa3bIBAaET, YTO MOPOKIEHHOE TI0JIe 3aBUXPEHHOCTH HCCIIeTye-
MBIM KOHCTDYKITHOHHBIM U3MeHeHHeM cOXpaHsdeTcsd Ha paccrogann 20 kammdpos. B kade-
CTBe OJTHOTO M3 BO3MOYKHBIX CIIOCOOOB BBIPABHWUBAHWA MPOMUIA CKOPOCTH MOTOKA MOTYT
OBITH UCIIOJIb30BAHBl BCTABKH KOHCTPYKTHUBHBIX 3JIEMEHTOB U3 OTKPBITOMMOPUCTHIX MaTepPH-
aytoB. Hamboabimmii mHTEpec MpeicTaBIgI0OT MATEPUAJBI ¢ BBICOKON MOPUCTOCTHIO BBUILY
UX MAJIoro Beca M HeOOJIBINONO THJPABIMYECKOro conporusienus [5]. Maremarnuaeckas
MO/JIeJIb B OOIIEll MOCTAHOBKE JOCTATOYHO CJIOYKHA M HE MMeeT TOYHOI'0 aHAJIHTHYECKOTO
perenns. YucjaeHHOe MOJE/JIUPOBAHUS JIJI ONUCAHUS XAPAKTEPUCTUK TEYCHUS SIBJIACT-
¢ CJIOZKHOUN U JloporocTodieil nponeaypoii. /Lng perienus 3a1a4u BBOJASATCH Pa3/JIuIHOTO
poJia JIONYIIEHUs W MOJYIMIUPUYECKHE 3aBUCUMOCTH JIJIsi KOI(DDUIIMEHTOB 1epeHoca, uc-
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HOJIb3yeMble B MaTeMaTu4ecKoit mojenu. J[jig onpesenenns yKa3aHHbIX KOIDDUIUEHTOB
HEOOXO MM HPAMOil SKCIIEPUMEHT, JAIOMIHH HHPOPMAIIUIO O THAPABINYECKOM COIIPOTHB/IE-
HUW TIPH JBUKEHUH CPeJIbl B IOPUCTHIX CTPYKTypax. B paMkax paborsl [6] 6bL1 mpoBeieH
YUCJIEHHBIH YKCIIEPUMEHT, B KOTOPOM ObljIa MOJy4YeHa 3aBUCHUMOCTh OTHOIIEHUS TPa/Iu-
eHTa JABJIEHUs K TOJIIHHE OTKpbITonopucroit crpykrypbl (OIIC) or ckopocTn HOTOKA.
Toukamu Ha TpaduKe OTMeUYeHBI JaHHbIe, KOTOPbIe OBLIN MOJIYUEHbI B XOJe MPIAMOTO YHC-

JIEHHOT'O MoJieiupoBanus. V3 rpadpuka BUIHO, YTO 3aBUCUMOCTD N (u) Ha uccyeaye-
MoM obpasiie HeJrHelHa (9TO 03HaYaeT OTKJIOHEHHE OT JaMUHAPHOTO pekuMa). TosmmHa,
nccsieyemoro oopasia papaa 1.68 mwm. [Tosrydernnast 3aBUCUMOCTD B MCCJIEIYEMOM JTHATIA~
30me (ckopocTh motoka 0-10 M/c) ammpoKCHMHUPYETCsT KBAIPATHIHON 3aBUCHMOCTHIO, YTO

cooTBeTCTBYEeT Mojiesin Popxreitmepa-bprakMana:

AP(u) ~
— = Au+ Bu? 1
Al ) ( )
rae U — CKOPOCTH IIOTOKA, A u B — BA3KOCTHOH 1 WHEPIHUOHHBINA KO3DPUITUEHTHI, Haifi-
JIEHHbBIE ¢ TIOMOIIBI0 MeTola HauMeHbinux kpajaparos (MHK): A = 14965, B = 717.71.
[Tonyuennble KoddGUIHEEHTH UCIOIB3YIOTCS /IS OMUCAHKUS MOPUCTOIO PETHOHA.

2. Ob6cyxk1eHne pe3yabTaTOB

Jl1st npoBeieHnst YUCIEHHOTO MOJETMPOBAHUS HCIIOIb30BAJIACH ITHTHHIPUIECKAS TPY-
6a ¢ OJOYHO-CTPYKTYPHUPOBAHHON CETKOW € y9eTOM MPHU3MATHYECKOTO CJIOs, MACIITa0
sgqeiiku coctanisger 0.85 MM, KoJan4decTBO sideek ~ 7106. HucaeHHblit pacdeT MPOBOANJICS
B Momyse «Aspo-Tuapos kommutekca «JIOT'OCs 7] meTomom MoaempoBanust TYpOyIeHT-
HBIX TeUeHUil Ha OCHOBe JByXMapameTpudeckoil Moaean TypoyaenTHocrn Menrepa (SST)
B cTanuonapHoM pexkume (puc. [1)). Anaimsupyemast HeOQHOPOAHOCTD MMeET 3HAYUTEIb-
HBIIl IPaJUEHT CKOPOCTHU, KOTOPBIH OKA3BIBAET CYIIECTBEHHOE BJIMSHUE HA OJHOPOIHOCTD
IIOTOKA Ha MPOTsKeHUH mopsiika H0 XxapakTepHbix auameTpos Tpy6Osl [1]. Cozmasas jo-
HOJTHUTE/IHLHOE THAPABJINYECKOe compoTuniaerue B moroke B Bujae OIIC, MoxkHO OKa3aTh
CYIIECTBEHHOE BustHIE Ha 1poduib ckopoctu. 3 npepcrasiennoro na puc. la pacupee-
JIEHHsI OTHOIIEHUS MO/ CKOPOCTH K MACCOBOM (K pnass) B MPOMOIBHOM CEYEHUH KaHAJA
BUJIHO, 9TO TPAJUEHT CKOPOCTHU CYIIECTBEHHO CHUZKAETCH 338 PETHOHOM OTKPBITOIOPUCTOMN

CTPYKTYPHI.

L -

0.65 0.70 0.76 0.81 0.86 0.91 0.97 1.02 1.07 1.12

a) 6)

Puc. 1. Pacupeesenue OTHOIIEHUS] MOJYJIisi CKOPOCTH K MaCCOBO# CKOPOCTH: &) B IIPOZOJILHOM CEYeHUU
KaHaja; 6) B HOIEPEYHOM CEYEHHU KAHAJIA.
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Ha paccrosinnm ojHOTO XapakTepHOTO juamerpa TpyObl, MpeCTaBIeHHOIO Ha PHC.
16, nnanazon namenenus K, cocranager or 0.89 no 1.02, 94To CyIecTBEHHO HUXKE TeM
IMAIa30H u3MeHeHusI K, 45 I Mozesn 6e3 mopuctoro pernona. CpaBHUTEIBHBIN aHAINS
OTHOCUTEJIFHO OCU CHUMMETPHU K455 ST MOJEIeHl ¢ TOPUCTHIM PErnoHOM W 0e3 Hero
npejcTaB/IeH Ha pHC. [2

1.2

[ 0.8 |

| —— C NOPMCTON BCTABKOM

| 0.6 Bez NopUCTOl BCTABKM |

0.4
-0.0365 0 0.0365

Puc. 2. I'paduk pacnpeneseHnsi OTHOIIEHUST MOIYJIsi CKOPOCTH K MACCOBOH CKOPOCTH TIO OCH
CUMMETDPUH [IJIsT PACYETOB C MOPUCTHIM PETHOHOM ¥ 0e3 Hero.

B mozmenupoBanum TpexMepHOro TypOy/JI€HTHOIO TeYeHHsI Ha OCHOBE MOJeun TypOy-
JIEHTHOCTHU WCIOJIb3YeTCsI TeH30PHO-UHBAPUAHTHBIE BEJIMUINHBI 3aBUXPEHHOCTU U 1edop-
Malli¥, KOTOPBIe SBJISIOTCS COCTABILAIONIUME TeH30pa TI'paJueHTa cKopocTh. mg 3amad
pacdera BHYTPEHHUX TEUYEHUHU MPEeANOYTUTE]IbHO HUCIOJAb30BATH TEH30D 3aBUXPEHHOCTH,
IIOCKOJIBKY TAKOW mapameTp HAIJISIJIHO MOKA3bIBAT XapaKTep TypOyJIeHTHOro moToKa [3].

Kak ye oTmedasoch BBIIIE, MOPOXKICHHOE MOJIE€ 3aBUXPEHHOCTH I UCCIETYeMOTO
poduiis CKOpOCTU coxpansiercsi Ha paccrodunn 20 KajandpoB, HO C HPUMEHEHHEM OTKPbI-
TOIOPUCTON CTPYKTYPbl HAOIIOIaeTCsl Pe3KKUI Cl1aj| yPOBHS 3aBUXPEHHOCTH /10 3HAYEHU
AHAJOTHYIHBIX AJIUHAPUIECKON TPYObI ¢ OIHOPOIHBIM TPOQUIEM CKOPOCTH.

1900 -

Simple_SST_10_005
1800
—Tpy6a100d
1700

=@~ C MOPUCTbIM TE/IOM
1600
1500
1400

\..

1300

OTKPBLITONOPWCTAA CTPYKTypa

MoAyns 3aBUXPEHHOCTH

3K¢nepumMmeHTanbHoe cequme)
[

1200

1100

ocpefHeHHoe Mo NMoLaan sHaveHne

1000
2 3 4 5

KONMNMYEeCTBO XapaKTepHbIX AUaMeTpOB OT KOJieHa

Puc. 3. I'pacduk pacopemenennss ypoBHs 3aBUXPEHHOCTH BHU3 MO MOTOKY I PACIETOB TPYObI C
HEOTHOPOAHBIM Tpodunem ckopoctu Ha Bxoze ¢ yaerom OIIC u 6e3 Hee, a TakKe NUIAHIPUYECKOM
TPYObI ¢ OAHOPOIHBIM IIOTOKOM.
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MSC 65B25

The use of open-porous structures as a flow laminarizer

in the channel. Numerical evaluation of the influence of

the design on the uniformity of the flow

T.Yu. Balabina, Yu.N. Deryugin
FSUE RFNC - VNIIEF

Abstract: The paper presents the results of a numerical study of the effect of the
open-pored structure (OPS) on the laminirization of the flow in the channel. The
Forchheimer-Brinkman model was used to model OPS, in which the viscosity and
inertia coefficients were obtained by end-toend calculation of this structure. The
distribution of parameters in the flow was obtained from the results of modeling
the rotation of the channel. The quantitative criterion for the influence of OPS on
the uniformity of the flow is the level of vorticity. The calculations of the flows were
performed in a stationary setting according to the multifunctional software package
LOGOS on a parallel supercomputer. From the analysis of the results obtained, it is
concluded that with the use of OPS, the level of vorticity is significantly reduced and
irectly affects the velocity profile downstream.

Keywords: porous media, Forchheimer-Brinkman model, vorticity.
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YK 517.9:539.3

AcuMnToTndecknii aHAJIN3 MaTeMaTuIecKoil Moaesan
CHUCTEeMBI «TPYOOMPOBOI — JATUYNK JABJICHUAS ||

Benbmucos T1LA., Tamaposa 10.A., Anekcanun H.JI., Aaxkumos [ A.

VIbSHOBCKHIT TOCYJAPCTBEHHBIT TEXHUYECKUN YHUBEPCUTET

Anrnomayua: B crarbe pacCMATPUBAIOTCS MATEMATHIECKHE MOJIESTH MEXAHUIECKOI CH-
CcTeMBI «TPyOOIPOBOM, — JATYUK [TABIE€HUS », IPEIHA3HAYEHHBIE JIJI KOHTPOJIS TaBJIe-
Hus pabodeil cpelbl B KaMepax cropanusi asurareseii. llosydensr acumnrornaeckue
YPaABHEHUSI, OMUCHIBAIOIINE COBMECTHYIO JUHAMHUKY YIPYTOrO 4yBCTBUTEIHLHOIO JJIe-
MEHTa JATYNKa JIaBJIeHus U pabodeil cpempl B TpybompoBoge. Pa3paboTanbl MeTO b
peITeH s COOTBETCTBYIOIINX HAYAIHHO-KPAEBBIX 33034 MJisi cucTeM aud hepeHimanb-
HBIX YPABHEHUI C YACTHBIMU ITPOU3BOIHBIMU.

Karwuesoie caosa: JATIWK, yOPyTHi 3JEMEHT, TPyOOIPOBOM, AuHAMUKA, auddepeH-
nyaJjbHble yPaBHEHUA.

[IycTh Ha oaHOM KOHIE TPyOONpPOBO/IA 3aJIaH 3aKOH M3MEHEHHS JTaBjaeHus paboudeit
cpeibl (HAIpUMED, Ha BBIXOJE W3 KaMepbl CrOPAHUs JIBUraTe/s), & Ha JPYIOM PacIoo-
JKeH JaTyuK |1, 2|, npejHa3HAYEHHbIH 1S K3MEDEHHs ITOrO JABJIECHUsI U COMePKAIIUil B
Ka4ecTBe COCTABHOW YACTH UYBCTBUTEIbHBINA YIPYIUil 3JIeMEHT B BUJe [UIACTHHBL (puc. 1)

Puc. 1. Cxema MexaHHYECKON cUCTEMbI «TPYOOIPOBOJL, — HATYUK JTABICHUS>.

PaccmorpuM mMareMaTHyuecKylo MOCTAHOBKY 3a/1a49M, COOTBETCTBYIONLYIO MOJEIN CHU-
CTEeMbI «TPYyOOIPOBOJI, — JIATYUK JABICHULA> C YIETOM CXKHEMAEMOCTH paboUeil cpeibl:

By + 20, Dy + 20, Py + D2, + 20,0, P,y + P2D,, = af(Puy + Dy,), zy G, (1)
P, (,0,t) = @y(x, h,t)=0, =z¢€ (—Z,O), (2)

®, — o, w, = wy, w(y,t), y € (ab), (3)

®,(0,y,t) =0, ye€(0,a)U ( h) (4)

L(w(y,t)) = P — P, x—w( t), yelab), (5)
P(-lLy,t)=P(y,t), ye (07h)- (6)

“PaboTa BBIIIOJIHEHA, [TPH TTOJZIEpKKe rpanTa Poccuiickoro Hayanoro dorma Ne23-21-00517
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B ([1)-(6) =, y — aexaprossl koopaunarsl; ¢ — Bpems; P(z,y,t) — noTEHIMAL CKOPO-
cru paboueii cpenbl (ra3a wian KuAKOCTH); w(y,t) — monepeunas gedopmarus (nporut)
YIPYTOTO 9/IEMEHTa JATIHKA, 3AHIMAIOIIEr0 B He1ehoPMHPOBANHOM COCTOSHIH TIOTOMKe-
aue © = 0, a < y < b; P(y,t) — 3aKOH U3MeHEHHUs JABJEHWs Ha BbIXOJIe T = —[ U3 Ka-
MepBI CrOpaHHs ABUTaTels (Ha JeBOM KOHIE TpyOompoBoja); P — BHeIIHee Bo3aeficTBHe
(nanpumep, jgasienue okpyxawomei cpeip); G — 061acTb B TPyOOIPOBOAE U B 110J0CTH
JaT4nKa, 3aHaTas pabodeit cpenoit. lasnenune P(z,y,t), wiorHocrs p(z,y,t), CKOPOCTDH
3ByKa a(x,y,t) B paboueii cpejie BRIDAXKAIOTCS Y€pe3 MOTEHINAT CKOPOCTH U3 MHTerpasa
Jlarpamxka-Korm

P\S p\ ! a\’ x—1 1.5, 1.,
- =L =(—] =1- O, 4+ -0; + =@ 7
(m) =) @) = (reamen). o

rje uHjgeke 0 cCOOTBETCTBYeT ImapaMerpam pabodeil cpeabl B cocTosdsnuu mokos. ludde-
peHIuaIbHbil (HHTErpo-nuddepennuanbubiii) oneparop L(w(y,t)) B ypaBuenun (), Ko-
TOPBIHA OIMCHLIBACT AMHAMHUKY YLUPYIOIO 3J€MEHTa, MOKHO 33JaTh PA3JIUIHBLIM CIIOCOOOM
B 3aBUCUMOCTH OT BLIOPAHHOI MOJeH TBepAoro AeddOPMUPYEMOro Te1a, HAIPUMe]D

L(w(y,t)) = L*(w(y,t)) = miw + Dw" + Nw' + " + f(w,w), (8)

b
L(w(y,t)) = L*(w(y, t) / (y,t d?/+77a/ (y.t)dy | , 9)

1
"

L(w(y,t)) = mi + {Dw” <1 - ng)} + Nw' + B + flw,w), (10)

L(w(y,t)) = mwy + [Dwyy (1 — guﬁ)] + Nwy, + [Dwyy (1 — ng)] + f(w, wy),

vy

L(w(y, ) = muw + D <W) 5 ((H“’—)/) b Ny + flw,w), (12)

yyt

’ ’ 1 / / " 1" "
L(w(y,t)) = —EF |w (u +§w2)] +mi+ Dw + Nw + i + f(w,w). (13)

MaremaTnaeckyio MOIeIb ¢ UCITOJIH30BAHUEM OTEPATOPA CJIeJTYeT JOTIOJHUTE yPaB-
HEHUEM /
—EF (u + %w/2> +mii + g(u, i) = 0. (14)
B (8)-(14) u(y,t) — npomonbras nedopmanus yupyroro smementa; m, D — noros-
Hasl MacCa W M3THOHAsT YKECTKOCTb YIIPYTOTO 3JIEMEHTa, JATUUKa, MPEICTABISIONIEr0 CO-
0oit gedopMuUpYEMYIO TIACTUHY W PACIIOJIOKEHHOTO Ha MPaBOM KOHIIE TpybotnpoBoaa; N
— cKuMaoIee (pacTsaruBaroliee) sJaeMeHT ycuwine; (3, 1 — Ko3(DdOUIueHTbl BHYTPEHHEro
JgeMibupoBanust (MaTepuaia 3JeMeHTa); ( — KOI(DMOUIMEHT, 3aBUCAIIN OT TPOIHOCT-
HBIX U T€OMETPUUYECKUX XaPAKTEPUCTUK IJEMEHTA U THIIA ero 3aKpelieHus; F — MOmLy/Ib
YIPYTOCTH MaTepHaa AeMenTa; F' — IIoMaab MOoIepevaHoro cedenns yaeMenTa; f(w, w),
g(u, ) — HEKOTOpbIE JIMHEeHHbIe UjiM HeJMHelHble (DYyHKIMH, 3aBUCSIIUE OT HOLEPEUHON
win mpoaosbHol nedbopmanun w(y,t) win u(y,t) u ckopoctu gedopmarum w(y, t), u(y,t);
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HHJIEKCBI T, Y, t CHU3Y 00603HAYAIOT YaCTHBIE IIPOU3BO/HBIE 110 T, Y, t, TOYKA CBEPXY — YaCT-
HYIO TIPOU3BOJHYIO 10 ¢, MITPUX CBEPXY — YACTHYIO HPOU3BOIHYIO TI0 Y.

YpaBHeHHe ONMCHIBAELT JIBUZKEHHE Ta3a WM KUJKOCTH B TPYOOMpPOBOJE C Mpsi-
MosmHeliHbIMI cTeHKavu y = 0, y = h; ypaBHeHue OTMCHIBALT JMHAMUKY YIIPYTO-
ro ssementa; ycaosue () 3azaer 3akon M3MEHEHHsS! JaBICHUs Ha BXOAE B TPYGOLPOBOXL
(z=-0); @), — YCJIOBHSI HEMPOTEKAHHUS TTOBEPXHOCTH dJieMenTa (y € (a,b)) u mpsamo-
JMUHEHHON BepTHKAJIbHON YacTu crenku Tpybomnposomaa (y € (0,a) U (b, h)); yeaosus (2)) -
YCJIOBHSI HEIIPOTEKAHHSI TOPH3OHTATIBHBIX CTEHOK TPyGonpososa. VimeeM HeInHEHHYIO 3a-
aady (1)-(6) aas bynkuuit (z,y,t), w(y,t), KOTOPYIO CleAyeT IONOJIHATH HAYAILHBIME
ycaoBusivu Jytst P, w W rPAHUYHBIME YCJIOBHAME JJIsT W.

Jna pemenns 3agaan (I)-(6) ncmonbsyem meron manoro mapamerpa e. Taknm ma-
paMeTpoM MOXKeT CJY’KUTh OTHOIIEHHE TOJIIUHBI yIPYroro 3JeMeHTa h, K ero JJjinHe

h h
€= 2 , WJIM OTHOITIEHUE TUPUHBI TPpyOOorpoBoja h K ero jymne | | € = 7) [Tpe-
—a

craBuM byukiuu ¢, P, P, w B BuJie pa3oKeHUii:

(I)($,y7t):€g01($,y,t)+..., P(l’,y,t):P0+EP1(ZL‘,y,t)+..., (15)

P(y,t) =Py +eP(y, 1),  w(y,t) =wo(y) + cw;(y,t) + ...

13 unrerpana Jlarpamxa-Koum (7)) nosyunm acumurornieckyto popmysy s gas-
JIEHU S

P =Py —epoprr + o(e). (16)

OcraBiissi crapiye WieHbl HOps/Ka € B ypasuenun (1), moaydaum ypasBnenue 1ist oq

Soltt = ag(@lazx + Splyy)' (17)

X .
Baech aj = ~— — KBajIpaT CKOPOCTH 3BYKa B TIOKOsTIelca cpeje. [ panmanoe yeaoBme

0
(3) mpu € — 0 3amumercsa B BHUIE

Pra(wo(y), y,1) = 1y (wo(y), y,1) - wo(y) = in(y.?). (18)

[Moncrasiiss B (5) u BeOupas L(w(y,t)) & suge (8)), 6ygem nmers
Duwy + Nwg + f(wo,0) = Py — P, (19)
miy + Dw, + Nw, + i, + g—l];(wo, 0)w; + %(wo, 0)wy, = —poprt(wo, y,t).  (20)

[Tpu Bei6Ope L(w(y,t)) B BUIE AHAJIOTUIHAS] CHCTEMA YPABHEHUN OyIeT UMETh BUJL

"

" 3 ’ 1" =
{Dwo (1 - 5%2)} + Nwy + f(wo,0) = Py — P, (21)

3 ! " / " / ! 3 / " ’ " /
mwy + {D (1 - —w 2) w; — 3Dw0w0w1] + {D (1 — §w02> Wy, — 3Dwywyuwy | +

2
1" 8 a .
+ Nul + %(wo,o)wl + a—i(wo,o)wl = —popre(wo, y,t). (22)
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Ecan L(w(y,t)) B3arsb B Buge ((12), To nomyuum

"

Dw/l ) B
(m) - Nw() + f(wo, 0) =P, — P, (23)
0

" "
{ D (w// B Swywy w/)] N [ D (u')” B 3wyw, w,)l N
(T+w)32 " 1w ! (T4+w)32 " 1w !
+ maiy + Nw, + g—i(wo, 0)w; + %(wo, 0)wy = —pop1e(wo, y,t). (24)
Ha ocHOBe 10/Iy4eHHBIX TPUOJIMAKEHHBIX ACHUMITOTHYECKUX YPABHEHUH MOCTPOEHBI
MaTeMaTHIECKHe MOJEJN CHCTEM H3MEPEeHHs JABJIEHUs B Ta30:KUIKOCTHBIX cpegax. Pas-
paboTaHbl METO/BI PEIEeHNs HAYAJIbHO-KPAEBBIX 3a/a49 JJIst cucTeM auddepeHinaabHbIX
YPABHEHWH C YaCTHBIMU TPOU3BOJIHBIMHU, COOTBETCTBYIONMMX TUM Mozeaam [3-9]. Pas-
paboTaH IPOrPaMMHBIH KOMILTEKC /I MATeMATHIECKOIO MOJIETUPOBAHNSA MEXaHUIeCKON
CHCTeMBI «TPYBOIpPOBOJ — narTduk jgasienuss [10]. Ou npegHasHAYEH I UCCIIETOBAHNS
COBMECTHOM JMHAMHUKH 9yBCTBUTEIBHOTO SJIEMEHTA JATUYHKA TABJICHUS U pabodeil cpeibl
B TpyOOIIPOBO/IE, COCIUHSAIONIEM KaMepy CTOPaHHUsI JIBUTATEIS ¢ JATYAKOM, ¥ TTO3BOJISET
nostyIaTh rpadukn Gyaknun w(y, t), XapakTepu3yoeii 1ebopMaInio yIpyroro IeMeH-
Ta JATYUKA, DU PA3IHIHOM 3aJaHUA MEXaHUIECKUX [apaMeTPOB CUCTEMbI, B TOM YUCJIe
[pH 3a@HUN 3aKOHA W3MEHEHUs JTaBJeHNs paboueil cpejibl B JIBUTATE/IE.
Jlis HecsKuMaeMoi cpejibl ypaBHEHUe, OMMCHIBAIOINIEE JIBUKEHUE Ia3a, W JKUIKOCTH
B TPyOOIIPOBO/IE, UMeeT BU/I

Py + Py, =0, xe€(—1,0), ye(0,h). (25)

Torga maremarnvyeckasi IOCTAHOBKA 33/[a9l B MOJIEJIH HECXKUMAEMON CPeJibl BKJIIOYa-
er ypasuenus (2))-(6), (25)). Pemenne sroit 3anaun npeacrasum B Buge pasnoxenns (15)).
Oneparop L(w(y,t)) Bosbmem B Buge (8), rae dynknua f(w,w) = yw + aw (v — K03D-
dburmenT KecTKOCTH OCHOBaHUsI, o — KO3 duimenT aemndnpoBannsa ocHoBauus). Toraa
ACHMIITOTHYECKAs MOJIEJb 33/Ia9 B MEPBOM HPUOJIUKEHUU UMeeT BU]L

Plaz T Plyy = O, (26)
Sply(xa 07 t) = Sply(xa ha t) = 07 (27)
Dw, + Nw, +~ywy = Py — P, (28)
may + Dw,{” + NU);/ + By A+ ywy + vy = —pop1e(wo(y), y, 1), (29)
@1z (w0(y)7 Y, t) - Sply(wo (y)7 Y, t)w(/)(y) = wl (?J» t)v (30)
_powlt(_layat) = P*(yvt)7 (31)
rie Pi(y,t) — u3bbiTounOE AaBienne Ha Bxoje B Tpybonposon (B cedennun x = —[). [Ipes-
nosarast ¢ = 0, b = h, P,(y,t) = P.(t), norennuan ¢, (z,y,t) npecraBuM B Buje
t oo
1 nm
o1(x,y,t) = e P.(z)dz + (x + 1)(t) + 2 Z ©1n(t) cos \pyshA,(x +1), N\, = -
0 n=1
0
(32)

Qyukius yz0BaeTBOpsieT ypasuenuto (26|) u ycaoBusam , .
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Oynknusa wy(y,t) OTHICKUBAETCS B BHJE DA3JIOKEHUST B Psijl 1O MOJHONH Ha OTpe3Ke

0, h] cucreme dyukuuii {g,(y)} ~ |, YAOBIETBOPSIOMIX IPAHIIHBIM yCJIOBHSIM, COOTBET-
CTBYIOIIMM YCJIOBUSIM 3aKDEIJIEHUST TLIACTHHBI.

[pu maprupHoM 3aKperuiennu KoHuop yrpyroro saemenrta (w(0,t) = w” (0,t) = 0,

w(h,t) = w" (h,t) = 0) dynkmmo wi (y,t) GymeM HCKATb B BHIe

o0
wi(y,t) = ;wn(t) sin \,y, A, = %
Jljist #ecTKoro salnemjiends KOHNos ynpyroro saementa (w(0,t) = w'(0,t) = 0,

w(h,t) =w'(h,t) = 0) byukmus w;(y,t) umercs B Bue

rie &n(y) = ch(uny) —cos(uny) —

wiy,t) =Y wa(t)nly),

h nh - nh .
ch(pnh) = cos(u ))(sh(uny)—sm(uny))nun HAXO/ISITCS

sh(pnh) — sin(p,h

u3 ypasaenus ch(u,h)cos(u,h) = 1.
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Asymptotic analysis of the mathematical model of the
system «pipeline - pressure sensor»

P.A. Velmisov, Yu.A. Tamarova, N.D. Aleksanin, G.A. Ankilov
Ulyanovsk State Technical University

Abstract: Mathematical models of the mechanical system «pipeline - pressure sensor»,
designed to control the pressure of the working medium in the combustion chambers
of engines, are considered. Asymptotic equations are obtained that describe the joint
dynamics of the elastic sensitive element of the pressure sensor and the working
medium in the pipeline. Methods for solving the corresponding initial-boundary value
problems for systems of differential equations with partial derivatives are developed.

Keywords: sensor, elastic element, pipeline, dynamics, differential equations.

References

1. Ash ZH. i soavtory Datchiki izmeritel’'nykh sistem: V 2-kh knigakh, Mir, M., 1992.

2. Etkin L.G. Vibrochastotnyye datchiki. Teoriya i praktika. Izd-vo MGTU im.
N.E.Baumana, M., 2004. 408 p.

3. Ankilov A.V., Vel’'misov P.A., Gorbokonenko V.D., Pokladova Yu.V.
Matematicheskoye modelirovaniye mekhanicheskoy sistemy "truboprovod - datchik
davleniya Ul’yanovsk: UIGTU, 2008. 188 p.

4. Vel’'misov P.A., Pokladova Yu.V. Issledovaniye dinamiki deformiruyemykh elementov
nekotorykh aerogidrouprugikh sistem, Ul'’yanovsk: UIGTU, 2018. 152 p.

5. Velmisov P.A., Tamarova Y.A., Pokladova Y.V. Mathematical modeling of pressure
monitoring systems in fluid and gaseous media // AIP Conference Proceedings,
2021. 2333. 120004.

6. Velmisov P.A., Tamarova Y.A., Pokladova Y.V. Mathematical modeling of a class of

aerohydroelastic systems // Journal of Mathematical Sciences (United States), 2021.
255(5). P. 587-594.

7. Velmisov P.A., Tamarova Yu.A. Matematicheskoye modelirovaniye sistem
izmereniya davleniya v gazozhidkostnykh sredakh // Zhurnal Srednevolzhskogo
matematicheskogo obshchestva, 2020. 22. 3. P. 352-367.

8. Tamarova Yu.A., Velmisov P.A., Aleksanin N.D., Nurullin N.I. Issledovaniye
dinamicheskikh protsessov v sistemakh izmereniya davleniya gazozhidkostnykh sred
//Zhurnal Srednevolzhskogo matematicheskogo obshchestva, 2021. 23. 4. P. 461-471.

9. Velmisov P.A., Pokladova Y.V. Matematicheskoye modelirovaniye sistem izmereniya
davleniya // Vestnik Ul'’yanovskogo gosudarstvennogo tekhnicheskogo universiteta,
2020. N2-3(90-91). P.10-19.

37



XVI Meowcdynapodnas nayuwras xongeperyua
«Judpeperyuarvroe YpasHeRUA U UT NPUAOAHCEHUA 6 MATMEMATNUNECKOM MOJEAUDOBAHUL>

Capanck, 17-20 aseycma 2023 20da

10. Tamarova Yu.A., Velmisov P.A., Ankilov A.V. The software package for
mathematical modeling of the mechanical system «pipeline - pressure sensors.
Certificate of registration of the computer program 2022615319, 30.03.2022.
Application No. 2022615014 dated 03/28/2022.

38



XVI Meowcdynapodnas nayuwras xongeperyua
«Judpeperyuarvroe YpasHeRUA U UT NPUAOAHCEHUA 6 MATMEMATNUNECKOM MOJEAUDOBAHUL>
Capanck, 17-20 aseycma 2023 20da

YK 001.891.57

MaTtemaTnieckoe MoaeJUMPOBaHUEe JUHAMUKNI
METaCTa3MPOBAHUS OMyXOJIeil]

Tonuaposa A.B., Koanax E.I1., Buas M.IO.

Cankr-IlerepOyprekuii TOCy1apCTBEHHBIN YHUBEPCUTET

Annomayusa: IIpomecc pacmpoCTpaHEHNs! OMYXOIH MO MOPAXKEHHOMY OPTaHy MpPe-
cTaBssieT coboit nHTEPGhEPEHITNOHHYI0 KOHKYPEHITHIO OITyX0JIEBBIX U 3JJOPOBBIX KJIETOK
¥ YIUTBHIBAET aHruOreHe3 omyxosw. [lpemcrasieno pacimpenne TOCTPOEHHON MOIEH,
OCHOBAHHOE HA KOMIIAPTMEHTHOM MOJIEJIMPOBAHUM, KOTOPOE UMUTUPYET COCOOHOCTH
3JI0KAYECTBEHHbIX OIlyXO0Jlell K MeTacTa3uPOBAHUIO U 0OPA30BAHUIO HOBBIX OYArOB O~
pakenusi. [Ipeamosaraercsi, 9T0 BTOPUIHBIE OITYyX0JIM OBIATAI0T TEMH JKe CBOMCTBaMM,
9TO W TIEPBUIHOE TIOpaXkeHne. B Momenn ¢ MeTacTa3npoBaHueM PAaCCMATPUBAIOTCS JBA
BapUAHTa JOCTABKY JIEYEHNUS: OCYIIECTBICHIE TTOCTOSHHOTO HEITPEPBIBHOTO JIEIEHUS U
OCYIIECTBJIEHUE [UCKPETHOI JIOCTABKHU JIEKAPCTB C MCIOJb30BAHUEM [MOBTOPHBIX UJIH
3aIJIAHUPOBAHHBIX /103. B 00eux Mojesisix JiedeHus [peoiaraercs, 9ro JeKaperBa
HOTPEBJIAIOTCA TOIKO [l IIOJABJIEHUs 3JI0KAYECTBEHHbIX KJIETOK, & UX 11000YHbIMU
acpderramu nperedperatoT. Pe3ynbraThl MMUTAITHOHHOTO MOJIETUPOBAHNS C METACTA~
supoBanmeMm mposeennbl B mpuiokernn MATLAB SimBiology Model Analyzer.

Katoueswie caosa: pakoBoe 3aboneBaHne, aHTMOTEHE3, METACTA3BI, MOJENb JIEUYCHHNS,
MATLAB SimBiology, MmaTemarnyieckoe MOAEIUPOBAHIE, KOMIIAPTMEHT-MOIEIb.

1. BBenenue

[To oerkam BeemupHO#t opranusanun 3/ipaBoOXpaHeHnd, paK sBJIsgeTcd BTOPOi 1o Ja-
CTOTE IIPUIUHOI CMEPTH B MHUpPE, YCTYHAsT TOJIBKO CepIeTHO-COCYIUCTHIM 3a001€BAHUAM.
B 2020 roxy Bo BceM mupe OBLIO 3aperucTpupoBaHo 6ojee 19 MUIIHOHOB HOBBIX CJIYYaeB
paka u noutu 10 MUJUIMOHOB cMepTell, BbI3BAHHBIX pPakoMm. Mexkjiy Tem, €c/iu HblHell-
HUe TeHJEHIINH COXPaHATCH, oxKugaeTcsd, 9To K 2040 romy 4mc/io HOBBIX CJIydaeB paka B
roJ| Bo3pacrer 10 28 MuaIHoHOB, 4T0 Ha 47 % Gosbine, gem B 2020 roxy [1]. B 6opsbe ¢
PAKOM BayKHbBI HE TOJILKO PAHHAS JTUATHOCTUKA U CBOEBpeMeHHasd 3(PhDeKTUBHAS MeTUITHH-
CKas TTOMOIIb MAIUEHTY, HO U MTPOTHO3UPOBAHNE JIUHAMUKY 3abosieBanusd. s 3Toft mesn
UCIOJIB3YIOTCA MaTeMaTUIecKue MOJICTH 3a00IeBaHUi € MOC/eYIONIUM UMHTAIHOHHBIM
moesiupoBanueM |2]. BBoas KOHTposib B Bu/ie (DYHKIIMH, OMUCHIBAOIIEH JedeHne (HAIPH-
Mep, BBeJIeHHe JIEKAPCTBEHHOTO CPEJICTBA) B MOJIEb 3ab0JeBanus [3], MOXKHO OIEHUTH ero
3P HEKTUBHOCTD, pACCINTATh HEOOXOIUMBIE JO3UPOBKH, CIIPOIHO3MPOBATD BJIUSHHE JIeUe-
HUS HA OIYXOJb M COKPATUTH BpPeMs Ha JOKJIUHUYECKNE MCCJIE/I0BAHUS HOBBIX JIEKAPCTB
U METO/OB JIeUeHUs.

2. MaTrepuaJibl 1 MeTOIbI

JL1g O1eHKN aJIeKBATHOCTHU MTOCTPOEHHOM MOJIE/IN, COTIOCTABJICHHS PE3Y/ILTATOB €€ MO-
JeJIMPOBAHUS €CO CTATUCTUYECKUMH JAHHBIMY, a TaKyKe aHajJn3a TMOCTPOEHHBIX Mojesieit
UCIIOJIB3YIOTCA IPOIPAMMHBIE CPEJICTBA, CIENUAIbHO pa3paboTaHHble s 3Tux meseit. O -

*Pabora BeimosaeHa npu noaaepxke Cankr-IleTrepOyprekoro rocyapCTBEHHOTO YHUBEPCUATETA, HICHTADUKA-
Top mpoekTa: 94062114
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HUM U3 TAKUX HHCTPYMEHTOB siBjisieTcs nmporpamvuoe obecrnetenne MATLAB SimBiology,
KOTOPOE MPEJIOCTAB/ISIET MPUIOKEHUS 1 IPOTPAMMHBIE HHCTPYMEHTHI /ISt MOJIETHPOBAHS
W aHaJM3a JUHAMHYECKUX CHCTEM, VJIeIsisd 0c000e BHUMaHUe KOJMYEeCTBEHHONW CHCTEMHO
dbapmakosornn (QSP), dapmakokuuernke Ha dbusnonaornveckoii ocHore (PBPK), dap-
makokuHeruke /dapmakogunamuke (PK/PD) u npuioxkeHusM i GHOJTOTHYECKUX CH-
crem [4]. dror maker mpejocTaBisier BO3MOKHOCTH CO3JABATH MOJEJH MTPOIPAMMHO
ucnoab3opanueM s13uika MATLAB nin nHTepaKTHBHO ¢ IIOMOIIBIO PeIaKTOpa OJI0K-CXeM
SimBiology B mpunoxenun SimBiology Model Builder.

3. Maremarn4ieckas MOJ€eJib OHKOJIOTUYECKOro 3ab00J/ieBaHUA

[Tpouece pacupoCTpaHeHns OILyXOJIH IO HOPAYKeHHOMY OPrany MOYKHO PACCMATPHBATD
KaK KOHKYDEHIHIO ABYyX THUIOB KJIETOK (HOPMAJIbHBIX M 3/0KAYECTBEHHDIX) 33 (DYHKIMO-
HAJIBbHOE HpocTpancTso [5,6]. Ciaeayer IpuHIMATL BO BHUMAHIE HHTEHCHBHOE IPOPACTa-
HHE 3JI0KaYeCTBEHHBIX HOBOOOpa30BaHuili HOBbIMU Kammiaspamu (anruorenes) |7]. Taxoit
IIPOIIECC MOXKHO PACcCMATPUBATh KaK IIOsBJIEHHE HCTOYHUKA IUTAHU, JOCTYIHOI'O TOJIBKO
JIsT OILYXOJIEBBIX KJIeTOK. MaremaTHveckast Moziesb, paspaborannas B [8], mpeacrasiena
CUCTEeMOI OOBIKHOBEHHBIX UM EepeHITNAIBHBIX VPaBHEHHIA:

( du m E V4 u
— = [l U a - ,
a M "I+ E K
dv v+ u
av _ 1_ 1
ar M K )’ (1)
dE E
& Cp(By — B) — pyuag———,
L dt Cp(Fo — E) Hul@2 07 F

e 4 U U — KOJIMYECTBO 3JIOKAYECTBEHHBIX U HOPMAJIbHBIX KJIETOK COOTBETCTBEHHO, K

— pasMep (QYHKIMOHAJIBHOI'O MPOCTPAHCTBA, [, U [, — HapaMeTpbl, XapaKTepU3yIlolue

TEMIIbI POCTa KJAETOYHBIX HOMy/sdanuii, £ — obbem muranumsa. B npaBoil yacTu cucrembl

2 2

U J%y,
I/I —_—

. Mooy
ypaBaenuit (1) BbIpaykeHusr — OIUCHIBAIOT OIPAHUIEHHYIO CKOPOCTH Pa3-
MHOZKEHHS OILyXOJEBbIX W HOPMAaJBbHBIX KJIETOK, COOTBETCTBEHHO, M3-3a OTPAHUICHHOIO

[y UV Ly VU
n— — KOHKYPUPY-

[0IT[ee BJIUSAHTE JTCJIANUXCS U HOPMATbHBIX KJIETOK JAPYT Ha APYTa B OJHOM U TOM Ke (DYHK-
UOHAJILHOM IPOCTpaHcTBe. Tperbe ypaBHeHUE B 9TON MOJEIU OLUUCHIBAET NOTpebjieHue
NUTATEJBLHBIX BelecTB. B 3roMm ypaBuenun Fy — 9T0 KOJIUYECTBO «PE3€PBHOTOY IMHUTAHUS,
MPUCYTCTBYIOIIETO B CUCTEME IIPU OTCYTCTBUH OILYyXOJIEBBIX KJIETOK, (o — lTapaMeTP, Xapak-
TepU3yIOIuil CKOPOCTh MOTpeb/IeHnst muTaTebHbIX BerecTB, C'r — CKOPOCTH, ¢ KOTOPOit

pa3zmepa (QYHKIIMOHAJIHLHOTO MPOCTPAHCTBA K, TEPMUHBI —

JIOLOJIHUTE/IbHOE IIUTAHUE [HOCTYHAaeT B (DYHKIMOHAJIBHOE HPOCTPAHCTBO, [y, Udq

d+E

CKOPOCTH MPOoIndepalii OMyXOJEBbIX KJIETOK 3a CYET IOMOJHUTEIBHOIO MATAHU, Pac-
E

CUHUTaHHAA 110 (bOpMyﬂe 1\/[OHO7 ,uuuag —d + E — CKOpOCTb HOTpe6JI€HI/I5{ IINTaTEJIbHBIX Be-

mecTs, d — napamerp. [Ipeanonaraerca, aro K = 1, Toraa u U v OIPeneasiioTcs KakK 011
oT 001Iero pasMepa (pyHKIHOHAILHOIO MPOCTPAHCTBA.

4. Peamuzanusa mozenu B npuiioxkeanu MATLAB SimBiology

st peanmuszanuu cucremst (1) B npuiaoxenun SimBiology Model Builder u, v u E, co-
OTBETCTBYIOIINE OJHOMMEHHBIM OObEKTaM MOJEJH, JT00aBASIOTCA B CO3MAHHBINA 10 YMOJI-
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Puc. 1. Biok-cxema momenu B mpuioxkenun SimBiology Model Builder

qaHuio oTcek (puc. 1).

Paznosunoctu B SimBiology — 910 00beKTHI, IpeICTaABISIONNEe KOJTNIECTBA, KOHIIEH-
Tpanun win Gpaxun. 3a a1 Tcsa IapaMeTpbl CHCTeMbl ypaBHeHui (1) L, t, a1, az, d, Cg,
a Takxke Fj. [Iporeccer, mpoucxoadiinye ¢ BUAOM UK ITPYIIAMHU BUJIOB B PE3y/IbTATE B3a-
uMOIeiicTBHSI, onuckiBaoTca B SimBiology ¢ momombio peakiuit. UaeHsr npaBbx dacTeit
cucrembl ypaBHeHuil (1), Takzke peaqu3yOTCsa ¢ MOMOIIBI0 peakiuil. B 3aBucumoctu ot
THUITA PEAKIUH ¥ POJIU B Hell Toro win uHoro suja [9] dopmupyercst ypaBHeHUe THHAMH-
KU JIJIS 9TOTO BHJA C YIETOM CKOPOCTH 3TOH peakiuu. Peakiuu, peaausyionime cUCTeMy
ypasrenwuii (1) B SimBiology, a Takke UX CKOpOCTH MpHBeJIeHbI B Tabauie 1.

Ta6uma 1. 3anucu peakuuil 1 UX CKOPOCTE 11 MOJIEH OHKOJIOTHYECKOro 3a00/1eBaHus

Ne | Banuce peaknuu | Cxopocts peakiyu | Ne | Samnucek peaxinun | CKOpOCTb peaknnm
1 U —> 2u Lt — [y ) u+v—v Uy UV
2 u+v—0v Ly UV 6 E —2F Cp(Ey— E)
E E
3| u+FEF—2u+FE uuua1d+E 7 u+FE —u uuua2d+E
4 v 2v oV — [V

5. Meracra3zupoBaHUue

OnHolt U3 ocobeHHOCTeH 37I0KaYeCcTBEHHOIO HOBOOOPA30BAHUS, OTJIHYAIONIEH ero oT
100pOKavecTBEHHBIX HOBOOOPA30BAHUIM, SIBISETCS €TI0 CIOCOOHOCTh K METACTAa3UPOBAHUIO.
MeracTazupoBaHue pacCMaTPUBAETCH KaK MPOIECC 00PA30BaAHNASA BTOPUIHBIX OIIYXOJIEBBIX
09aroB (MeTacTasoB) B Pe3yJabTare PACHpPOCTDAHEHUS 3JT0OKAYECTBEHHBIX KJIETOK W3 Iep-
BUYHOI'O O4ara B ApyTr'ue TKaHu C O6paSOBaHI/IeM B HUX HOBBIX OYar'oOB. PaCHpOCTpaHeHI/Ie
PAKOBBIX KJIETOK MPOUCXOJNUT IOCJE WX MEXaHHYEeCKOTO OTIEJEHHS OT OCHOBHOTO Ovara
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IOPazKeHUsT Yepe3 KPOBEHOCHYIO MJIU JINMMDATHUECKYIO CUCTEMY. DTOT IPOIECC SIBIAETCSI
O/IHON W3 HamboJiee Cepbe3HBbIX MPOD/AeM B JieueHuM paka, nmockojabky B 90 % ciayuaes
B pe3ysbrare 00pa3yloTCs MeTacTasbl, MPUBOJMAIIME K CMEPTH OHKOJOIHYECKOTO 00Jib-
woro [10,/11]. CrnocobHOCTH OMYXOJIE€BHIX KJIETOK TMPOHWKATH B KPOBb WK JUM]Y B Ma-
TeMATHIECKON MOJIe/ M METaCcTa3MpPOBAHUS PACCMATPUBAETCHA KAk IIPOIECC HelPePbIBHOIO
«IepeuBay JIOJH PAKOBBIX KIETOK ¢ (¢ << 1) W3 mepBHYHOrO OYara BO BTOPHYHBIIL.
Cunraercd, 9TO KJETKH MOIYT PACHPOCTPAHATHCA 110 BCEMY OpPraHu3My, o0pa3ys HOBBIE
OYArd POCTA OIMYXOJEBHIX KJIETOK. [IpH 3TOM yUUTBIBAETCS BEPOSITHOCTH S (8 << 1) BbI-
JKUBAEMOCTH 9TUX KJIETOK BHE «MATEPUHCKOW» OILYyXOJIM M BO3MOXKHOCTH UX HPUKPEILIe-
HUs K OTJAJEeHHBIM opraHam. Jljist ciydast n 04aroB METacTa30B, HAYMHAs C [EPBOrO 110
N-bIif, OMYXOJIEBbIE KJIETKH MOCIEI0BATEIHLHO PACIPEIe aoTcst 110 HuM. C y4eToM ¢jiesiaH-
HBIX [PEJIIOJ0KEHNH MOJE/Ib PACIPOCTPAHEHUE OIYXOJEBBIX KJIETOK T0 OTCEKAM-0uaram
¢ yaerom (1) mpunmmaer sug (i = 1,n). B ypaBrennsx (2) co = 0, sp = 0 (mOTOK KJIeTOK
B [IEPBBIH OTCEK OTCYTCTBYET), ¢, = 0 (OTTOK KJIETOK W3 M-0r0 OTCeKa OTCYTCTBYET).

= [y, U A1 ————— — U; — V; Ci—1Si—1U;j—1 — C;Uy,
at M 'd+ B Pttt
dv;
d:)f = fp;0i (1 —u; — v;) (2)
dFE; E;
|~ Ol = Bi) = piaz =

B cucreme ypaBHeHwuii (2) npeanosiaraeTcs paBeHCTBO HAPAMETPOB METACTA3UPOBAHUS
W epBUIHON omyXon. B KAWHUYIECKO#l TpakKTuKe OHKOJIOrmYecKrne 3a00/ieBaHNs B 3aBU-
CUMOCTHU OT pa3Mepa OIIYyXOJIn AeJATCA Ha YeThIpe CTaluMn, KOTOPpble MOXKHO CPaBHUTH C
YeThIPbMsl PABHBIMHA 4aCTAMU (DYHKIMOHATIBHOIO IPOCTPAHCTBA, JIJIsl OILyXOJEBBIX KJIETOK.
U3 cucremsr (1) coremyer:

O<u<l+a = Ueo, (3)

0
d+ Ey
T. €. 00beM (DYHKIMOHAJIHHOTO HPOCTPAHCTBA IS U HE HMPEBBIMIALT Us. [103TOMY CTA UM
3abojieBaHust MOTYT ObITH 3a/iaHbl ciaeayiomuMm obpaszom: 0 < u < 0.2bus — I cragus;
0.25Us < u < 0.D5us — I cramgms; 0.5us < u < 0.75us — I cragms; 0.75us, < u
— IV cramnga. I3 ananmsa crarucrnaecknx ganubix 7,812, (13| ciemyer, aro nanbosee
BEPOATHOE HAYa/J0 MeTAaCTa3UpPOBAaHHS — JOCTUXKEHUE TpeTheil crajuu 3adosieBanus. C
ydeToM 3Toro B Mogesn (2) mpunumaercs, ¢; = 0 (i = 1,n — 1), ecan u; < 0.5U.

13 npuBeieHHOI BBIIIE CHCTeMbI YpaBHeHHH (2), onuchBaroneil THHAMUKY B OTCEKAX
1-4, MBI MOXKeM BHJETh, YTO OHU TOXOXKHU JPYT HA JApyra, 38 UCKJIIOUYEHHEM 4JIEeHOB ypaB-
HEHU, YYUTHIBAIOIINX II€PEX0/I OIyX0JIEBbIX KJIETOK MexK 1y orcekamu. 1Ioaromy, 4rodbl
HOCTPOUTH MOJIEJb METACTA3UuPOBAHUS, OMUCAHHYIO BBIIIE, JIyOJUPYETCS MOJEIb, CTPYK-
TypHAas cxeMa KOTOpoii mokazaHa Ha puc. 1. /s cucrem ypasuenuii (2) co3maercs e HHBIT
OTCeK, cojepzKaimmii oTcekn 1-4 1 cBA3LIBAIONINN WX.

XuMuoTepanus mpoOBOJIUTCS TYTEM MEePHOINYECKOTO BBEJICHUS TPErnapaToB, KOTOPhIe
BO3JIEHCTBYIOT Ha 3JI0KAYeCTBEHHbIC KJIETKH IIPU KOHTAaKTe ¢ HUMHU. B KJIMHIYeCcKoil nmpak-
THKe JIeKAPCTBEHHbIE TTPENapaThl BBOIAT B TeYeHHe IBYX-TpeX Hegenb [14]. B o xe Bpems
JIedeHre ¢ MePUOIUICCKUM IIPUMEHEHNEM METO/O0B, OTIHYHBIX OT XUMUOTEPAIUU, MOXKET
JTATHCSA OT HECKOJIBKUX MECSIEB 10 HECKOIbKHUX JIeT. DTO TOBOPUT O TOM, UTO JIEKAPCTBA
HEIPEPBIBHO BBOJLTCS BO BPEMs JIeUeHHS, UX KOHIEHTPAIUS [OJJIEPXKUBACTCS OCTOSH-
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Puc. 2. Pe3ysbrarbl MMUTAIIMOHHOIO MOJEJIMPOBAHUS C HENPEPBIBHON (&) u auckperHoi (6) 06paboTkoit

HO¥1, a moTpebJIeHre JIEKAPCTB HJIET TOJIbKO Ha I0/IaBJIEHHE PAKOBBIX KJIETOK.

Drugy, ecam t € [ty;to],
0, ecu t €& [ty;ts],

Drug = (4)
rie t; — BpeMs Ha4aJ/a JICYeHNs, t9 — BpeMs OKOHYAHUS JeUeHHd. B TO ke BpeMs B CUCTeMy
ypaBHenwuii (2) Gyaer mobaB/ieH HOBBI YieH JJIs yPABHEHUN THHAMUKH 3JI0KAIeCTBEHHBIX
KIeTOK: —u;l; Drug. DTOT TepMHH OIMCBHIBACT CKOPOCTL IIOTPeOJICHUS JIEKAPCTBEHHOIO
CPeICTBa NI HOJABICHAS 3JI0KAYECTBEHHBIX KJIETOK B -OM OTCeKe, [; — mapamerp, OT-
pakaomuii 3pPEKTUBHOCTL MeCTBEA JEeKAPCTBEHHOTO CPEeACTBAa Ha 3JOKAYeCTBEHHBIC
KJIETKU B i—OM KOMIIapTMEHTE.

Ha puc. 2 moka3aHbl pe3yabTaThl MOJAEIMPOBAHNsI JJIs HENPEPBIBHO (2a) 1 aucKper-
Hoit (2b) mogmeseii. TIpeaonaraercs, 9TO0 HENPEPHIBHOE JIEUEHUE MPOBOJUTCS B TEUEHUE
roga (or 2000-ro mo 2365-ro ausi 3abonesanus), Drug = 0.007. IuckperHoe JedeHue
IpeaoIaraer, 9To upenapar B go3e Drug = 0.5 BBOOUTCA OJUH pa3 B TpH Mecdna — 4
pasza, Haunnas ¢ 2000-ro aHd 3a00/IeBaHUS.

6. 3akJiroueHue

B pabGore mpeicTaBieH MeXaHH3M [OCTPOECHHS MOJEJH OHKOJOTHIECKOro 3aboJieBa-
HUs, ee MOAU(UKAIINE s METACTA3MPOBAHUS W JBa BHJA JedeHus. pyrume marema-
TUYECKUE MOJIEJIM, OLUChIBaeMble OObIKHOBEHHBbIMU U PepeHinajibHbIMU YPABHEHUSIMU,
MOT'yT 6bITb peain30BaHbl C UCHHOJIb30BaHHUEM 9TOI'0 MEXaHU3Ma. OCHOBBIBaHCb Ha IIOCTPO-
€HHbIX MOJEJIAX, MO2KHO U3y41aTh BJUAHNE PA3JIUYIHBIX JICKAPCTB HA 3&60ﬂeBaHI/Ie 1 OIICHI-
BaTh SCbeeKTI/IBHOCTb HOBBIX IKCIIEPUMEHTAJIbHBIX IIpENapaTOB B JOKJIMHUYCCKUX UCCJIe-
JIOBaHUAX. Bapbupys UCXOHBIE JaHHBIE, MOXKHO CMO/IEJTMPOBATD JUHAMHKY 3200/ 1eBAHNA
HEe ¢ MOMEHTa BOSHUKHOBEHHS, 8 ¢ MOMEHTA IIOCTAHOBKHU JHArHO3a. Momelb MeTacTa3npo-
BaHHUs B JaHHOH paboTe paccMaTpUBaeTCs KaK JIMHEHHOe PACIpOCTPaHEHHe OIYXOJIH II0
opraHaM, HO MOXKeT OBITh U3MeHeHa ¢ y4eToM HHAMOPMAINH O 3a001€BAHHH.
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Mathematical modeling of tumor cells metastasis
dynamics

A.B. Goncharova, E.P. Kolpak, M.Yu. Vil’
St. Petersburg State University

Abstract: The process of tumor spread through the affected organ is an interference
competition of tumor and healthy cells and takes into account the angiogenesis of
the tumor. An extension of the constructed model based on compartment modeling,
which simulates the ability of malignant tumors to metastasize and form new lesions,
is presented. It is assumed that secondary tumors have the same properties as the
primary lesion. In the metastasis model, two treatment delivery options are considered:
the implementation of continuous continuous treatment and the implementation of
discrete drug delivery using repeated or scheduled doses. In both treatment models,
it is assumed that drugs are used only to suppress malignant cells, and their side
effects are neglected. The results of simulation with metastasis were carried out in the
MATLAB SimBiology Model Analyzer application.

Keywords: cancer, angiogenesis, metastases, treatment model, MATLAB SimBiology,
mathematical modeling, compartment model.

References

1.

Sung H., Ferlay J., Siegel R.L., Laversanne M., Soerjomataram I., Jemal A., Bray F.
Global Cancer Statistics 2020: GLOBOCAN Estimates of Incidence and Mortality
Worldwide for 36 Cancers in 185 Countries // CA Cancer J Clin. 2021. Vol.71(3). P.
209-249. DOTI: 10.3322/caac.21660.

. Cook S.F., Fiandalo M.V., Watt D.S., Wu Y., Mohler J.L., Bies R.R. Mathematical

modeling of intracrine androgen metabolism in prostate cancer: Methodological
aspects // Prostate. 2018. Vol.78(14). P. 1069-1076. DOI: 10.1002/pros.23665.

Liu P., Liu X. Dynamics of a tumor-immune model considering targeted
chemotherapy// Chaos, Solitons and Fractals. 2017. Vol.98. P. 7-13. DOL:
10.1016/j.chaos.2017.03.002.

SimBiology documentation: URL:
https://www.mathworks.com/products/simbiology.html.

. Pang L., Shen L., Zhao Z. Mathematical Modeling and Analysis of the Tumor

Treatment Regimens with Pulsed Immunotherapy and Chemotherapy//
Computational and Mathematical Methods in Medicine. 2016. P. 1-12. DOLI:
10.1155/2016/6260474.

Mahlbacher G.E., Reihmer K.C., Frieboes H.B. Mathematical modeling of
tumor-immune cell interactions// Journal of Theoretical Biology. 2019. Vol.469(6).
P. 47-60. DOI: 10.1016/j.jtbi.2019.03.002.

Busko E.A., Semiglazov V.V., Mishchenk A.V., Kozubova K.V., Shishova A.S.,
Arabachyan M.I., Kostromina E.V., Krivorotko P.V. The effectiveness of

46



XVI Meowcdynapodnas nayuwras xongeperyua
«Judpeperyuarvroe YpasHeRUA U UT NPUAOAHCEHUA 6 MATMEMATNUNECKOM MOJEAUDOBAHUL>
Capanck, 17-20 aseycma 2023 20da

10.

11.

12.

13.

14.

multiparametric ultrasound and compressive elastography in the early diagnosis of
breast cancer// Diagnostic radiology and radiotherapy. 2019. Vol.4(10). P. 6-13. (in
Russian). DOI: 10.22328/2079-5343-2019-10-4-6-13.

Goncharova A.B., Kolpak E.P., Rasulova M.M., Abramova A.V. Mathematical
modeling of cancer treatment // Vestnik of Saint Petersburg University. Applied
Mathematics. Computer Science. Control Processes. 2020. Vol.16(4). P. 437-446. (in
Russian). DOI: 10.21638/11701 /spbu10.2020.408.

Goncharova A.B., Vi’'M. Y. Simulation of cancer treatment using the MATLAB
SimBiology application// Modeling of systems and processes. 2021. Vol.14(3). P.
90-96. (in Russian). DOT: 10.12737/2219-0767-2021-14-3-90-96.

Chitty J.L., Filipe E.C., Lucas M.C., Herrmann D., Cox T.R., Timpson P. Recent
advances in understanding the complexities of metastasis // F1000Research. 2018.
Vol.7. P. 1-18. DOI: 10.12688/f1000research.15064.2.

Xiangming G. Cancer metastases: challenges and opportunities// Acta
Pharmaceutica Sinica B. 2015. Vol.5(5). P. 402-418.
DOI:10.1016/j.apsb.2015.07.005.

Yates L.R., Knappskog S., Wedge D., Farmery J.H.R., Gonzalez S. et. al. Genomic
Evolution of Breast Cancer Metastasis and Relapse //Cancer Cell. 2017. Vol.32(2).
DOI:10.1016/j.ccell.2017.07.005.

Gerlinger M., Rowan A.J., Horswell S. et al. Intratumor heterogeneity and branched
evolution revealed by multiregion sequencing// The New England Journal of
Medicine. 2012. Vol. 366(10). P. 883-892. DOI: 10.1056/NEJMoal113205.

Chu E.,DeVita V.T.Jr. A history of cancer chemotherapy. // Cancer Res. 2008.
Vol.68(21). P. 8643-8653.

47



XVI Meowcdynapodnas nayuwras xongeperyua
«Judpeperyuarvroe YpasHeRUA U UT NPUAOAHCEHUA 6 MATMEMATNUNECKOM MOJEAUDOBAHUL>

Capanck, 17-20 aseycma 2023 20da

VIIK 517.91

O nayre, coemungiomieii Tpyornrii audpdeomopdu3m Ha
3-Tope ¢ pacTATuBAIONAMCH ATTPAKTOPOM 1
runepboanyeckuii aBromopdusm AHocoBal’

1, Kpyrios E.B.2, ITounnka O.B.!
1

Hanuonasibublit uccjiejioBareibckuit yuupepcurer «Bpiciias 11Ko/ia IKOHOMUKUY *,
Hanumonasbublii uccieosare/ibckuit Huzkeropoickuii rocyapCTBeHHbIi
yausepcurer um. H.J. JToGadesckoro?

Annomayus: Xupyprusi Cmeitsa [1] Ha TpexMepHOM TOpe TTO3BOJISIET TTOIYIUTh U3 aHO-
COBCKOr0O aBTOMOpdu3Ma KopasMepHocTu 1 Tak HasbiBaeMmbiii DA-muddeomopdusm.
ITpu 3Tom B KiTaccuyeckoit mozgenu DA-nuddeomopdusm nmeer e TMHCTBEHHOE HETPH-
BHATbHOE OA3MCHOE MHOXKECTBO, SBJISAIONIEECS JIBYMEPHBIM PACTATUBAIOMIAMCS ATTPAK-
TOPOM, & OCTAJIbHbIE DA3UCHBIE MHOXKECTBA SIBIISIOTCS TPUBUAJIBHBIMUA UCTOYHUKAMH.
JInHaMuKa, MPOU3BOIBHOTO CTPYKTYPHO ycTOiunBOro 3-muddeomopdu3mMa ¢ TaKuM
HETPUBUAJBHBIM 0A3UCHBIM MHOYKECTBOM SIBJISI€TCS OOOOINEHNEM IUHAMUKH KJIACCH-
geckoro DA-nuddeomopdusma: 0600mennniii DA-muddeomopdusM, Kak 1 KIacCu-
YeCKWii, CYIIECTBYET TOJTHKO HA TPEXMEPHOM TOPE U UMEET €IUHCTBEHHOE HeTPUBH-
aJlbHOEe 0A3MCHOE MHOXKECTBO, IPU TOM TPUBHATILHBIM OA3MCHBIM MHOXKECTBOM Ta-
Koro muddeomopdusma, KpoMe HCTOTHUKOBOM, MOXKET OBITH €Ille U CeIoBas opOu-
Ta. OIHAKO, COOTBETCTBYIOIIASA XUPYyprudeckoii onepanun Cumeiia ayra auddeomop-
dusmoB He sBjsgercsa gaxke ymepenuo ycroiuamBoit. 1II. Heroxaycom, /Ix. Ilamucom
u ®@. Takencom [2| BbicKa3aHa rumore3a O NOCTPOEHUU YMEPEHHO yCTONYMBON Jyru
Mexkay nuddeomopdpusmom Anocosa u D A-nuddeomopdusmom. Hacrosmas pado-
Ta HOCBALIEHA IIOCTPOCHUIO YMEPEHHO yCTORYUBON AyI'U, IPOXOAAIIEd Yyepes3 IIPOoCThble
OndypKamuu TUMA CEIIO-y3eJ WM YIBOEHUS TEPUOIA, COEIWHSIONIEH CTPYKTYPHO
ycroiausbiit 3-muddeomopdusM ¢ AByMEPHBIM PACTATHBAIOIINMCS ATTPAKTOPOM U
runepboamyeckuii apromopdusm AHOCOBA.

Karouesnvie caosa: nudpdeomopdusm Anocosa, budypKanms ceajo-y3e, yIABOeHHe [e-
puoja

1. ®opmyupoBKa Pe3yJIbTaTOB

B pabore pacemarpuBarorca A-nudgeomopdusmsl f, 3a1aHHbIE HA 3aMKHYTOM TPeX-
MepHOM MHOTo06pasun M3, B cuy crnexTpaabHoit TeopeMbl CMeiiaa HeGIy K Ialomee MHO-
2KecTBO Takoro anddeomopdusMa cOCTOUT U3 KOHEIHOI'O IUCIa Oa3UCHBIX MHOXKeCTB. Ec-
JIM pa3sMepHOCTh Ga3uCcHOro MHOXKecTBa pasHa Tpem (dim A = 3), To, B cuny [3,4], A =
M?3 = T3, uupyuuposanusiit judpdeomopduszmom f uzomopdusm f, : m(T?) — 7 (T3)
OTIpe/IeJISIeTCsl YHUMOJLYISPHOM runepboindaecKoit (He uMeloIeil COOCTBEHHBIX 3HAYEHUI,

*HccrenoBanue BHIIOIHEHO NpH Hojjepxke rpanta PH® (mpoexr 23-71-30008).
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110 MOZYJ/IIO PaBHLIX exunune) marpuneit Ay € GL(3,Z)

a11 A2 i3

Af = Qg1 Q22 (23

31 Aaz2 ass

1 f TomosormyuecKn conpszKeH ajgrebpamdeckomy aBromopdusmy Aj T3 — T3, onpene-
JieHHOMY (hOpMYyJIOit

Ef(% Y,z) = (anx + a12y + a132, a1 T + 92y + a122, az1& + azgay + aszz) (mod 1).

Eciu pasmeprocTh GasucHoro MuokectBa pasHa apym (dim A = 2), To, B cuay [5],
A sBagsercss arTpakTopoM (Jub0 peresiepom), T. €. 00Ja1aeT 3aMKHYTOH OKPECTHOCTHIO

Ur C M3 raxoit, uto f(Uy) CintUyx, () fF(Ur) = A (f71(Uy) CintUy, () f5(UL) =
keN keN
A). B srom cayuae A = | W¥(z) (A= |J W*(x)). Ilpu srom
TEA €A

1) ecom dim W*(z) = 2 (dim W*(z) = 2), to arrpakrop (penesiep) A nasbiBaercs
PACMALUBAIOUWUMCS (Cocumaroujumcs) u, B cuity |5, uMeeT JIOKAJIbHYIO CTPYKTYDY Mpsi-
MOTO TIPOU3BEIEHNS] KAHTOPOBA MHOXKECTBA Ha 2-JTHCK;

2) ecm dimW*(x) = 1 (dimW?*(z) = 1), 1o, cornacuo [6, Teopembr 1, 2| u |7,
Corollary 1.2], kazk1ast KOMIIOHEHTa CBSI3HOCTH aTTpakTopa (pernetepa) A romeomopdHa
2-Topy.

B nacrosiieit pabore paccmapuBaercs Kiaace G CTPYKTYPHO yCTOHYIUBBIX 3-1ubdeo-
MOP(hHU3MOB, HEOIYKIAI0Nee MHOXKECTBO KOTOPBIX COJEP:KUT IBYMEPHBIH pacTATHBAIO-
muiicst arrpakrop A. 113 pesyibraros pador [8,9] ciaenyer, aTo ocranibHble Ga3UCHBIE MHO-
JxecTBa Jiioboro auddeomopdusma f € G ABASIOTCS TPUBUAJILHBIME, a HECYIIIEe MHOTO00-
pazue M3 audpdeomopduo rpexmepromy Topy T?. B paborax [10,11] sokazano, uro ujis
mo6oro judgdeovopdusma f € G ungynuposannbiii uzomopdusm f, : m (T?) — 71 (T?)
OTIpeIesISIeTCsT YHUMOLYIAPHON TuitepOoIndIecKoit marpuieii A -

PaccmorpuM o/iHonapaMeTpuieckoe ceMeiicTso guddeomopdusmon (dyezy) p; : M3 —
M3, t € [0,1]. dyra ¢; HazpiBaeTcs 2aadkoti, ecin orobpazkenue F : M3 x [0,1] — M3, 3a-
naunoe dopmynoit F(z,t) = ¢(r), asaserca duddeomonuets — TaagkuM oToGpazKeHHEM,
KOTOpPOe IIPHU KaxKI0M (PUKCUPOBAHHOM t siBIsieTcss auddeoMopdu3MoM.

Cormnacuo [2|, rnagkue ayru ¢y, @} HA3BIBAIOTCS YMEPEHHO CONPANCEHHBLMU, €CTTH CY-
wecrsytor romeomopdusmbt 7 1 [0,1] — [0,1], H; : M?® — M?3 rakue, uro Hyp; =
go’T(t)Ht,t € [0, 1]. Ecan, npu arom, cemeiictBo romeoMopdu3mMoB H; HEPepBIBHO 3aBHCHT
oT t, TO JIyI'M HA3BIBAIOTCH CONPANCEHHBLMU.

Cnagkas myra ¢; Ha3blBAETCS (YMepenHo) ycmotuueot, ecim OHa WMeeT OTKPHITYIO
OKPECTHOCTD B IpocTpancTie Auddeoronuit Takyro, 9To Jirodas 1yra u3 3Toi OKPEeCTHOCTH
(yMEepEeHHO) CONpSIZKeHA JIyTe ;.

OCHOBHBIM Pe3yJIBTATOM PAOOTHI SIBISIETCSA CAELYIOIAs TEOPEMA.

Teopema 1. Jlasa awboz0 duddeomoppusma f € G cyuecmsyem ymepernno yemolivueas
dyea & : T3 — T3, t € [0,1], coedunarowan & = f ¢ 2unepboauneckum a6moMmophu3Mom

& = Ay,
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2. Cxema moCcTpoeHus JyTu

[Iycrs f € G. CornacHo [3], cpein FOMOTONHBIX TOXKIECTBEHHOMY HEIPEPBIBHBIX 0TOO-
pazenuit Topa T? cymecrsyer eauncrsennoe orobpazkenne hy : T2 — T?, noayconpsra-
iiee guddeomopdusm f ¢ auddeomopdusMom A\f. B cuny [10,[11] hp(A) = T3, u
MHOKecTBO By = {1 € T : h;l(x) cocTouT U3 Gosee, UeM OIHOM TOUYKH} e€CTh 0Obenu-
HEHHE MEePHOINIECKAX CEeIIOBBIX TOUYEK P}, i€ {l,...,ks} nudbdeomopduzma A\f U ux
JNBYMEPHBIX HEYCTOWIUBLIX MHOTOOOpa3uii, mpudaeM h;l(P}) =15 U b

O6osznaunm uepes [ ogmomeproe ciaoenue Topa T2, coCTosIMIEe YCTONIUBBHIX MHOTO-
obpaswuit Heb1y:Kpal0mux Touek auddeomopdusma A £

O6o3naunm uepe3 Gy C G MHOXKecTBO TakuX anuddeoMopdu3mMoB f, Aas1 KOTOPBIX
MHOZKeCTBO T} COCTOUT U3 e,ZLI/IHCTBeHHOIU/I MCTOYHHUKOBOU TOYKU Olzlc un ayra lzc ABJIACTCA
[JIAKOIA.

[Iycts f € G. B macrosimem pa3esie Mbl OMUATITEM STAIBI TOCTPOSHNUS yMEPEHHO YCTOMH-
anoit gayru & : T2 — T3, ¢ € [0, 1], coemunstomeii nudpdpeomopduzm & = f ¢ runepbo-
JINYECKUM aBTOMOPGHU3MOM TOpa £ = Ef.

IlIar 1. TpuBnanusamus peryiasgpHoii quHamuku guddeomopdpusma f.

IIpennoxenune 1 ( [12]). /las waosrcdozo duddeomoppusma f € G cywecmeyem ymeper-
no yemotuuean dyea G - T2 — T3, t € [0,1], coedunarowan dudpeomoppusm o = f ¢
nexomopwvim dugdpeomoppuzmom (1 = g € Gj.

IITIar 2. ITocrpoenne moaeanrHoro audpdeomopdusma gy € GGy, TOMOJIOTUIE-
CKu conpsxKeHHoOro auddeomopduzmy g.

Jlemma 1. Cywecmeyem ymepenno yemotivusas dyea n; = T5 — T3, t € [0,1], coedu-
narouas dupgpeomoppusm ny = A\f ¢ Hexomopum dudgeomoppuzmom m = gy € Gy u
0b.aa0a10Waa CACOYOUUMY CBOTICTNEAMU!

1) yemotiuueoe mrozoobpasue 110607 nebaysrcoarowetd mowku duddeomopdusma ng, t €
0, 1] asasemesn nodmmosrcecmeom caos croenusn F*%;

2) moboti dugpeomoppusm ny, t € [0,1] cosnadaem ¢ dugdpeomopdusmom A\f GHE
kf .
mnoocecmea U = |J U;, 2de U; — nexomopaa okpecmuocms mouky Py
i=1

IITar 3. IlpuBeseHEe CBA30K B KAHOHMYECKOE MOJIO2KEHUE.

Jlemma 2. Cywecmeyem dyza 6es oudyprayut v, : T3 — T3 ¢ € [0,1], coedunarowan
dugppeomoppusm vy = g ¢ Hexomopuim dupdeomoppusmom v1 € Gy maxum, wmo

(I, Wb, ) NU; = (I, ubl )N U

Jlemma 3. Cywecmeyem dyea 6es budyprayud p, : T> — T3 ¢ € [0,1], coedunarowan
dugppeomoppuam g = V1 ¢ Hexomopum dudgeomoppudmom iy € Gy maxum, 4mo

M\U Igo\U-

Jlemma 4. Cyweemsyem dyea bes budyprayuts N, : T2 — T3, ¢ € [0,1], coedunaowan
dugpdeomoppusm g = 1 ¢ nexomopvim dudgeomoppusmom Ay € Gy marxum, 4mo

1) Mlv = golus

2) nepecenenue yemoiuueozo mno2000pasus 10600 nebaystcoarouet mowky dugdpeo-
moppusma A1 ¢ muosrcecmeom U ABAAEMCH NOOMHOHCECMBOM CAOSA CaoeHus F°.
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O6o3naunm gepes 3y : T3 — T2, ¢t € [0,1] rmagxywo JgyTy, COBIAJAIONYI0 ¢ A 11

Ha MHOxKecTBe U W TOXKIECTBEHHYIO BHE 3TOr0 MHOXKecTBa. Torma jayra Aif; coeamHsier
nuddeomopdusm A; ¢ HEKOTOPBIM aHOCOBCKHM 1 deomopduzmom a = A 31, JOKAIBHO
COBITQIAIONIKNM C TUIEePOOTUIECKUM ABTOMOPMHU3IMOM A\f. U3 pesyabraros padors [13|
caeyeT, 9TO CYIIeCTByeT ayra Oe3 Oudypkanmii, ca3biBaomast auddeomopdusm a c
aBTOMOPGPU3IMOM A fe
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MSC 34D20

On the arc connecting a rough diffeomorphism on a
3-torus with a expanding attractor and Anosov
hyperbolic automorphism

|V.Z. Grines ', E.V. Kruglov?, O.V. Pochinka!
1

National Research University Higher School of Economics®,
National Research Lobachevsky State University of Nizhny Novgorod?

Abstract: Smale’s surgery on a three-dimensional torus makes it possible to obtain
a so-called DA-diffeomorphism from an Anosov automorphism of codimension 1.
Moreover, in the classical model, the DA-diffeomorphism has a single nontrivial basis
set, which is a two-dimensional expanding attractor, and the remaining basis sets
are trivial sources. The dynamics of an arbitrary structurally stable 3-diffeomorphism
with such a nontrivial basis set is a generalization of the dynamics of classical DA-
diffeomorphism: a generalized DA-diffeomorphism, like the classical one, exists only
on a three-dimensional torus and has a single nontrivial basis set, while a saddle orbit
can also be a trivial basis set of such a diffeomorphism, in addition to the source one.
However, the arc of diffeomorphisms corresponding to Smale’s surgical operation is not
even mildly stable. By S. Newhouse, J. Palis and F. Thus, a hypothesis was proposed
about the construction of a mildly stable arc between the Anosov diffeomorphism and
the D A-diffeomorphism. In this paper, we discuss the construction of a mildly stable
arc passing through simple saddle-node or flip bifurcations, connecting a structurally
stable 3-diffeomorphism with a two-dimensional expanding attractor and an Anosov
hyperbolic automorphism.

Keywords: Anosov diffeomorphism, saddle-node bifurcation, flip bifurcation
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VIIK 519.63

nddepennmanbubie ypaBHEHUS B ONTHMU3AIAN
KaTAJIATHIECKUX ITPOIECCOB C MCIOJIb30BaHNEM
CyTepKOMBIOTEPHOTO MOJEJINPOBAHUS |

Dy6aitnymmms .M. 52, Koneauna K.®.12

NucturyT Hedrexumun un karaauza Y PULL PAH17

YdbuMckuit rocyiapcTBeHHbINH HePTIHON TeXHUIECKUT yHI/IBepCI/ITeT2

Annomayus: B pabore mnpeacrapieHbl pe3yabTaThl HCCAEI0BAHUS IBYX IIPOMBIIILIEH-
HO BasKHBIX IIPOIECCOB C HAYIHBIMHU IPYIIIIAMU U3 JIPYyruX pernoHoB. Ilokazambr obue
TIOIXO/IBI ¥ MIPEUMYIIECTBa Kaxk o u3 rpymm: 1) MITY um. H.9. Baymana — monu-
MepHu3allysd, T. €. IPOIECC 00Pa30BaHUs BHICOKOMOJIEKYJIAPHOTO BEIIECTBa, (MOJMMe-
pa) myTéM MHOTMOKDATHOIO HPUCOEIUHEHUS MOJIEKYJI HU3KOMOJIEKYJIPHOTO BEIIECTBA
(MoHOMEpA) K aKTHBHBIM LEHTPaM B pacryuieil Mosiekyse mnosumepa; 2) UIIM wum.
M.B. Kennpuua PAH — teyenue yriesomopomHoro bJrouia B IPOTOYHOM XUMUYE-
CKOM PEaKTOpe CO CJI0eM Karanam3aropa. B pe3syinbrare cOBMECTHONW PabOTBI MOy de-
HBI: KOMILJIEKCHBIE MATEMATHIECKUE MOIE/IN, YIUTHIBAIOIINE CBEPXIKECTKOCTD audde-
PEHIINAIBHBIX YPABHEHUI U BKJIIOYAIONINE KBA3UTUAPOIUNHAMIIECKYIO CUCTEMY YPaB-
HEHUi, TOMOJTHEHHYIO YPABHEHUAMH TEILIOMPOBOIHOCTA W YPABHEHUSIMH KOHBEKITHH-
mudQy3un-peakun I KOHIEHTPAINI KOMIIOHEHT (JIION/1a; CIENHATN3NPOBAHHA
METOIMKA peleHus cucreM auddepeHuaIbHbIX YPABHEHUI Ha OCHOBE CETOYIHBIX Me-
TOZIOB; TTAPAJIJICIFHAS PEATN3AINS YNCICHHBIX AJIrOPUTMOB Ha 6a3e Texnomoruit MPI
u OpenMP; koMTIjIeKC TPOTPaMM [1J1s1 pEIieHus BEIOPAHHBIX KJIAcCa 331a4; nudpoBas
mwrardopMa [IJIs TPOBEIEHUST MACIITAOHBIX BBIYUCIUTEIHHBIX SKCIIEPUMEHTOB.

Karouesnie caosa: mareMarnieckoe MOIEIUPOBAHAE, [TOJIUMEPHU3AIN, CBEPXKECTKHIE
muddepenuatbHble yPABHEHHUS, yIVIEBOAOPOAHBINA (DJion 1, INCIAEHHbIE METO/IbI.

1. IlocTaHoBKa 3aga4n

B nmocsteiree Bpems npennpustus HedrerazoBoit orpacin (6ypoBble yCTAHOBKH JOObI-
M, TPAHCIOPTHPOBKH, MIEPBUYHASA ¥ BTOPUYIHAs MepepaboTka, HedTeXuMus) mpenmyIie-
CTBEHHO HCIIOJIb30BAIM UHOCTPAHHbIE KOMIIBIOTEPHBIE IMPOrPAMMBI JIjId XPaHEHHS U aHa-
JIN3a JAHHBIX, 8 TaKyKe MATeMaTHIeCKOr0 MOJIEJIMPOBAHHUS TEXHOJOIMYECKHX IPOIECCOB.
3a4acTyio 3TH IPOIPpaMMHBIE KOMILIEKCHI pabOTaIOT 10 TPUHIMIY <«YEPHOTO SIIHKA» —
HEU3BECTHBI MaTeMaTUYIECKOe OIUCAHUE U AJITOPUTMBI PeIlleHHs 3314, 0JIH30BATEIIO 10~
CTYTHBI TOJIBKO BXOIHBIE U BHIXOMHBIE (Pe3YIBTATH PAGOTH TPOrpaMM ) HHMOPMAIHOHHBIE
noToku. OmbIT PaboThl ¢ TAKMMHU KOMILJIEKCAMHE ITOKA3a/1, YTO y HUX UMEIOTCA CBOU ILIIOCHI
u MUHYCBI. V3 MIFOCOB HA CErOHSIIHWN AeHb — 0ECCIOPHO MCIOJIH30BAHNE KOMITHIOTE]-
HBIX MPOTPAMM TO3BOJISIET OMEPATUBHO MPUHUMATH ONTUMAJIbHBIE TEXHUIECKIE PeTTeHnst
XUMUKAM-TEXHOJIOTaM Ha 3aBOJIAX, 9TO B CBOIO OU€PEIh, BIUSET HA KAYeCTBO U MACITTAOBI
BBIITYCKAEMbBIX ITPOLYKITHI.

OdeBUIHO, YTO JOJIA MPOrpaMM Ha OCHOBE MaTeMaTHYECKOI'0 OIMUCAHMS B BHJIE CH-
cTeM OOBIKHOBEHHBIX HequHeHHbIX audepennuanbubix ypasaenuit (COHIIY), a takke
B BUJE YPaBHEHUH B YACTHBIX MPOU3BOIHBLIX HMOCTOSHHO pacteT. Hampumep, yxkecToda-

*PaboTa BBHITIOJIHEHA B PAMKaX MOCyJapcTBeHHOTO 3amanns UHcturyra HedbTexnmum n katammsa Y PUIL] PAH
(rema Ne FMRS-2022-0078).
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10TCsI TpeDOBaHMS K KOMIIOHEHTHOMY COCTaBY BBIIIYCKaeMbIX aBTOMOOHIbHBIX OEH3UMHOB U
TOILINB CIeNUaJbHOrO Ha3HadeHus. Kcan nmo crangapty EBpo-6 TpeboBaHms K cOmpeprKa-
nuio Gensosa 66110 1%, To B EBpo-7 — yake 0.8 %. TpeboBanus K mIOTHOCTH PEAKTUBHOTO
TOMJINBA BOEHHOTO HA3HAYCHUS — 3HaveHust JoJKHLI npesbimarh 900 kr/m® npu 20°C.
Takux nokaszaresieil MOXKHO JOOUTHCS TOJBKO Ha OCHOBE YUETa OBICTPHIX M MeJJICHHBIX
XUMHYECKUX peakiuil. MaTeMaTHdecKoe OolMCaHHe TaKUX peakIuil HpejcraBigeT coboit
cepxzkéctkne COHJLY, pasmepHocTr KOTOPBHIX Mopoit gocturaet 100 Thicad ypaBHEHHIA.
Onucanue MpoIECCOB TEILIOMACCOIIEPEHOCA Ha 3epHe KaTAIu3aTopa ¢ YIETOM XUMUIECKHX
HPOIECCOB B HEJIMHEHHOM MHOTO(A3HOM IIOTOKE HA OCHOBE JJUIMITHYECKHX, ruiepbosin-
YeCKUX M Mapabo/imIecKuX ypaBHEHUN B 9aCTHBIX IMPOU3BOJHBIX /IO CUX 10D HepeliéHHast
npaKkTHYecKas 3ajad4a.

B nannoit pabore npejacraBiaeHbl NpeIBapuTeIbHbIE PE3yJIhTaThl COBMECTHOIO MaTe-
MaTHIeCKOTO MOJETUPOBAHUS JIBYX MPOMBIIIIEHHO BayKHBIX ITPOIECCOB C HAITUMU KOJITe-
ramu. [lepBolit mporecc — moimMepu3aIys — HpoIece 00Pa30BaHus BHICOKOMOJIEKYJISPHOTO
BEIIeCTBa (OJMMepa) IyTEM MHOTOKPATHOTO MPUCOETMHEHHST MOJIEKYT HI3KOMOJIEKYJIsIP-
HOTO BeIlecTBa (MOHOMEpA) K AKTHBHBIM IIEHTPAM B PACTYIIEH MOJIEKYJIe TTOJUMEPa UCCIe-
nosan copmectno ¢ MI'TY um. H.9. Baymana. Bropoii mporecec — Tedenust yriieBogopoI-
HOT'O (PJIIONJIA B TPOTOYHOM XUMUYECKOM PEaKTOpe CO CJIOEM KaTaau3aTopa — COBMECTHO
¢ kosuteramu u3 VTIM um. M.B. Keaapima PAH.

2. MaremaTrnyeckad IIOCTAHOBKA 331291 MOAeJIMPOBAaHNIS IIPOIECcCca
MOJINMEPU3AIUN

MouJteky/ia MOHOMEDA, BXOJAIIASA B COCTAB OIUMEDA, 00pa3yeT TaK HA3bIBAEMOE MOHO-
MepHOE (CTPYKTYPHOE) 3BeHO. DJIeMEHTHBIH cocTaB (MOJIEKYIspHbIe (GOPMYJIH) MOHOMEDA,
U O TUMEPA TPUOIU3UTEIHHO OJUHAKORB. [ [Py OTMCaHnN KWHETHKY TTOJTHMEePU3AINN BO3HU-
kaeT TpyanocTh B perernn COHJLY, Tak kak 9uc/I0 TaKUX TOJIUMEDPOB, a CJIe0BATETHHO
u ypasuenuit B COH/LY, B obmieM ciydae, 6€CKOHEUHO.

OOBIYHO HCCIeTOBATENN MPUOETAIOT K PA3JIHYHBIM METO/IaM COKPAIEeHUs] Pa3MepHO-
CTH, HATIPUMED — TPUMEHEHWI0 MOMeHTOB. OJTHAKO eCTh WCCJIeIOBAHNS, TJe PellleHne Ta-
kux COH/LY ocymecTBasgercs ¢ OOJBITIM YUCIOM ypaBHeHU HampsaMyoo. B HacTosmeit
pabore npegaraercs pemars COHJLY nanpsimyo, orpanndurh CHCTEMY W PACCMOTPETH
YHCJIO 3BeHbEB B mojmMepe ¢ 10 S000.

Yucso ypasuennii B cucreme COHJLY onenusaercs o dopmyste: 2+ (2143 - 7), e
i — KOJMYECTBO 3BEHBEB MOHOMEDA, j — KOJMIecTBO akTuBHBIX 1eHTpoB (AIl). Tpebyercs
paccantars cucremy COHIY must ¢ = 8000, j = 6, 1. e. ¢ ancaom auddepeHnnaTbHbIX
ypasaenwuii: 24 (2-:80004-5)-6 = 96032 ypasuenwuii. Perrarenu cucrem COHILY [1,2], paspa-
oorannbie rpynnoit Manudesa Biagumupa Bopucosuda, K.d.-M.H. jgonenta Kadeapsr PK6
(CAIIP) MI'TY um. H. 9. Baymana npeaHasHAYEHBI JJisl PEIIEHUs] CUCTEM CBEPXKECT-
kux COHJIY ovenn Gobimoit pasmeproctu. Hanucana nporpamva «MANZHUK> (ckpwurr)
Ha s3bike C s rerepanuu cucreM TudHepeHiuaibHbIX YPABHEHUN B POIPAMMBI, OIIH-
CBHIBAIOTINX TPOIECC ToimMepu3aruu. [lomyden 10CTOBepHBIH Pe3yIbTAT sl KOJNIECTBaA
ypasuenuit nopsika 2000. Boinojineno cpaBaenue ¢ 3apy0eKHbIM MATEMATHYECKAM TTaKe-
toM MATLAB Octave. CpaBHeHWe TOKA3aJI0 yJIyUIIeHre Pe3yJIbTaT MOUTH HA JBA HOPSIKA
TOYHOCTH.
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3. MaremarndyecKas IMOCTAHOBKA 33a/1a9M JIJId TEYEHUs YTJIEBOJO-
poaHoro Jmonaa B IPOTOYHOM XNMHYECKOM PEeaKTOPe CO CJ0EeM
KaTaJIn3aTopa

B mannom mccrenoBannn MHK YOUII PAH npeacraBisitior cOTpyAHUKEA Ja00paTO-
pUU MaTEeMaTUYIeCKOW XUMWHU U TPUTOTOBIeHUs KaTajuzaropos, UTIM nm. M.B. Kenabi-
ma PAH — corpyauauku ormena Ne 16 «I[IpobGsreMbl MaTeMaTmIecKOro MOJEJIUPOBAHHUS U
BBICOKOIIPOU3BOIUTE/IBLHBIX BhIUUCICHU» BO riase J.¢.-M.H. [losgaxoseim Cepreem Boiia-
JIUMUPOBHYEM.

B mMaremaruueckoit MoaenH Mpolecca HeOOXOAMMO KaK MHHHEMYM HMETHh OINHCAHHE
d4eThIPeX ee cocrasidomux [3,4):

1) cruTOIHOM cpebl JJisi aHAIU3a 1I0JIst TedeHust BIIon/Ia,;

2) XUMHYECKHUX TPEBPAIIEHHUIT;

3) MOPHUCTOTO OCTOBA ¢ PA3HOMN CTENEHBIO Pa3PeITeHNnsT;

4) rpaHndHBIX 3bHEKTOB.

CoBpeMeHHbIe TIpe/iIaraeMble HOAXO0IbI K MOJIC/TUPOBAHUIO BKJIIOYAIOT B ceOs: e/IMHOe
OCpeJIHEHHOE OIMCAHKME BCEX IPOIECCOB HAa OCHOBE 3akoHa /Jlapcu ¢ ydeTroM yIpoIeHHOM
XUMHYECKONH KUHETUKH U pa3eabHOe OIMCAHNUE BCEX MPOIECCOB U CTAJIUN HA OCHOBE Me-
TOJOB PACHIEIIEHNST 1 MHOTOMACIITaOHOCTH.

Takum oOpa3oM, UTOTOBBIN BBIOGOP MHOIOMACIHITAOHOT'O 1T0/X0/1a, COTETAIONNNH METO/ bl
CILJIOTITHON CPeJIbl U METO/bI YaCTHIL 3aKJII09aeTCd B pa3jejieHue mponeccoB Ha 4 0J10Ka:

1) Tedenne aByxbazHOil BA3KON TEMIONPOBOIHON KUIKOCTH B TIOPHUCTOR CPeJie;

2) XUMHWYECKHe TTPeBPAIeHNs;

3) medopmanuy MOPUCTHIX MATEPHAJIOB 1O JAefiCTBHEM JIABJIEeHWs U TeILIa;

4) rparnanbie 3bhEKTH.

B nepsom npubsinkennu ObLIH CJeyIonme gomyiienus [5]: Hecyteil cpeoit siBsier-
cs KUK 9acTh (PJIIONIa; TPOAYKT PEaKIHH TaKKe SBJIAeTCAd B OCHOBHOM YKHJIKOCTBIO;
HOpUCTOE TeJI0 He jiecpbopMupyercs; rpanndtbie 3POEKThl OLUCHIBAIOTCH HA MAKPOCKOIIU-
4eCKOM ypoBHE. B 3TuX 1peinoiozKeHusaX B MOJAEU OyJIyT HPUCYTCTBOBATD J[BE CUCTEMbI
YPaBHEHUH — I'UJIPOIUHAMUYECKAA U XUMUYECKAs, COMPATAEMbIE B PAMKAX CXeMbl PaCIIell-
Jienns 1o (bU3NYECKUM IporeccaM. B kKadecTBe MmepBoii cUCTeMbl BbhIOpaHa KBa3UTHIPO-
muaamuygeckas (KI'm/l) cucrema ypaprennii, pazsuBaemast B paborax B.H. Herpepyr-
kuna, T.I. Exusaposoit, FO.B. [leperosa, A.A. 3norauka (UIIM um. M.B, Keapiiia
PAH, TTV, HIIYV BIIIY), aonosiHeHHas YpaBHEHUSMH TeILIOMPOBOJIHOCTH U ypPABHEHH-
sivu KouBektuu-auddysun-peakmun (K/IP) misa konnenTpanuii Komnonent ¢uronia. B
Ka4ecTBe BTOPOH CHCTEMbI HCHOJIB3YETCsl CHCTeMa YPABHEHWH XUMUUecKol kuuetnku [6),
OIMCBIBAIONIAs IIPOLECC MU30MEPU3AIUU B HPUCYTCTBUU METAJJIMYECKOI'O KaTaJM3aTopa,
npemnoxennas rpynmnoi .M. Tybaiinymua u K.®. Konenunoit (MHK YOUIL PAH),
ona yrouHser ypasuenus KJIP.

B pabore ncnosb30BaHbl ClIeAyIONNE BHIYNCIUTETLHON MaTeMaTUKA:

1) ceTouHBI METO/l KOHEYHBIX 0ObEMOB;

2) rubpuIHBIE HEPETyYISpHbIE CeTKH;

3) TpeyroJibHble H YeTHIPEXYTOIbHbIe SIeiiKH;

4) siBHBIe W HesIBHBIE CXEMbI [0 BPEMEHH;

5) uTeparuu sl HeTHHEHHOCTH.

JLng peasinzanuu IpeICTaBJIEHHBIX METO/OB IPUMEHEHbI CJIeIYIONIIe TeXHOJIOIUN:

¢ Pacuernoe g7po Koma — ga3bik mporpammupoBanus: ANSI C/C++;

o [Mapaaneabable TEXHOJIOTUN — METO/] pa3jaeaeHus 00/1aCTH Ha JOMEHbI U MapaJiieib-
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uele craggapTsl MPI, OpenMP.

PaspaGoranHbie aaropuTMbl Jerjad B OCHOBY CO34aHHO# 1udpoBoil mrardopmMbr, Ko-
Topas BKIOYaeT B cebs |7]:

1) ceppep ynpasienns (Linux);

2) Knuenr (unTepdeiic moap3oBaress) Ha Python (Windows, Linux);

3) mepeHocuMOoe pacyeTHoe SIpo;

4) cucreMy BU3YAJTH3AINN.

4. 3akKJII0YeHue

g nccaeoBaHus IBYX TPOMBIIIIEHHO BaXKHBIX MPOTECCOB TOJUMEPU3AINT U U30-
MEpU3aIUU YIJIEBOAOPOAHOTO (DJIIOnJia, CTUMYJIUPYEMOI0 KaTaJIu3aTOPOM B IIPOTOYHOM
peakTope pa3paboTaHbl:

1. KommiekcHbie MaTeMaTHIeCKue MOJIEN, yauThiBatonme csepxkectrkocts COHJLY
U BKJIIOYAIONINE KBAa3UTHIPOJMHAMUYECKYIO CUCTEMY YPAaBHEHWI, JOTOJHEHHYIO ypaBHe-
HUSIMU TeIIONMPOBOJTHOCTY U YPAaBHEHUSAMH KOHBEKITNH-TUMDQY3UN-peakIny i KOHIIeH-
Tpanuit KOMIOHEHT BDIIOUIA.

2. Metonuka perenns cucteM AuddepeHNHaTbHBIX YPaBHEHUN HA OCHOBE CETOYHBIX
METOJIOB.

3. TapaJjuiejibHble peaju3alnuyd YUCJICHHBIX aJIOpUTMOB Ha Oa3e rexHosoruit MPI u
OpenMP.

4. Kommjiekc nmporpamM Jijid peleHns BhIOpaHHbIX KJIacca 3a/1a4.

5. IlucdbpoBag miaardopma Jast TPOBEAEHNS MACIITaOHBIX BbIUYNCIUTEIHHBIX IKCIIEPH-
MEHTOB.

[Io pa3HbIM TmpUYMHAM MPOMBIILIEHHOCTh OTKA3aJach OT HCIOJIb30BAHUS HE OTede-
CTBEHHBIX MPOTPAMMHBIX MPOAYKTOB MPAKTUIECKH IMOJTHOCTBIO. I omepaTwBHOTO CO-
3JIaHUS OT€YECTBEHHBIX TPOTPAMMHBIX TPOIYKTOB HEOOXOIUMA KOHCOTUIAINS Y3KIX CIIe-
MUIAJTUCTOB U3 PA3HBIX PETMOHOB, U3 PA3HBIX MTKOJI.

Ceiitqac €J102K1/1aCh IATOBAs CUTYAIUsl: yHUBEPCUTETHI 3arPYKEHBI B OCHOBHOM HEHY 7K~
HbIMH OyMakKHBIMU OTYETAMU, 9aCOBasd HAIPY3Ka C KazKJ/IbIM I'0JIOM YBEJIUYUBACTCH B CTO-
POHY ayJIMTOPHBIX YaCOB. BeAyIuM IIPernoiaBaTe/isdM HeKOI/Ia HAJIaKUBATH TEeCHbIE KOH-
TaKThl C ITPOU3BOJICTBOM, Jla U MEHTAJHUTET TAKOB: «ECJH KOMY-TO HaJ0 — HpuUayT». B
nocJjieHee BpeMsd Ha MyOJUKAIUN IperojaBaTesieil, y KOTOPBIX OCHOBHOE MecTO pabOThI
YHHBEPCUTET, BBEJICH «MOPATOPHii». AKajeMUIecKie HHCTHTYTHI ePEeKUBAIOT «MOJIOJIEK-
HBIl rostoy. [Ipn 9TOM MajeHbKUe CTHIEHIUN W TOYeTHble TPAHTHl — He caMmasi OOJIbIIast
npobiema, Hauboaee OCTPO CTOUT BOMPOC O MEPCHEKTUBE PADOTH MOTOIBIX KAHINIATOB U
JIOKTOPOB HAaYK. 3apILIaThl OCTENEeHEHHBIX YUEHBIX W TpernoaBaTesieil He mO3BOJSIOT Be-
CTH KQYeCTBEHHYIO HAYUYHYIO U 00Pa30BaTe/IbHYIO JledTeIbHOCTh. Kpyiabie Hedrera3osbie
KOMIaHUY T. Y]l CO3/1a/I1 CBOU HAYYHbIE EHTPbI, KOTOPbIE CTOJKHYIUCH CO CJIeTYOIei
npobjieMoil — pa3ayThie IMTAThl U HU3KAS HAYKOEMKOCTH Pas3spadOTaHHbIX MPoeKToB. Ha
CETOJIHSAIIHUN JIEHh €IUHCTBEHHBIM BBIXOJOM W3 CJIOYKUBIICHCS CUTYAIIMN BUJIUTCA O0b-
eJVHEeHVe JIYUIIUX HAYJIHBIX KaJIPOB BOKDYT pelleHus KOHKDPETHBIX HMPOW3BOICTBEHHBIX
3a/1a4 M 3aKJTI0YeHUe TTPAMBIX XO3dHCTBEHHBIX JOTOBOPOB € MPEANPUATAIMA. DTH PAOOTHI
MO3BOJIAT TaK¥Ke MOIKIIOYATH OYIYIIIX MOJIOJBIX YIEHBIX — CTYIEHTOB BY30B.
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Differential Equations in the Optimization of Catalytic
Processes by Supercomputer Simulation
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Abstract: The paper presents the results of a study of two industrially important
processes with scientific groups from other regions. The general approaches and advan-
tages of the groups are shown: 1) Bauman Moscow State Technical University —
polymerization, the process of formation of a high molecular weight substance (poly-
mer) by repeated attachment of molecules of a low molecular weight substance (mono-
mer) to active centers in a growing polymer molecule; 2) Keldysh Institute of Applied
Mathematics RAS — hydrocarbon fluid flow in a flow chemical reactor with a catalyst
bed. As a result of the joint approach, the following have been developed: complex
mathematical models that take into account the superrigidity of differential equations
and include a quasi-hydrodynamic system of equations, supplemented by heat conduc-
tion equations and convection-diffusion-reaction equations for fluid component concen-
trations; technique for solving systems of differential equations based on grid methods;
parallel algorithms for the implementation of numerical schemes based on MPI and
OpenMP technologies; a set of programs for solving the selected class of problems;
digital platform for conducting large-scale computational experiments.

Keywords: mathematical modeling, polymerization, superstiff differential equations,
hydrocarbon fluid, numerical methods.
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Anam3 pacnpejeiieHns TemnJja B IJIeHKe HUTPUIA
HIOOMs HA OCHOBE TPEXMEPHOII MOAean Ipu
MMITYJIbCHOM BO3JIENCTBUN JIEKTPUYIECKOI'0 TOKA.

Haunmosa E.B., Kysemuues H./I., Bactorun M.A.

HammonasbHbI nccaemoBaTe bkt Mop/10BCKUil ToCy/1apCTBEeHHBIN YHUBEPCUTET

Annomayua: B pabore paccmarpuBaeTcs MpOIECC PACIPOCTPAHEHUS TEILIA B IIJICHKE
NON 1pu IpPOXOXK/IEHUU 9€pe3 Hee UMITY/IbCa TOKA HA OCHOBE HEOTHOPOIHOIO TPEX-
MEPHOTO ypaBHEHUs TermIonpoBoauocTu. [locrpoena 3D Momesb CHCTEMBI «KOHTAKTHI-
TIEHKA-O/JTIOKKA-OKpy2Kerunes. OeHer MakCuMa/IbHbII HarpeB mieHku. [loka3ano,
4TO Marepuan KOHTakToB (GepusimeBas 6ponsa) obecreunsaer 3hpdekTUBHBI Tem-
JIOOTBOJL, OT CBEPXIIPOBOJISAIIEH TIJICHKH, HAXOJAAIIEHCS B PE3UCTUBHOM COCTOSTHUY, TIPU
[POTEKAHUU Y€epe3 Hee TOKa OOJIbIION MIIOTHOCTH.

Karouesnie caosa: pacpeiesieHne TeTia, HeOTHOPOTHOE YpaBHEHNE TeTIOMPOBOIHO-
ctu, 3D Mozennb, KpaeBas 33/1a9a, KOHTAKTHI-IJIEHKA-TI0/IJIOKKA-OKPYKEeHNe, TJIeHKA
NbDN.

1. BBenenue

CeepxmpoBo/idinue IeHKH HATpuga Huodus (NON) uMeroT TeMieparypy mepexoia
B cBepxiposojsiiee cocrosinue (1,) pasuyo 12-17 K u apigorces ojguumu u3 Haubosiee
HEPCIeKTUBHBIX U UCCJIEIYEMbIX MATEPUAJIOB. 3a CU€T MPOCTOTH M3TOTOBICHUSI, MEXAH-
YeCKOW MPOYHOCTH U PAJIUAIMOHHON ycToiunBocTH, ieHku NON aKTUBHO HCIOJIb3YIOT-
cd B MPUKIAJIHBIX MEadX 1 pyHpaMenTaabHoi Hayke. MaremMarudeckoe Mo/Ie TMpOBAHIE
nporecca TEIJIoNepeHoca B CHCTEMe «KOHTAKTBI-TLIEHKA-TIO/TIOKKA-OKPY KEeHNUe» TT03BO-
JIZeT ONpPeIeuTh MaKCUMAJIbHBIHI HArpeB ILJICHKU IIPH 3a/JJaHHON CKBAXKHOCTH HMIIY/IbCA
JEKTPHIECKOI0 TOKA AMILIATYI0# OJU3KONW K KPUTHYECKON ILJIOTHOCTH TOKA CBEPXIIPO-
Bojsitero cocrosgaust NbN. B pabore npencrasiensl pacuersl 3D momzenn B 110 Comsol
Muitiphysics Ha ocHOBe TpPeXMepHOTO HEOIHOPOIHOTO YpPaBHEHHUS TEILIOMPOBOIHOCTH C
Y9IETOM PACIIOJIOKEHUST TeILIOOTBOIANINX KOHTAKTOB HA oBepxHocTH wieHkn NON | a Tak-
JK€ JITUTEJTbHOCTH U aMILIUTY/Abl UMITYJIHCA TOKA.

2. IlocTaHoBKA 3a1a4n

Paccmorpum cucremy «KOHTaKTBI-ILIEHKA-TIO/JIOZKKA-TEPMOCTATY Ha PUMEPE ILICHKU
HUTPH/IA HHOOWsI, HANBLIEHHOI Ha KBapieByo (Si0y) moaioxkky (puc. 1).

Ob6pazen mwieakn NN umeer pasmepbl 9 mMmxd Mmx400 aMm. ToamuHa KBapieBoit
NOJJTOKKH paBHa 1 MM. lIpm:KnMHBIe KOHTAKTH U3 OepHILIHEBON OPOH3BI WMEIOT NTHPU-
Hy 1 MM, Tosmuny 0.13 MM, AIWHY 5 MM M TUIOTHO TPUXKATHl K 1ieHKe. OHH WMeT
BBICOKYIO TEILIONPOBOIHOCTD PN HU3KUX TeMmmeparypax. TemrooOMeH MIeHKH B 00JacTu
KOHTAKTa MPOUCXOAUT 110 3aKkony Hbiorona. O0/1acTh KOHTAKTA IJIEHKN ¢ KBAPIIEBOH 10,1
JO0KKOIl 0CTaeTCd MOCTOAHHONA MOAAEPKUBAECMOIl B 3KCIIEPUMEHTE U PABHON TeMIleparype
MeJTHON MOIOKKH (Tepmocrar). Iisi aHAIN3a CHCTEMbI HCTIOIB30BAIOCh HEOTHOPOTHOE
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Cu

Lz
Ly

Puc. 1. Mogenb cucreMbl « KOHTAKThI-ILIEHKA-IOII0XKKA .

TpexXMepHOe YPaBHEHUE TEILIONPOBOJHOCTH:

oT
2
— —a*AT =Q 1
at Y ( )
rie T — memmeparypa IJeHKH, ¢ — BpeMs, T, Y, Z — KOODAMHATHI cucteMbl (puc. 1),
5 A
a® = ol ko3 durment remmeparyponpopogHocT, C' — TEIIOeMKOCTh IJIEHKH, ) — ee
p

IJIOTHOCTD, A — ee K03(hDPUINeHT TeILIOIPOBOIHOCTH. TelioBbiiesieHne () BBIYUCISETCS
B COOTBETCTBHU C (HOPMYJIOii

= P(z,y,z,t)
Q(iE,y,Z, ) - )
CNbN * PNbN
P(z,y,z,t) — o0béMHAs IIIOTHOCTH MOIMTHOCTH MCTOYHHKA TeIia (IUIEHKH), Cnpy = 17

Jx/(kr-K) — ymeapnas renmoémkocrs miénku npu T = 14 K, pypy = 8400 kr/m?® —
IUIOTHOCTH TIGHKY [3]. B Hamrem ciaydae cmia TOKa JTHHEHO BO3pacTaer 3a Bpems ty or 0
10 Lipge. Besmuuna P(z,y, z,t), oupejensemas 3akonom xkoyis-Jlenna:

peje-t?x <dt <t

Plry.zt) =P =40 %0 "=

rie p ~ 440uw - cm — yInejabHOe CONPOTUBJIEHUE IJIEHKH B HOPMAJIBHOM COCTOsIHHH,

max

Jo = Tt to = 0.25 mc, [0, = 1.12 A. Jlanuasie napaMeTpsl B3ATHI U3 YCJIOBUil peajib-
w

HOT'O SKCIIEPUMEHTA 110 HCCICI0BAHUIO BOJIbT-AMIEPHBIX XaPAKTEePUCTUK ILICHOK HUTPUIA
HHOOHUS, HAXOAAIMXCA B PE3HCTHBHOM cocTogauuu 1-4, manpumep, spame T,. Hauaabnoe
YCJIOBHE OIpeaeasdeT HAYAILHYIO TEMIEPATYPY CHCTEMBl «KOHTAKTBI-ILICHKA-IOIIOMKKA-
OKPY2KeHUe» U B HAIIIEeM CJIydae Mbl 3a7asn pasabim: 1 (z,y, z,0) = Ty = 14K. I'pannanoe
yeaosue npu & = 0 oupejensiioch ¢ y4erom 3akoHa Hplorona juist TemsioobMena Mex Ly
IUIEHKOH M KOHTAKTaMU (TpeThsi KpaeBasl 3a/a4a):
02 1) = H)IT(0,9,21) ~ Ty

B mexxxonrakruoit obnactu H = 0, B obiacru kourakta H = Hy = 50 mm~! [4].

['panngnoe ycaosue npu © = L, umeer sux: T(L,,y, z,t) = Ty = 14 K (nepBast Kpaesasi
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3amava), L, — TOMIMUHA HOJIIOKKH BMECTe C IUICHKOH. BOKOBBIE MOBEPXHOCTH IJIEHKH
naxongarcsa npu T = 14 K.

3. MeToabl n pe3yjibTaThl PelieHnsd

J11s1 perteHnst MoCTaBIEHHOR 3a0a49n Mcorb3oBagtoch 11O Comsol Muitiphysics. Tlep-
BBIM IIIAIOM JIeJIaeM IIOCTPOeHHe MOJIesid ¢ moMotibio 60ka Geometry (Feomerpus). [Tpu
HOCTPOEHUH CJIeAYeT YUMTBIBATH, UYTO TOJIIUHA ILJICHKH JOCTATOYHA MaJja, a KOJUIECTBO
9JIEMEHTOB pacdeTHOil ceTKe B Heil JoskHa OBITH Oosbmioe. C ydeToM 3TOro gakropa
HEOOXOIMMO CBSI3BIBATH BCE dJeMEHTHI reoMmeTpuu y3iaoM Form Assembly m BBHIKIIOUNHTH
Create imprints. BropbiM 1mrarom mpucTynaeM K 3aJaHUI0 MaTePUAJOB. DJIEKTPOCOIPO-
tuBjenne wieHku NbN cjabo 3aBUCHT OT TeMilepaTypbl U IIO3TOMY B pacdeTrax 3Ty 3a-
BUCHUMOCTb MOXKHO H€ YYUTHLIBATDL. ,ZLaJIee BBICTaBJIAEM Ha4daJIbHBIEC YCJIOBUA. ,ZLJIH MOAe-
JINPOBAHWS JKOY/I€BA HATPEBa CJIeyeT UCIO/Ab30BaTh CBI3Ky mporeayp Electric currents
¢ Heat transfer in solids uepes nntepdeiic Electromagnetic heating. Tlomumo cranmapt-
ubix uHTepdeiicoB Current Conservation, Electric Insulation, Initial Values u Continuity
nobapisgem unrepdeiic Terminal u 3agaem B Hero 3 deKTUBHOE 3HAYCHHE TOKA B UMITY/Ib-
ce, OTMEeTUM 00JIACTH, KOTOPBIE JIOJZKHBI ObITH MCTOYHHKOM TOKA — KpalHhe KOHTAKTHI.
[lepexona k untepdeiicy Heat transfer in solids, nobapiasem Temperature u 3amaem 3Ha-
HYeHHEe TeMIIepaTypbl, YKa3blBasd BCE€ OXJla2K/la€MbIC IIOBEPXHOCTH. O,ZLI/IH N3 CaMbIX CJIOZK-
HBIX MOMEHTOB pacC4deTa U IMOCTPOCHUA ABJIAETCA 3aJaHue pvaeTHOfI CETKI. CaMBIM OIITH-
MaJIbHBIM BapHaHTOM [ABJIAETCA ITOCTPOCHUE KBaﬂpaTHOﬁ CEeTKHN Ha MOBEPXHOCTH IIJICHKH.
Heobxommmo mpoTsiHyTh €e o Beeil jimHe 10 W30JANUn depe3 Swept, OTMeTUuTh depe3
Distribution kosmdectBo cjoeB B jgoMenax. CeTKy Ha JIallKaX MOZXKHO OCTaBUTH IIPU3-
MaTHIHOU. 3aKJIIOYHTEIbHBIN Taln — HacTpoiika pemaress. B Comsol ectb ocobenmbre
BCTPOCHHBIE pelIaTe/u JIJId Takux 3am1ad: Frequency-Stationary u Frequency-Transient.
Nx 0cobeHHOCTD 3aKII0YaeTCs B TOM, 9TO IIOTEPH JIEKTPHICCKON SHEPIUU CUCTEMA, CUHU-
TaeT B YACTOTHOM pexKUMe, T. €. CPEIHIO0 3a MEePHO, a TEIIOBOI pacueT MPOBOIUT JTUOO
B CTAIMOHAPHOM, JITOO BO BPEMEHHOM JIHaa30He. TaKoil pemare/ib J0myCTHMO HCIIOIb30-
BaTh B TOM CJIy4ae, eCJIM HaM HaJI0 y3HATH PAcIIpeie/IeHne TeMIePATyPhl B MOMEHT, CUJILHO
60ﬂbH_H/H71 110 CpaBHEHUIO C IIEPHUOJA0OM UMITYJIbCA. STO IIO3BOJIAET ITOJIYUIUTH AOCTATOYHO XO-
portitee perenue 3a KOPOTKOe BpeMs. e/ nCrmoIb30BaTh MPOCTO BPEMEHHON TUana30H JI/Ist
TaKUX 337124, OHAa PE3KO CTaHeT ropasjo cjoxkHee. B macrtpoiikax Frequency-Stationary
BBICTABJIIEM 4acTOTy Kojebanuii. BeiosiHuB Bece HeoOXoauMble HACTPORKHU mosydaeM 3D
MOJIeJIb PACTIPe/Ie/IeHIsT Tella B UCcsenyeMoii cucreme (puc. 2-3).

4. BeiBoabBI

Kaxk BHJIHO U3 pe3ynbTaToB (puc. 2-3) MaKCHMAJIbHAS TeMIepaTypa HAIPeBa COCTaB-
ager 14.76 K, u jpocruraercs B Touke Mexjay 2 um 3 konrakramu. Jlannas pabora 10/
TBEPKJAET, YTO KOHTAKTHI M3 OepU/IINeBOil ODOH3bBI SABJIAIOTCH JOCTATOYHBIM TEILIOOT-
BojioM. Harpesamunem camMux KOHTAKTOB MOXKHO IpeHeOpedb Tak KaK Macca M Teronpo-
BOJIHOCTH KOHTAKTOB MHOTO 00JibIIe, YeM mieHkn. Vcemeayemas Mo/iesth MOKa3biBaeT, YTo
Tokm BbICOKOH mwiorHocTH (10* — 105 A /em?) memamnuoro (~ 0.8 K) marpesaior ucciey-
eMble 00PA3Ibl MJIEHOK, HAXOJAIIUXCA B PE3UCTUBHOM COCTOSHUU OJarojaps KOHTAKTaM
U3 BHIODAHHOTO MaTepuasa.
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Surface: Temperature (K) Surface: Temperature (K)

187 187
1256 126
145 145
104 104
143 143
122 122
121 121
1 14

a) b)

Puc. 2. Pacnpenesnenne temwna B menke NN 1mocse momadn uMiysibca Toka npu t = tg = 0.25 mc:
a) obumii Bua, b) Bux cBepxy.

Izosurtace: Temperature {K)

Puc. 3. 30moBepxXHOCTH TEMIEPATYPHI UCCICTYEMON MOIEH.
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Analysis of heat distribution in a niobium nitride
membrane based on a three-dimensional model under
pulsed electric current.

E.V. Danilova, N.D. Kuzmichev, M.A. Vasyutin

National Research Mordovian State University

Abstract: The paper considers the process of heat propagation in an NbN membrane
when a current pulse passes through it based on an inhomogeneous three-dimensional
thermal conductivity equation. A 3D model of the "contacts—membrane—substrate-
environment"system is constructed. The maximum heating of the membrane is estimated.
It is shown that the contact material (beryllium bronze BeCu) provides an effective
heat sink from a superconducting membrane in a resistive state when a high-density
current flows through it.

Keywords: heat transfer, inhomogeneous heat equation, boundary value problem,
beryllium bronze, NbN membrane.
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VIIK 517.91

IITpumenenne meToga ONTUMAJIBLHOTO AeMII(PUPOBAHNS
B.. 3yb6oBa B 3ajiade yIrpaBJjieHUS
YeThIPEXKAP/IAHHOW TUPOCKOIMMYECKOW CUCTEMOI |

2Kabko A.Il., 2Kabko H.A., dkosies 11.B.

Cankt-llerepbyprekuii rocy1apcTBeHHBIH YHUBEPCUTET

Annomayua: PaccmarpuBaercs 3a/1ada IOCTPOEHUS YIIPABIEHUsT 9€ThIPEXKAPIAHHON
TUPOCKOIMMYIECKON CHCTEMOI, CBSA3aHHON ¢ KAOMHONW TpeHakepa camoJsiera. Jerbipex-
KaplaHHasi CUCTEMA TIO3BOJISET M30€KATh MTPOOIEMbl HAJUYNS B CTAHIAPTHONW Tpex-
KapJaHHOW TMPOCKONNYECKON CHCTeMe TaK HAa3bIBAEMOIl «MEepTBOI 30HBI» B CJydae,
KOTJIa OCH JBYX KapJaHOB CHCTEMbI CTAHOBATCS KOJTMHEAPHBIMU WU OJM3KUMU K Ta-
KOBbIM. Takue CHCTeMBI PACCMATPUBAIOTCS B PADOTAX PA3HBIX ABTOPOB. AKTYAJIbHBIM
OCTaEeTCs BOIIPOC BHIOOPA KPUTEPHUS ONTUMAJIBHOCTH U IIOCTPOEHMS COOTBETCTBYIOIIErO
ONTUMAJILHOTO yrpaniienusi. Ha ocHOBaHUYM CBsi3eil MeX Iy yriamu Jiiiepa JIBUKEHUs
KaOWHBI, YTJIOBBIMU CKOPOCTSMHU KOODAWHATHBIX OCel KAOWHBI W YTJIAMU BPAIIEHUS
KapJaHOB OIPEJIeJIeHbl JOCTATOYHBIE YCJIOBASA DA3PElIMMOCTH 3aJa4d YIPAaBJICHUA.
IIpenmoxken amropuTM MOCTPOEHNUST YIIPABICHU KaAPAAHHON CHCTEMOI, O THMATbHbIIH

10 OTHOIIEHHIO K JAeMII(PUPOBAHUIO MEPEXOTHBIX IIPOIECCOB JBUKEHUS, IO METOIY
B.1. 3y6oga.

Karwuesvie caosa: memidupoBaHre, ONTUMAJIHHOE YIPABICHNUE, YIIPABICHAE BPAIIE-
HHUEM, THPOCKOII.

1. BBenenue

Jlannast paboTa IMOCBSIIEHA OMHCAHUIO YIIPABICHUIO TPEHAXKEPOM, KOTOPBIH MOXKHO
MCIOJb30BaTh MPHU TPEHUPOBKE JIETYMKOB, KOCMOHABTOB, CIOPTCMEHOB M IUPKOBBIX aK-
pobaron. Imeercs B Buy KabuHa camoJera, JOIMYCKAIIas Peajn3alliio MPOU3BOJIbHOTO
BPaIaTeTbHOTO JIBUMKEHH, KOTOPOE SBJIAETCA KYCOUHO-TJIQJIKUM, T. €. HEeITPEPBIBHLIM 1
KyCOUHO-HenpephiBHO AnuddepennupyembiM. C 3T0i MEJBI0 PACCMATPUBALTCS YETHIPEX-
KapjaHHas rupockonndeckas cucreMa [1,2]. B kauecrBe MeToa ONTUMU3AIINN THHAMAKA
BpAIATEIHHOTO JIBUKEHHUS BBIOPAH METOJI ONTHMATBHOrO AeMibuposanust [3,4], mockosib-
Ky OH II03BOJIFET B PEeXKHMe peaJbHOI0 BpeMeHH MUHHUMHU3UPOBATH HEOOXOIUMbBIE U3MEHe-
HHUS CKOpPOCTeill BpallleHusl KapJaHOB U, CJIeJIOBATeIbHO, MUHUMHA3UPOBATH HATPY3KH Ha
KapJaHHble Kosbla. Vceaeoanme sBisiercst HpooJzKeHneM paborsl [9).

2. OCHOBHBIE TIOHATUA 1 0003HAYEHUA

Bsenem ciepyrornime 0603HaYEHNS.

3CK — zemuag cucrema KOOpAWHAT, 0Cb X — MPOIOJbHasT och, Wy — yrjioBas CKo-
pocThb oBopoTa BOKpyT ocn X (Kper); och Y — nomepednast ocb, Wy — yrioBasi CKOPOCTh
OBOPOTa BOKPYT ocu Y (TaHrax); ocb Z — HOpMajbHasi 0Cb, W, — yrioBas CKOPOCTb
OBOPOTA BOKPYT OCH Z (pBICKAHbBE).

*Pabora Boinonnena upu Gunancosoil noguepxke Poccuiickoro dorna dynnamenranbapix uccaenosanuii (mpo-

ext Ne 20-07-00531 A)
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Opror (i, 7, k) oboznagator npasyto cucremy koopunar 3CK, npuuem i = X, j =Y,
k=2Z.

CCK - cBst3anHas ¢ KaAOWHOI CHUCTEMA KOOPAMHAT

PaCCMOTpI/IM CUCTEMY U3 YeThIPpEX KapAaHOB 1 CBA3aHHBIEC C HUMU CUCTEMbBI KOODAWHAT:
o puyTpennnii (Inner) — (iy, ju, k4), 74 COBIATAET ¢ TPOJOIBHOIN OCbIO KAGHHBI CAMOJIETA,;
o cpequunit (Middle) — (i3, J3, k3);
o rernrmuit (Outer) — (iz, jo, k2);
o mononuurenbhbiii (Redundant) — (i1, j1, k1), , k1 = k — coBmajaer HOPMAJIBHON OCHIO
3CK, npudem, yCJIOBHSI BJIOKEHHOCTH 331aI0TCs paBeHcTBaMu: k1 = k, jo = J1, k3 = ko,
i4 - ig.

YuauThBasg BIOKEHHOCTh KAPAAHOB BBEIEM B PACCMOTDEHHe yIJIbl Dilnepa:

QS:A(Z?Zl) = é(jvjl)a 7/124(%22) :4<k17k2)7
0= 4<i27i3) - 4(.].27.].3)7 V= 4<j37j4> - é(kiﬁu k4)

Torma maTpunbl peodbpa3oBanms KOOPAUHAT OIMPEACAIIOTCH PABEHCTBAMMU:

cos¢p —sing 0
(i1, 41, k1) = (1,4, k) - S1, S1(¢) = | sing cos¢p 0],

0 0 1

cosy 0 siny
(i2, J2, ko) = (i1, 71, k1) - S2, S2(¢¥) = 0 1 0 ;

—siny 0 cosv

cosf@ —sinf 0
(i3, 73, k3) = (42, ja, k3) - S5, S3(0) = | sin@® cos® 0|

0 0 1

1 0 0

(i4, ja, ka) = (i3, J3, k3) - Sa, Sa(v) = |0 cosy —sinv

0 sinv cosv

Orcroaa norydaem csasb 3CK u CCK:

(i47j47k4) = (i7j7 k) ’ Sl(¢) ’ 52<¢) ’ S3<9) ’ 54(V) = (i7j7 k) ’ H(t> (1)

Bameuanue 1. Jasee cuumaem, wmo xoopdunamol (i4(t), ja(t), ka(t)) 3adans nenpepois-
HOLMU U KYCOUHO-HENPEPbieHo dupdepenyupyemuimu dyrkuusmu. Tozda nempydno zame-
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mums, 4mo npeobpa3osarue KoOpOUHAM KapodaHos YdosaemeopAem pPaseHcmsy

0 —Wy(t) Wyl(t)

G aOO) | W) 0 W) | = k) D),

—Wy(t) Wx(t) 0
ede mampuuya nepexoda H(t) onpedeaena pasencmeom .

3. IlocranoBKa 3ama4un

Bajiaua moCTpOeHHsT YIPABAEHHs YeThIpEXKAPIAHHON CHCTEMOl 3aKII09aeTCsI B Olpe-
JIEIEHUN YTJIOB TIOBOPOTOB KapmaauoB ¢(t), 1 (t), 0(t), v(t) mo 3a7aHHOMY TOJIOKEHUIO Ka-
OuHbl, T. €. 110 3aanHoil Mmarpune H(t), na uarepsase Bpemenu t € [0, 7.

Ob6o3naunm uepes hy, hg, hy crosbubr maTpuiel H u €1, €9, €3 — CTaHAAPTHBINR Oa3uC B

R3.

Jlemma 1. Feau natioenvt HENPEPBIBHBLE U KYCOUYHO-HENPEPBLEHO duddepenyupyemvie dyHk-
yuu (o(t), ¥ (t),0(t)), obecnevusarusue pasercmeo

Si(9) - S2(¢) ) 53(9) ey = hy, (2)
mo cywecmeyem eduncmeennoe pewerue v(t) ypasrenua
S1(9) - Sa(v) - S5(0) - Sa(v) = H(1). (3)

ITpunem dynryua v(t) onpedessemcs us cucmemvl YpasHEHUL

ht cosv sinv
' Sl(¢> : SQ(w) : 53(6)) “leg,e3 | — . (4)
hl —sinv  cosv
TaxuM 06pa30M, NCXOAHAA 3318493 MOCTPOCHH YIIPABICHNS THPOCKOIIYECKOf CHCTe-
MOIf CBOAMTCSI K 3a/a4e 0 paspemumMocty cucremsl ([2)).

Beesem BekTOpHY10 (DYHKIUIO (a(t) B(t) 7(1&)) = ST(p(t)) - hy.

Jlemma 2 (mocrarounoe ycioBue pasperumoctn). Ecau |5(t)| < 1, mo cywecmsy-
em HenpePuIeHoEe U KYcouHo-Henpepueno dugddepenvyupyemoe pewenue (1(t), 0(t)) cucme-

moi (2)).
4. ANTOPATM IOCTPOEHMd 3aKOHOB BpalllcHUS

C yuerom ycsioBuii paspentuMocT HeoOXOAUMO onpeaeauTh BYHKIH ¢(t) Takum
06pa3oM, 9TOOBl BHITOIHSIIOCH HepaBeHeTBO |((t)] < 1. OueBnmHO, 9TO, B CHIY OPTO-
HOPMHUPOBaHHOCTH MaTpuibl H (1), Takux GbyHKIuil uMeercss GECIUCTEHHOE MHOXKECTBO.
[TosTOMY MOKHO HPEJJIOKHUTH CJIEAYIOIHUIT aIrOPUTM OCTPOEHUS YIIPABJICHH:

1) BeIGIpPaeM HEOOXOMUMYIO TIPOrPAMMY TPEHHPOBOK B Bue MaTpuibl H(t);

2) onpegensieM pertienne ¢(t) Hepasencrsa |5(t)| < 1;

3) ouupasich Ha Jjemmy (2| uniem pemenue cucrems (2));

4) oupegensiem dyukuuto v(t) us cucrems ([{4).

68



XVI Meowcdynapodnas nayuwras xongeperyua
«Judpeperyuarvroe YpasHeRUA U UT NPUAOAHCEHUA 6 MATMEMATNUNECKOM MOJEAUDOBAHUL>

Capanck, 17-20 aseycma 2023 20da

5. emndmnpoBanne JUHAMUKNA CUCTEMBI IO OTHOMIEHUIO K M3MEHEe-
HUIO YIJVIOB BpallleHnud KapJaHOB

B pabore [6] ucmosb3yercs cpelHeKBaJApATHUYECKOe CIJIAKUBAHEE CKOPOCTeil H3MeHe-
HUs YIVIOB KapJaHoB. B Hammeit paboTe MbI pejjiaraeM MHHUMU3UPOBATH MAKCUMAJIBHOE
U3MeHeHNe CKOPOCTH W3MEeHEeHWs YTJIOB, YTOOBl YMEHBIHTH BEPOSATHOCTH KPUTHUYECKON
HATDY3KHU HA Kap/IaH.

Marpuna H (t) siBjisieTcst OpTOrOHAIBHOM, 1 €€ 3JIEMEHThI PEII0JIArAl0TCsl HEPEPbIB-
HBIMH ¥ KYCOYHO-HEeIpepbIiBHO audepeniupyeMbiMu (pyHKIUAMU. ByjgemM cuutarh Tak-
JKe, 94TO Ha paccMaTpuBaeMoM BpeMeHHOM oTpeske [0, 7' nveercs KOHeYIHOe IhCI0 Pa3phi-
BOB I1ePBOr0 poja. Toraa MOXKHO MOCTPOUTH ONTUMAJIBHYIO JeMIPUDPYIONTY0 (OYHKIIHIO
[0 OTHOIIIEHUIO K U3MEHEHUIO YTJIOB BpAIeHNs Kap/IaHOB B TOYKAX Pa3pbIBa TPOU3BOTHOMN
3JIeMeHTOB MatTputibl H ().

Ob6o3HaUIM

0¢ = p(t+0) = (f = 0), 0 =(i+0) = (- 0), (5)
00 =0(+0)—0(f—0), ov=uv(t+0)—p(-0). (6)
[Tpu BeImONHeHNN ycaoBuii jgemmbl (2] a umenuo, |B(t)| < 1, cymecTByer periexmne
cucreMsr ypasuenuit (3)). ‘ o
Torna nemndupyromuii dyuxiuonan cyts V(p(t), H(t)) = max{|dy|, |66, |ov|},

Vie(t), H(t)) — soin L€ [0:T7.

Bameuanue 2. B cayuae peaiusauyuu aiz0pumma, OnucaHrozo 6 n. 4, dyuxuyuto o(t)
MOIHCHO BVOPAMb HENPEPHLEHOT, NOAYYUE MEM CAMBIM BEPTHION OUEHKY ONMUMGAALHO20
PeweHUAs 0M KOAUUECTNEA PA3PHIGOE U BEAUNUHD CKAYK0E NPoussodnot mampuus, H(y).

Huke npuBeieHbl pUCYHKH, WLTIOCTPUPYIONIHE MOJIETUPOBaHUe paboOThl YeThlpexKap-
JTAHOU CHUCTEMBI.

—e— phi 15 —e— phi

= = x\)(/m‘:},m\ i
| 1N A
WL AT N AR
VI V] VA TR N4
/ S

N

pan

M

)

K \ |
}

20 P 6 8 100 20 4
t(cek) tlcek)

o

Puc. 1. Yrawer kapaanos. PukcupoBaHHBII Puc. 2. Yrubl kKapAaHoB. AKTUBHBIN
JOTIOJTHATEILHBIN KapJaaH. JIOTIOJTHATEJILHBIN KapJaaH.

Ha puc. [1| u3obpazkena pabora KapaaHoB Hpu (GHHUKCHPOBAHHOM HOJOXKEHUHU JIOIOJI-
HUTETHHOTO Kapmaana, ¢(t) = 0. Ha puc. [2| BuaHO, 9T0 mIaBHOE U3MEHEHHE MOJIOKEHUSI
JIOIOJTHUTEIbHOIO Kap/IaHa CYHIECTBEHHO BIMSET HA HMOJIOKEHHE OCTAJbHBIX TPEX Kapia-
HoB. Puc. I/I,ZLGMOHCTpI/IpyIOT IIOBE/ICHIE MIEPBBIX IPOU3BOIHBIX (CKOPOCTE N3MeHeHN )
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Puc. 5. Bropas npousBoamas.
OuUKCHPOBAHHDIN TOMOJHUTEIbHBIN Kap/IaH.

yIJIOB KapaanoB. Bujano, 4ro B cay4vae

ticex)

Puc. 6. Bropas npoussonnast. AKTUBHBIN
JIOTIOTHATEJIbHBIN Kap/IaH.

AKTHUBHOI'O JOIIOJIHUTEJIBbHOT'O KapdaHa U3MEHEeHHNe

CKOpOCTEl YTJIOB Kap/IaHOB ITPOUCXOIUT 0OJIee TJAABHO, YTO MOATBEPZKIAeTC IpauKaMu
BTOPBIX IIPOM3BOJHBIX, TOKa3aHHBIX Ha puc. [o n [l MakcumasnbHoe 3HaUeHHe BTOPO# 11po-
U3BOJHOM [P NACCUBHOM JIONOJHUTEIbHOM Kap/aHe coctapuia 0.524, a npu akTUBHOM —

0.451.

JImreparypa

1. Jie M., Qinbei X. Four-axis gimbal system application based on gimbal
self-adaptation adjustment // Proceedings of the Chinese Control Conference.
Hangzhou, China. July 28-30, 2015. P. 8866-8871.

2. McConnel K.G. Kinematic of three-axis gimbal system // Proceedings of the Third
Southeastern Conference on Theoretical and Applied Mechanics. S. Carolina,
Columbia. March 31-April 01, 1966. P. 515-541

3. Veremey E. I. On practical application of Zubov’s optimal damping concept //
Bectu. C.-Tlerep6. yu-Ta. [puxiagnas maremaruka. Nuadopmaruka. [Ipomeccs

70



XVI Meowcdynapodnas nayuwras xongeperyua
«Judpeperyuarvroe YpasHeRUA U UT NPUAOAHCEHUA 6 MATMEMATNUNECKOM MOJEAUDOBAHUL>
Capanck, 17-20 aseycma 2023 20da

yupasjienus, 2020. T.16. Beir.3. C. 293-315.
https://doi.org/10.21638 /11701 /spbu10.2020.307

. 3yoos B. W. Jleknuu o Teopun ynpasienus. M., Hayka, 1975. 496 c.

. 7Kabko A.II., ?Kabko H.A., fxosaes I1.B. Merox ontumanbaoro aemmdupoBanmst
B.U. By6oBa B 3aja4e yupaB/aeHHs: OJHONH MHPOCKONNYIecKoil cucremoii// BecTHuk
Cankr-ITerepbyprckoro yausepcurtera. [lpuknagnas maremaruka. Muadopmaruka.
[Iponeccnr yupasienus, 2022. T.18. Boim. 2. C. 278-284.
https://doi.org/10.21638 /11701 /spbul0.2022.208

. Carter D.R., Duffey P., Bachorski S., Kdgi M., Havlicsek H. Weighted least-squares
based control for a four axis gimbal set // Technologies for Synthetic Environments:
Hardware-in-the-Loop Testing XV, Apr. 2010. P. 76630I-1-766301-12,
https://doi.org/10.1117/12.851344

71



XVI Meowcdynapodnas nayuwras xongeperyua
«Judpeperyuarvroe YpasHeRUA U UT NPUAOAHCEHUA 6 MATMEMATNUNECKOM MOJEAUDOBAHUL>
Capanck, 17-20 aseycma 2023 20da

MSC 34D20

Application of Zubov’s method of optimal damping in

the problem of controlling a four-gimbal gyroscopic
system

A.P. Zhabko, N.A. Zhabko, P.V. Yakovlev
St. Petersburg State University

Abstract: The article considers the control problem of the aircraft cabin simulator
with a four-axis gimbal gyroscopic system. The difficulty of the control problem
of standard three-axis gimbal gyroscopic system is the presence of the phenomena
"gimbal lock"when the two axes of the system become collinear or close to collinear.
One of the applied solutions to avoid "gimbal lock"is to use of the fourth additional
gimbal. Such fore-axis gimbal systems are presented in the works of various authors.
However, the problem of criteria and an optimal control of four-axis gimbal gyroscopic
system 1is still under the question. Optimal dumping algorithm for constructing a
control of the gimbal system according to Zubov’s method, is proposed.

Keywords: dumping, optimal control, gyroscope, rotation control.
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VIIK 532.591

MaTtemaTundeckoe ModeJPOBaHNE JUHAMUIECKUX
IIPOIECCOB B HEIIPEPBIBHOM 3JIEKTPOIIPOBOIALIIEN Cpeae

Kasankos B.K.!, TTeperyaun C.11.2, Xononosa C.E.!

Vuusepcurer TTMO!,

Cankr-TlerepGyprekuii TOCYIapCTBEHHBIA YHHBEPCHTET?

Annomayus: IlpencraBiena MareMaTuiecKasi MOJIE/b, OMUCHIBAIONIAS JIMHAMUKY T€0-
bu3rIeCKUX MPOIECCOB B DJIEKTPOMPOBOAAIIEH HECKUMAEMOW JKUIKOCTH, OTPAHU-
9eHHOM CBOOOIHOM M TBEPION HEMPOHUIAEMOH MOBEPXHOCTAME C yIeTOM dPPHEKTOB
muddy3un MAarHUTHOTO MOJIsI, TPaBUTANME U Cuibl Kopuommca. MaremaTndeckas Mo-
JIeJIb CTPOUTCS HA OCHOBE PEIeHNs KPAeBOU MArHUTOIUIPOINHAMUIECKOM 331891 [T
yPaBHEHUII B YACTHBIX [IPOU3BOHBIX, YIUTHIBAIONMIEN 3(DDEKTHI JIIMHHBIX BOJIH MAJION
aMmIuTyabl. [locpeacTBOM COOTBETCTBYIOIINX Mpeodpa3oBanmii cucrema auddepen-
[WAJbHBIX YPABHEHUN BEKTOPHOTO THUIA B YACTHBIX MPOU3BOTHBIX MOXKET OBITH MpHU-
BEJIEHA, K OJHOMY CKAJISIDHOMY yDPABHEHWIO [JIsi MOAUMUIMPOBAHHON (DyHKIUU BO3-
MYIIEHUsA CBOOOTHON MOBEPXHOCTH OKeaHa. 1IpOBEeNEHHBIN MaTeMATHIECKU AHAIN3
[PE/ICTABIEHHON MO/IEJIN, UCIOJIB3YEMON [IJIsi MCCJIEIOBAHUS MArHUTOIHIPOIMHAMU-
YeCKUX MPOIECCOB B OKEaHE CEBEPHOTO TIOJIYINAPHs, IeMOHCTPUPYET BO3SHUKHOBEHUE
SBJIGHWS WHBEPCUU WHIYIIMPOBAHHOIO MATHUTHOTO TTOJIS.

Karouesvie ca06a: MAarHUTHAS THAPOAMHAMUKA, TeO(MU3NKA, OKEaH, IJIEKTPOIPOBO/IsI-
mas KUIKOCTh, HECXKUMAEMas YKUJIKOCTh, MATEMATUIECKOE MOJETUPOBAHNE, HHBED-
CUs MArHUTHOT'O IIOJIH.

1. BBengenue

MupoBoit OKeaH HWTpaeT OTPOMHYIO POJb B XKU3HH UeJIOBEUECTBa, MOITOMY 3aJIada
olpejie/ieHUs] XapaKTePHCTUK IUHAMHKHA MOPCKOH Cpebl SBJISeTCS BaxKHOUW mpobJiemoit
KOMILTIEKCa OKeAHOJIOTHIeCKuX HeerenoBannii. [lockorbky B okeane, 06./1a,a1011eM OTHOCH-
TeJbHO MAJIOH MMPOBOJIUMOCTBIO M HAXOAAMIEMCSI B 3¢MHOM MAarHUTHOM IIOJIE, TPOIBIAIOTCS
TaKue MarouToru ApoJuHaMUi€CKue SCb(beKTbI, KaK U3MEHCHUA MAT'HUTHOT'O ITOJIA 3€MJH/I
MOPCKHMHU T€YEHUAMUN, BOBHUKACT BO3MO2KHOCTD OIIpeJe/iIeHud THAPOJUHAMUIYECCKUX IIapa-
METPOB TEYEHUN W BOJIH 10 WHIYIIMPOBAHHOMY UMK MArHUTHOMY 1OJ10. [[oaToMy 3Hanusd
O XapaKTepe HHAYINPOBAHHOTIO MAalrHUTHOT'O IIOJId MOT'YT CHOCO6CTBOBaTb OJIyYeHUI1O UH-
dopmarun o JuHAMIKE MOPCKOI Cpe/ibl, IapaMeTpax BOJIHOBOIO HCTOYHUKA, (DU3UIECKUX
XapaKTepUCTHKAX MOPCKHX IOPOA, B YACTHOCTH, IJEKTPUUYECKONR IIPOBOAMMOCTH, YTO H
YKa3bIBaCT Ha AKTYAJbHOCTh U3YUE€HUS MOPCKUX MATHUTHBIX TOJEH g OKeaHOJoThu4e-
CKHX U MOPCKHX T'€OJIOTHYECKHUX HCCJeIOBAHUI TUHAMHUYECKUX IIPOIECCOB B Ieocpeaax.
[IpencTapaennoe uccesieoBaHue MOCBAIIECHO TEOPETHICCKOMY W3YUEHWIO JTUHAMHUKH Mar-
HUTHBIX HOJIGfI, NHAYHTUPOBaHHBIX prHHOMaCI_HTa6HbIMI/I I'nApOoJnHaMU1€CKUMU BOJIHOBbDI-
MH BO3MYIIEHUSIMHU, & KMEHHO, PACCMAaTPUBAETCS MOJle/Ib OKEaHa, OCHOBaHHAY Ha 3aJa4e
MaIrHUTHON T'nAPpOANMHAMUKHN, KOTOPpad B HpI/I6ﬂI/I}K€HI/H/I JJIMHHBIX BOJIH MaJIOi AMITJIATY AbI
peyImupyercsi K MHTerpUPOBAHNIO OJHOTO CKaJIsIPHOTO ypaBHEHUsI /I MOAN(DHUIINPOBAH-
HO# (DYHKIIMHU, OIMUCHIBAIONIEH BO3MYIIIEHHE CBODOIHOM MOBEPXHOCTU KUJIKOTO CJIOS [175|.
B pa6orax [5},6] npoBeieHbl KauecTBeHHBIE ¥ YHCIEHHbBIE UCCIEIOBAHUS eOMU3TICCKIX
IPOIECCOB BO BPAIIAIONIEHCST 9JIEKTPOIIPOBOJAAIIEH KHUJIKOCTH ¢ YIETOM TOHOTpahpUIECKUX
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0CODEHHOCTEI U JIUCCUIIATUBHBIX (PaKTOPOB Andpy3un MArHUTHOIO TOJIS, & TAKKe IPe/I-
CTaBJIEH aHAJU3 M CIOCOD OIlpeeseHus MapaMeTpoB MCTOYHUKOB THAPOAMHAMUYICCKUX
BO3MYIIEHNN B 3aBUCUMOCTH OT MAarHuTHOrO ducjia Peitnosnbica.

B pabore [6] B paMKax KWHEMATHYECKOW TEOPHH JTHHAMO MTPOBOIUTCS MOJIEIHPOBa-
HUEe WHBEPCUU MATHUTHOTO MOJIS TaJaKTHIeCKOTO JTUCKA € UCHOJIH30BAHUEM ILTAHAPHOTO
NpUOJIHZKEHUs, YIUTHIBAIOIIEr0, 9TO TAJaKTUIeCKUil AUCK JOCTATOYHO TOHKHH. Bo3Hu-
KaeT WHTepec K BBIICHEHWIO BO3MOXKHOCTHU CYIIECTBOBAHWS WHBEPCUN MATHUTHOTO TOJIS
MOPCKO# CPeJIbl, YTO U TMPOBOJUTCSA B JAHHOM HCCJICJIOBAHUU, MPUIEM MPH MOCTPOCHUU
COOTBETCTBYIONIEH MOJIE/IN HMCIIOJIb3YeTCHd HE TOJbKO YPABHEHUE WHJYKIIMU MardHUTHOIO
1OJIst, HO U TOJIHAZ8 CUCTEMa TPEXMEPHBIX MAarHUTOIUIPOJNHAMUYECKUX YPABHEHUI.

2. IlocTaHoBKA 3a1a4n

Paccvorpum Bparmatoniuiics o naeasbHON HECKUMAEMOT 31eKTPOTTPOBOISIIE K1 I-
KOCTH, OrpaHUYeHHON CcBepXy CBOOOHOI TTOBEPXHOCTHIO 2 = hB(a:, Y, t), CHU3Y — TBEPAOHA
HEIIPOHUIIAEMON IMOBEePXHOCTBIO 2 = Z (:1;, y). Mcnomb3ys mpaMOyTOJBHYIO TeKapTOBY CH-
CTeMY KOOPJHMHAT, 10 00beMHON CHJION OyaeM IOHMMATh BEKTOP, MepIIeHIUKYIAPHBIHA
HEBO3MYIIICHHON IMMOBEPXHOCTU U HAIPABJICHHBLIA B CTOPOHY, IMPOTUBOIIOJIOXKHYIO BEpTHU-
KaabHOi ocu. Ilosaras, 4To och BpallleHHs >KUJIKOCTU COBIIAIAET ¢ BEPTUKAJILHOI OCBIO,
JIMHAMUKA, UCCJIelyeMOM CILJIOIIHON cpejibl OyJIeT OlpeIe/sdThCs PelIeHneM CUCTeMbl Tud-
depeHIaJIbHBIX YPABHEHUN C YaCTHBIMU TTPOU3BOHBIMI [1]:

ov Vp 1
—+(v,V)v=—"-—-2w,v| —gz+ — [rot b, b]|,
S V)V =L ]~ g o, b
ob 1 1
— = —rot [b,v] + —Ab, divb =0, divv =10
at  p o
C I'DAHUYHBIMU YCJIOBUSIMU HA 11OBepXHOCTSIX 2 = hp(x,y,t), 2 = Z(z,y):
07 Ohp Ohp Ohp
v, (z,y, Z,t) = Vo + vya—y, v, (z,y,hp,t) = Y + v, p + vy o

bZ(x7y7 hB7t) - bZO(x7y7t)7 bZ(xvya Z? t) = bi%)(%?/at), p(x7y7 hBat) = Do, b(xvya tht) = b07

rJIe U — CKOPOCTb KUJIKOCTH, p — JAaBjenue, hg — cBOOOIHAs OKeaHnIeCcKad MOBEPXHOCTD
CJI0s1, BPAIIAIOINIErocsd cO CKOPOCTHIO W, § —BEJIMINHA YCKOPEHUS CUJIbI TIXKECTH, O — TLJIOT-
HOCTH, b — BEKTOp WHAYKIMH MATHUTHOTO MOJS, { — MATCHUTHAasS TPOHUIAEMOCTb, 0 —

(e)

3JIEKTPOIPOBOIHOCTD cpensl, b, by, — m3BecTHble dbyHKIUHU, py U by — 3agaHHBIE KOH-

CTAHTHI.
B npubaunkenun JUIMHHBIX BOJIH MaJIOH aMILIMTY/IBI pellleHre W3HAYAIbHON KpaeBoit
3a/1a491 CBOJUTCS K PEIeHNI0 YpaBHEHU s

AN D bl — b
D (D> 2 D, — ) VA = 20 720
( t+a)(< t Rm> up> = )P,

JIJISE HEKOTOPOit MOIMPUIIMpPOBaHHON (DyHKIIMYM BO3MYIIEHUST CBOOOTHON TTOBEPXHOCTH K11
KOCTH &, CYIECTBOBAHUE peIeHns KOTOPOTO B BUJE TAPMOHUYIECKOI BOJIHBI

& =Im (Aexp (i(kx + ly — ot)))
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obocHoBaHO B pabore [3| Kak st KOHEYHBIX, TAK W GECKOHEYHOIO 3HAYEHUIT MAIHATHO-
ro uucja Peitno/baca, mpuyéM 4acToTa BOJHOBLIX BO3MYIIEHUN 0 gBJISETCS PENIeHHeM
JIUCTIEPCUOHHOTO YPaBHEHUS

P,(o) = Z cro®,
k=0

rae ¢, € C onpeessiiorcs U3 COOTHOIEHNH i1 HU3UIECKUX BEJIMINH.

3. MonenupoBaHnue

B paGore [4] paccMaTpuBaeTcss METON M MPEJCTABISETCS AJTOPUTM DENICHUsl JIUC-
IIEPpCUOHHOI'O YpaBHEHU, CO3,ZLaHHbII71 Ha OCHOBE€ MAIIIUHHOI'O O6y‘{eHI/IH U UTEPauOHHOI'O
YHUCJEHHOI'O0 METO/A, YTO MO3BOJIMIO MPOBECTU aHAJU3 BOJIIONNNA MATHUTOIHIPOTTHAMU-
YEeCKUX XapaKTEPHUCTHK B 3aBHCHMOCTH OT MarHuTHOro uncaa Peitnosbica [5]. Tpumem
JlaJiee 3HAYEHWS BOJIHOBBIX ducen k = [ = 1, a MPOeKIUM BHEITHEr0 MarHUTHOTO TTOJIS
Ha ocu T Uy — bp, = 0 u by = 1 coorsercrBenno. Torja ¢ y4éroM IIpejicTaBICHHBIX B
pabote [5| pe3ybTaToB KOMIIOHEHTBI BEKTOPA CKOPOCTH MPUMYT BHUJL

vy =o(n+by) +Hia(n+b,), v, =oln+b,) —ialn+b,),

bo 0H,  OH, 0z 0z
S L, g 22 10,22
v, < J O( + o )n+ v, o T ay)(z )—l—vxax—i—vyay,

rie Hy — dbyuknusg HeBO3MYyIIeHHOW TIyOuHbBI, a (DYHKIUNA n,l;x,i)y HMEIOT CJIeIyIolee

IIpeacTaB/JICHHUE:
202\ \ 2
n=|(a"+ (up(aQ —0?) (—w + R—)) 3

(a? —o?) (up(a -10) (—ia + }%) + 1) 13

(a2 — 0?) (u,o(oz i) (w - R%) + 1) ¢

KoMIonenTsl BeKTOpa MarHUTHOW HHJIYKIIUU BBIPAXKAIOTCSA MOCPEICTBOM MOIUDHUITU-
POBAaHHOM (DYHKIIMH BO3MYIIEHUS CBOOOTHOM IMOBEPXHOCTH KUJIKOCTH CJEIYIONIUM 0Opa-
30M:

R

S
<

by = pp(a® — o°)? (up(a -10) (—z’a + %) + 1) 3

by = ol = 0% (ot -io) (i = 2-) +1) €
b, = i(hy — Z)(by +b,).

['pacdbuueckas Buzyaausarus NPOBEJIEHHOIO BBIYUCAIUTEILHOIO IKCIEPUMEHTA TTO3BO-
JISIET YTBEPKAATh, UTO JIMHAMUYECKHUH ITPOIeCC NMeeT BhIPAayKEeHHYO TePUOINIECKYIO CTPYK-
TYPY, IPUA 3TOM 4Hepe3 peryJisipHbIIl IPOMEeXKYTOK BpeMeHU MPOUCXOJINUT pe3Kasd CMeHa Ha-
HpaBJICHUSI TeUYCHHUST CUJIOBBIX JIUHHUI. DTO ABJIEHUE, KaK PABHJIO, PETHCTPUPYETCS B TOH-
KOM CJIO€, IIPUJIEraloleM K IpaHuIle mogodacTeil ¢ pa3sHbIMUA 3HAKAME BEKTOPHOTO HOJIS
MarHuTHOR HMHAYKINKA. VIMEHHO B 3TOM IOIPAHUYHOM CJIO€ TPAIUEHT IMOJsI UMeeT 0O0/Ib-
1I0€ 3HAYEeHHe U MeHseT 3HaK. B Teopuun HesimHeilHbIX 1apabo/IMYecKux ypaBHeHUil Ma-
TEeMaTUYeCKOI (PU3MKK pelenus, 00a1al0Nne TaKUMHI CBOICTBAMU, IPUHATO HA3bIBATH
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KoHTpacTHbIME cTpyKTypamu [7]. [TomobHoe moBegerne MArHUTHOTO MOJIsI ONUCHIBACTCS,
Harnpumep, B pabore [6|, Tae paccmarpuBaeTcsi KWHEMATHYECKAA MOJENb, MPeJACTABIISIIO-
1asi CTPYKTYPY IUIAHAPHOTO TaJIaKTUYeCKOI0 MarHuTHOT'O TI0JIs1, B KOTOPO# TaKzKe BO3HU-
KAeT WHBEPCHUSI MATHUTHOTO MOJIsI. AHAIN3 MOCTPOEHHOW MATEMATHIECKON MO TaK7Ke
JIEMOHCTPUPYET CYIIeCTBOBAHUE ¥ BEKTOPHOT'O TOJIsI MArHUTHON WHIYKIINU OCOOBIX TOYEK
JIBYX THUIOB, & UMEHHO, y3Ja U celja, MpudeM y3eJ, OyaIydu yCTONYUBBIM B HEKOTOPBIN
MOMEHT BpPEMeHH, NePeXOJUT ¢ TeYeHHeM BpeMeHH B HEyCTONYHMBOE COCTOSHHE.

4. 3akKJII0YeHue

B npeacraBieHHOM HCCIe0BAHIN TPEIOKEHA MATEMATHIECKAS MOJIE/Th BOCIPOU3Be-
JIEHHSI MArHATOTHAPOIMHAMHIECKHIX IIPOIECCOB B OKEaHe CeBEPHOro mojyinapus. IIpome-
MOHCTpPpHUPOBaH aHAJINTHYeCKNil BU I10JIA CKOPOCTH U I10JIA MAarHUTHOH UHAYKIOWH. HpOBe—
,ZLéHHbIIU/I aHaJIN3 PEe3yJbTaTOB MaTeéMaTHYCeCKOI'0 MOJAC/JIUPOBAaHUA IBOJIOITUU MAlHUTHOT'O
moJId AeMOHCTPpUpPYyeT BO3HUKHOBEHUEC ABJIEHUA MHBEPCUU MWHAYIIMPOBAHHOT'O MAarHUTHOTO
HOJI ¢ HEKOTOPOH HMePHOIUIHOCTHIO. Pe3yIbTaTbl H METOIBI IIPeICTABJICHHBIX HCCIeI0-
BaHUI MOryT OBITH HCIOJIB30BAHBI C IIEJbIO OHpeIeeHHs MATHUTOIHMIPOIMHAMAICCKHX
XapaKTePUCTUK OKeaHa M MOPCKOH Cpeipl, [IJIs OIEeHKH HapaMeTPOB HCTOYHUKA BOJIHE-
HUil 110 uMerotneics nHGOPMAIIH 00 JIEKTPOMATHUTHOM I0JIe, HHIYIHPOBAHHOM COOT-
BETCTBYIOIIUM THAPOAMHAMUYECCKUM BOJIHOBBIM BO3MYIIEHUEM, COACPZKAILEMY 3HaHUA O
pu3MIeCKUX XapaKTePUCTUKAX MIEIb(MOBOI 30HbI, YTO SABJISIETCH BaXKHBIM ACIEKTOM 3HAa-
HUN AJId MOPCKHX TI'€e0JIOropa3BeJOYHbIX U3BICKAHUN 1 I/ICCﬂe,ZLOBaHI/Iﬁ. HpeﬂCTaBﬂeHHbIe
UCCJICJIOBAHUS MOTYT TO3BOJIMTH PeIiaTh MHOTHE TEXHUYECKHE MPOOIeMbl THIPOMDU3UKH,
CBsI3aHHBIE, HAIIPUMED, C HaBUTAIUel IOIBOTHBIX AIIIIAPATOB, IIONCKOM MTOJIE3HBIX HCKOIIa-
eMBIX Ha MOPCKOM JIHe, H3yJIeHHeM 3IeKTPOMATHUTHBIX SIBICHUI B OKeaHe ¢ BO3MOKHBIM
YCTAaHOBJIEHHEM UX B3aMMOCBA3U C IMHAMUYECKHMH IPOIECCAME, IPOTEKAIOIIMMHI B Ieo-
duznveckux cpeaax.
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Mathematical modeling of dynamic processes in a
continuous electrically conductive medium

S.K. Kazankov!, S.I. Peregudin?, S.E. Kholodova!
University IFMO!, Saint-Petersburg State University?

Abstract: A mathematical model describing the dynamics of geophysical processes in
an electrically conductive incompressible fluid bounded by free and solid impermeable
surfaces is presented, taking into account the effects of magnetic field diffusion, gravity
and Coriolis force. The mathematical model is based on the solution of the boundary
magnetohydrodynamic problem for partial differential equations, taking into account
the effects of long waves of small amplitude. By means of appropriate transformations,
the system of differential equations of vector type and partial derivatives can be
reduced to one scalar equation for the modified function perturbation of the free
surface of the ocean. The mathematical analysis of the presented model used to study
magnetohydrodynamic processes in the ocean of the northern hemisphere demonstrates
the occurrence of the phenomenon of inversion of the induced magnetic field.

Keywords: magnetic hydrodynamics, geophysics, ocean, electrically conductive fluid,
incompressible fluid, mathematical modeling, magnetic field inversion.
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VIIK 004.042

YHUuBepcaJbHBIA aJITOPUTM 00pabOTKU COOOIIeHniT 13
MECCEH/I?>KepOB

Kanaokwa E.C., Mamenosa T.O.

Hanumonabublii uccienosare/ibckuit MopoBeKuii rocy1apcTBeHHBIN YHUBEPCUTET

Annomayusa: B crarbe mpescraBieHa pa3paboTKa YHUBEPCATHLHOTO AJTOPUTMA, Ha-
MTPABJIEHHOTO HA YCTONYIUBYIO BBITPY3KY COOONIEHWI N3 TPHUIIOKEHH-MECCeH IKepa, BO
BHEIITHIOI cUCTeMy. AJITOpUTM OTBeYaeT MOTPEOHOCTIM 3D PEKTUBHON BBITPY3KH CO-
OOITeH i, yIIydiieHus TOCTYITHOCTH JaHHBIX. IIpolecc uccire1oBanns BKIIIOYAET U3Y-
YeHue MPUHIIUIIOB BHIMPY3KH COOOIIEHMIT U3 MOILYIIPHBIX MECCEH/?KEPOB U Pa3pabOTKy
aJITOPUTMA.

Karouesnie cro6a: YHUBEPCATHHBINA aJTOPUTM, MECCEH/IZKED, BHITPY3Ka, BHENTHSIS CH-
cTeMa, ONTUMU3AIMS XPAHEHUsI, JOCTYTHOCTD JAHHBIX.

Paspaborka yHHBepCcaIbHOIO aJArOpUTMa s YCTORUHBON BBIIPY3KHU COOOIEHUN u3
MECCEH/I2KEPA BO BHEITHIOID CUCTEMY BarKHA 110 CJIC/IYIONUM HPUIUHAM.

JloCTyIHOCTD ¥ ePEHOCUMOCTD JAHHBIX: BBITPY3Ka COODIEHNT BO BHEITHIOK CUCTEMY
MO3BOJISIET MOIB30BATEIAM HOJIYYIATh JIOCTYI K CBOUM 0ecelaM ¢ Pa3JIMIHBIX yCTPOUCTB
win mwiardopM. DTo obserdaer OECITOBHYIO CHHXPOHUBAIWIO W FapaHTHPYET, UTO CO00-
IMEHUd OCTAHYTCA JOCTYIHBIME, Ja2Ke €CJIH IPUIOKEHHEe MeCCeHzKepa HeJ0CTYIIHO WU
obL10 yaaseno. [lonb3oBaresm MOTYT JIETKO IepeKaiovaTh yCTPOHCTBA HIH ILJIATHOPMBI,
COXPaHsss UCTOPHIO COOOIEHUH, YTO CIOCOOCTBYET JOCTYIHOCTH U IIEPEHOCHMOCTH JIaH-
HBIX.

PesepBHOe KonmupoBaHHe W BOCCTAaHOBIEHUE JaHHBIX: BBITPY3Ka COOOIIEHUN BO BHEIII-
HIOIO CHCTeMY ODeCIednBaeT MEXaHU3M PE3ePBHOINO KONUPOBAHUS JIJIsi COXPAHEHUS BaZK-
HBIX Pa3roBOPOB. IDTO MOMOTAET 3ANUTHTH JAAHHBIE OT CJIYYAIHOrO YIa/€HUsl, MOTEPU
ycrpoiictBa nian cboeB B padoTe NpHIOKEHUA. XpaHsd COOOIIEeHWsS BO BHEIIHENH cucTe-
Me, TI0/Ib30BATEIN IOy Yal0T HAIEKHYI0 PE3EPBHYIO0 KON, KOTOPAs MTO3BOJISIET BOCCTA-
HOBUTD JIaHHBIE B CJy4ae Ype3BbIYAMHBIX CHTyalldil MM IOTEPU JAHHBIX, 0DecliednBast
YCTONYUBOCTDH ¥ HEIIPEPBIBHOCTH JIAHHBIX.

O yHKIHOHAJIbHAS COBMECTHUMOCTD U MHTETPAIUA: aJITOPHTM BBIIPY3KH 00ECIIeUHBACT
GYHKIIMOHAIBHYIO COBMECTUMOCTH U HMHTETPAIUIO C JIPYTUMHU MPUIOKEHUSIME U CHCTEeMa-
mu. [lepenaBas coobiieHns BO BHENIHIOID CHCTEMY, TMOJbL30BATEIN MOTYT HCIOJIH30BATH
CTOPOHHUE CEPBUCHI, HHCTPYMEHTHI AHAIU3a WA APXUBHBIE CUCTEMbI. DTO PACIIADSIET
BO3MOYKHOCTH WHTErDAINK JAHHBIX OOMEHa, COODIEHUSMHU C JAPYTUMH TPUIOKEHUSIMH,
obecriednBasi PaCIUPeHHYI0 aHAJUTHUKY, YIIPAB/I€HNE COOTBETCTBUEM HOPMATHBHBIM Tpe-
OOBaHUAM WM CIEINHUAIU3UPOBAHHBIE pabovyue MPOIecCHl.

osrocpodnoe XpaneHue JAHHBIX: B HEKOTOPBIX CJAy4adX, HAIIPUMED, B COOTBETCTBUU
¢ IOPUJAMYECKUMU HJIM HOPMATHBHBIMH TPeOOBAHUAMHU, HEOOXOIUMO JIUTEIbHOE XpaHe-
HUe JaHHBIX. Pa3paboTka aJropuTMa BBITPY3KH OOJIerdaeT apXUBHPOBAHUE U XPAaHEHHE
COODIIEHMI 3a MpeleaMi OTPaHUYeHUN MpuaoKeHusa-MeccenazKepa. CoobIIeHnsT MOTyT
XPAHUTBHCS BO BHeNIHEH cucTeme Oe301MacHO M HAJEXKHO, obeciiednBasi COOIONEHHE TOJIH-
TUKJ XPAaHEeHHs JAHHBIX U HOIJepKUBas 0pundeckne obs3areancrsa [1).

PaccMoTpuM mony/ispHBIE MECCEH IZKePhI, HCIOIb3yeMble Ha Teppuropuu Pd.

WhatsApp, Telegram n BKonrtakre (VK) nmetor paznnunsie apxurektypsl API n
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beHK]_[I/IOHa.HbHBIG BO3MOXKHOCTH, YTO MOZKET IPpUBECTU K pa3/JIMIuAM B HUX IIOAXOJaX K
3arpysKe cooOIeHuil BO BHENTHIO cucTteMy. Tem He MeHee, B ODIUX KOHIENIHAX 1 (PyHK-
IMUOHAJBHBIX BO3MOXKHOCTAX UMEIOTCA HEKOTOPbhIE CXOACTBA.

Barpyska n 00paboTKa MyJILTHMEINA:

[TockoJibKy Bce m1aTdOpMBbl MOJIEPKUBAIOT PA3IAIHbIE THIIBI MeJIHa, TAKHE KaK H300-
pazKeHusl, BUIeO U JOKyMeHTHI, uX API mpegoctaBiasior MeXxaHU3MBbI 115 3arpy3Kd MeIua-
¢ait/IoB BO BHEITHIOIO CHCTEMY. DTO MOXKET BKJIIOYATH OTIPaBKy Meanadaitios B popmare
multipart /form-data wau npenocrapienne URL-aapecos jist 3arpy3Ku Me IHAKOHTEHTA BO
BHEIIHIOIO CUCTEMY.

[TakerHast 0O6paboTKa MM MaccoBas 3arpy3Ka:

APT srux mrardgopm npemiararor MYHKIUA JII9 MACCOBON BBITPY3KH WU HAKETHO
00paboTKM COOOIIEeHH. DTO MO3BOAgET pa3paboTunKaM 3arpyzKaTh cpa3y HECKOJIBKO CO-
obIenuii, cokparias KoauaecrBo 3anpocos K API u ontuMusupys nporecc 3arpysku [2].

O6paboTka ommbOK U KOJbI OTBETOB:

CxoacTBa COCTOAT B TOM, KaK 3TU IIaTGHOPMbI 06padaThIBAIOT OMIUOKU U MPEIOCTAB-
JISIIOT KOIBI 0TBeTOB B cBouX API. DTo MoKeT BKJIIOYATH BO3BPAT ONPEIEIEHHBIX KOIOB
OIMMOOK MM COOOIIEeHH 06 omuOKaX, YKA3bIBAIOIINX Ha MPOOJIeMBI ¢ 3arpy3Koi coobIe-
HUil, HanpuMep, coon ayTeHTu(UKAIKMYT, HeJAOIyCTUMbIe (DOPMAThI COOOIIEHUIA.

AJIFOpI/ITM BBITPY3KH OOJIZKEH OTBe4YaThb CJIeAYIOIIUM Tpe6OBaHI/IHMZ

1. Uckiriouenne BHITPY3KHU JyOJIMKATOB COOOIEHUI TTPU TTOBTOPHOM UCIIOJTHEHUH.

2. VeroitanBocTh K cereBbiM 1 API ommbkam.

3. YHUBEPCAJIbHOCTD UCIOJIB30BAHUS /IS PA3IUIHBIX MECCEHIZKEPOB.

B anropurme durypupyior Takue CynIHOCTH KaK: JUAJIOTH, YATHI, COOOIIECHH.

JInanoru BBeIEHBI 10 MPHUYUHE BO3MOKHOTO OTCYTCTBHS (DUIBTPAIIUN OIPEIETEHHOTO
tuna garos. K npumMepy, Telegram #e mo3Bo/isieT Npu MOJIYUYEHHH CIIHCKA, TUAJIOTOB 33/1aTh
dbusprpanuo no runam garos [3).

Kazxkapiit mar KoHe4HOI0 aBTOMaTa COJIEPKUT B cebe Gosiee 1MoAPOOHYIO pean3alinio
AJITOPUTMA.

B mekoTopbix marax purypupyioT Takue CylHOCTH Kak:

1. Networkerror — npejicraBiiger coboil ceTeByI0 OIIMOKY, B CJydae ee HOJYUIeHHs Mbl
JIOJIZKHBI Iepe3alycKaTh TeKYIIUi Irar.

2. Permanenterror — npeacrasisier coboit mocrogaayio omuoky API, koTopast uckio-
JaeT 1e1ecoodpa3HocTh JaabHelInei padoThl ¢ JAHHONR CYITHOCTBIO.

3. Error — mpezcTaBisier co0oii JTIOOYIO0 MOJIYIAEMYIO ONHAOKY.

B zaksiouenue cjejlyer OTMETHTb, YTO LPEJICTABJIEHHBIH YHUBEPCAJILHBIH aJIrOPUTM
BBITDY3KH COOOIIEHUI U3 MECCEH/[XKEPOB BO BHEIIHIOI CUCTEMY IpejjiaraeT nepcueKTHB-
HOE pelleHne [Ijisi PereHus mpod/aeM ONTUMHU3AINN XPAHEHUsI, TOCTYTHOCTH. AJIropuTm
YUUTBHIBAET pa3/ndHble (paKTOPbI, TAKNE KAK BO3PACT COOOIIECHUIl, UX aKTYaJbHOCTD, YTO-
OBl 0beciednTh 3PPEKTUBHYIO BRIIPY3KY coobiennii. biarogaps miaBHoii nepejade cTa-
PBIX HJIM MeHee aKTYaJbHBIX COOOIEHUH BO BHEIIHIOID CHCTEMY OCBODOXKIAETCH IHMEHHOEe
HPOCTPAHCTBO JJIsi XpaHeHUs] BHYTPH HPUJIOKEHUS MeCCeHIzKepa, UTO IMO3BOJIAET MOBbI-
CUTH TPOU3BOJIUTEILHOCTD U YI0OCTBO pabOTHI MOJIb30BATEICH.

YHuBepca bHBIN aITOPUTM BLITPY3KH COOOTIECHUN U3 MECCEHIXKEPOB BO BHEIITHIOD CH-
CTEeMY BHOCHT IEHHBIN BKJIAJI B peleHue 1pob/ieM ¢ XpaHeHueM u ycroituuBoctoio. Kro pe-
AJIM3AIHASA OTKPBIBAET MEPCIEKTUBDI I 11aT(hopM 00MeHa COOOIIEHUAMU, CTPEMSATIIIXCS
OIITUMU3UPOBATH UCIIOJIB30BaHNE XPaHUJINIA, IOBBICUTH IMPOU3BOAUTE/IbHOCTL U IPOABI-
raTh 9KOJIOTTIecKn Oe30macHbie MeTOoAbl. BHEIPUB 3TOT aJITOPUTM, CJIyzKObI 0OMeHa co00-
MEHUSAMH MOT'YT IOBBICUTD YAOBJIETBOPEHHOCTD IOJIb30BaTe e, 00eCIeYnuTh JTOCTYITHOCTD

80



XVI Meowcdynapodnas nayuwras xongeperyua
«Judpeperyuarvroe YpasHeRUA U UT NPUAOAHCEHUA 6 MATMEMATNUNECKOM MOJEAUDOBAHUL>

Capanck, 17-20 aseycma 2023 20da

JIAHHBIX U JIOOMTHCH 3HAYUTEIbHBIX YCIIEXOB HA IYyTH K O0Jjiee SKOJIOrn4dHoi u 3hpexTns-
HOI 3KOCHCTEeMe 00MEHa COODIIMEHUIMA.
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Universal algorithm for processing messages from
messengers

E.S. Kalabkin, T.F. Mamedova

National Research Mordovia State University

Abstract: The article presents the development of a universal algorithm aimed at
stable unloading of messages from a messenger application to an external system.
The algorithm meets the needs of efficient unloading of messages, improving data
availability. The research process includes studying the principles of unloading messages
from popular messengers and developing an algorithm.
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data availability.
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Oyuknug I'puna 3agaun lupuxie ajis
IMOJINTAPMOHUYECKOTO0 YPaBHEHUd B HIape

Kapauunk B.B.

Ok HO0- Y paabCKuil TOCYIaPCTBEHHBIH YHUBEPCHTET
(HarmuoHathHBIH HCCI60BATENLCKII YHIBEPCHTET)

Annomayus: B pabore naercs spHoe upeicrasiedue oynkuuu I'puna 3agadun Jupu-
XJI€ JIJIs1 TIOJIMTAPMOHUYIECKOTO YPABHEHUS B €IMHUYHOM IIIape.

Karwuesvie caosa: 3amada dupuxite, mosurapMOHUYecKoe ypasHenne, dyukmnus ['pu-
HA.

1. BBenenue

JL1s perenns KpaeBbIX 33,144 JIJI OJTHOPOIHBIX YPABHEHUN YaCTO UCHOTB3YIOT (DYHK-
nuio ['puna stux 3aa4. Asublii Buj dyunknuit 'puna /g pasubix KpaeBbIX 3a/a4 1IPe/I-
craB/ieH BO MHOrux paborax. Hanpumep, aBubiit Buj dpyukiuu ['puna g 3-if Kpaesoii
3aja4n ObLT HalleH B paborax [1-3], a dynkuun ['punra B cekTope m/st GUrapMOHHIECKOTO
W 3-rapMOHMYeCKOro ypaprenuii B paborax [4,5]. Crarbu [6-8] mocmsIiieHbl OCTPOEHHIO
dyukmun ['puna 3amaun lupuxie Aad MOIUTapMOHMYECKOTO YDABHEHUs B €IMHUYHOM
mape, a B padore 9] maxongarcs pemenns 3a7a4d Jupuxie u Heiimana 17 0JHOPOJHO-
ro MOJUrapMOHHYIeCKOro ypasHenus. B [10-12| mpusenen sisubiit Bug dbyukmmii ['puna
JIJIg OUTAapMOHMYECKOTO W 3-TapMOHWYECKOTO yDaBHEHW B €IMHUYHOM Inape. B cBssm ¢
OMIapMOHMYECKUM yPABHEHUEM OTMETHM Hexaasuue paborbl [13,14], nocssiennbie ycao-
BUSIM Pa3pelimMOCTH HEKOTOPHIX HECTAHIAPTHLIX 334 B IIape Jijig OUrapMOHUYECKOrO
ypasaenusi. B pabore [15] Ha 0OCHOBAHHN HHTEIPAJBLHOTO IpecTaBIeHnsT (DYHKII Kiacca
u € C*(D) N C3(D) natorcs mETErpaIbHbIe MpeCTaBIeHus pemennii 3aga41 Hasbe [16]
n Puxbe-Heiimana [17] mias GurapMOHHYECKOTO YpaBHEHUsT B IHHUTHOM ITape, & TaKiKe
crposrces dynknuu ['puna s1ux 3ama4. B paborax [18,19] 911 pe3yabraTsl MpoIoIzKaIOT-
cd Ha MoJurapMoHmYeckoe ypaBHeHWe. Oyukiug ['puHa mpuMmeHseTcs TakKe W JIJIs HC-
CJIeTIOBAHUS HEJOKAJIBHBIX ypaBHeHuil. Hanpumep, B pabore [20], uccrenoBana paspern-
MOCTB YeTHIPeX KPAeBBIX 33124 JJIs OJTHOTO HEJOKAJBHOTO OUTapMOHUIECKOTO YPaBHEHUS
¢ nuBosonueil. OTMeTHM TaKKe HEKOTOPbIE HEJABHO BbIIIe Anue paboThl 10 TOCTPOCHUIO
dbyukmun 'puna pasnnanbix Kpaesbix 3aja4 [21-24]. B macrosimeii pabore, uccieyercs
Npe/ICTaBJIeHIe PelieHuii 0HOPOoAHON 3ama4yn lupuxie aad m-rapMOHHYIECKOTO ypaBHe-
Hust B emHIIHOM Tape S = {z € R" : |z| < 1}

Amu(e) = f(z), w8, 1)
ou o1y

= —| = ., ——| =0. 2

U|35 Oa 8V o5 07 ) 31/’"*1 o5 0 ( )

2. dyagaMeHTAJIbHOE PEIeHne

[Iycre m € N. Torga muoxkecrso N\ {1} mMoxkHO pasburb Ha JBa HELHEpeCeKaro-
muxcst MEO)kectBa Ny, = {n € N :n > 2m > 1} U (2N + 1) u jgonosHenue x Hemy
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N¢ = {2,4,...,2m}. [lockoabky muO)kecTBo NY — koHeunoe, To N,,, — Geckoneunoe. flc-
Ho, yto N¢ | C N¢ . a mostomy N,, C N,,_;. Paccmorpum dbyrIaMeHTAIBHOE peleHne
m-rapMmoamdeckoro ypasuenuns Ay = 0 B Buze

(=)™ — g
(2-n,2),.(2,2),, ,

ng(I7§> - m 2m—; m—n/2
(1)) — ¢] . C
(2 —n, 2)%(27 2>m_1 (ln ’iC - €| - kZ::l %) , neNf.

n € N,,,

Bnecw (a,b), = ala+b)...(a+ kb — b) — obobmennsii cumsos [loxrammepa c co-

rnamenueM (a,b), = 1, a cumBoa (a,b); - O3HAYaeT, YTO eCJHU CPeIH COMHOZKHTEJEH
a,(a+0b),...(a+ kb—10), Bxopamux B (a,b),, ecrp 0, TO ero cieayer 3aMeHuTb Ha 1,
nanpumep, (—2,2)5 = (=2)-1-2 = —4. Kpome Toro, eciim B cymme, Bxogsiiei B (3)

BerHI/IfI HHICKC CTaAaHOBUTCA MEHBLIIC HHUZKHEIr'o, TO CyMMa CUHUTaCTCA paBHOIU/I HYJIIO.

Bameuanue 3. Qyndamernmanvroe pewerue (T, ) HESHAUUMEALHO OMAUNAEMCH OM
PYHoaMenmanvro2o peuenua noAu2aPMoHuwecko2o ypashenus G, ,(x) pacemampusae-
mozo C.JI. Coboaesvim 6 [25]. Ilpu n € N, omauuue 6 mnoocumene (—1)", a npu
n € NS pasauvue 6oaee samemmno: emecmo In(Clz|), xax y Cobosesa, bepemea 6vipa-

m—n/2
orcenue In x| — > Bsedem obosnavenue E;, (x,&) = Eap, (i — |x|§) :
=2k ||

JIemma 1. Cummempuunas Gynryus Eom(T,£) asasemes m-2apmonuseckol no r € S
npu x # £ Cummempuunan dynxyua &, (r,€) asasemea m-zapmonuseckol no v € S
npu & € 5.

Bameuanue 4. B pabome [19] ucnosv306ai0ct s4eMEHMAPHOE PEUEHUE NOAULAPMOHU-
weckoz20 ypasnenud Fon,(1,€), komopoe ceasano ¢ Pyrxyuets Eap(2,§) pasencmeom

52m<x,f), neN,
Eo(2,€) = (=1)"|z — &P m=l 1
52m<$7§) - z 5 NE an
(2 =1, 2)5(2,2) 0y 122 2K
Takas yuknusa Es,(x,§) obaamaer cpoiictBom A, Eoy,(x,€) = —FEoy_o(x, &) upn
x # £ DTO paBeHCTBO NMPUMEHSIOCh MPHU mocTpoeHnn (Gpyukiuu ['puna 3a1aun Pukbe-
Heitmana.

3. @yuknug I'puna

Ternepb MBI MOYKEM MOJYUUTH Hpejicrapienue Gyakunu ['puna 3agadn Jupuxie (1)-
n

(2). Beemem oneparop Au(z) = > ziuy,,.

Teopema 1. Qyurxyusa I'puna Gop(x,§) sadawu Jdupuzae (1)-(2) npun > 2 um € N
MODHCEM oMb 3aNUCAHA 6 BUIE

= |:c|2 <|s|2 )" x
Gom(,8) = Eop(x, &) — kz:% ~2).(2.2), Eam—2k (m; |$|f) (3)

Pynryus Gopy(x, &) asasemes m-2apmonuyeckoti no v € S, x # &£ € S u ydosaemso-
PAECM. PABEHCMBAM

OGom (. O Gy (z,
Gom (7, &) |zeas = 0, %heas =0,..., 81/;_(1 ) lecos =0, € S.
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Bameuanue 5. [Ipu n = 2, 6 coomeememeuu ¢ [10, meopema 2.3/, dynxyus I'puna
umeem eud
. (l=* =D = 1) .. 1
Ga(,€) = Ex(w,€) — Ej(x,€) - g (B@o+3) @
Dopmyita (4) coBuagaer c (3). deiicrBurensno, nockoabky N5 = {2,4}, a N{ = {2},
TO B CAJY 3aMedaHud 2 uMeeM

Eoln ) — E(nf). Brlr6) — & e 1, = —¢f?

2(2,§) = &E(x,€), Eu(z,§) = 4($7§)—m;ﬁ— 4(2, &) — ra—
[Moacrapiss 91w 3Hadenus B (4) moayaum dopmyay (3)

2
x
2 — — |zl¢
Gutw&) =&z, 6) - 2 g L

2 2 _ 2 _ 2 _

L= DO 50060+ 1) = utw0) - €10 - WD Dy g

[lpu m = 3 un = 4 umeem 2 € N§. B sarom caryuae B [12, reopema 2| Takzxke ObLIO
noJtydeno npejcrapiaenune Gyakinun ['prHa, KoTopoe Toke coBnagaer ¢ dhopmynoi (3).

4. IlonuHOMUaJJ bHas IIpaBas YacCTh

Paccmorpum nipocreiiniuit 9acTHBINH crydail TOJMHOMHUAILHOM MTPaBoil 4acTu ypaBHe-
aust (1).

Teopema 2. Ilycmov 6 ypasuenuu (1) f(x) = |z|* Hy(z), 20e Hy(x) — 0dnopodnwiti 2ap-
monueckut noaunom cmenenu k € No, [ € N un > 2. Toeda pewenue 3adavwu Jlupuzaie
(1)-(2) umeem eud

(—1)™ 21
= Gom (2, Hi(8) d§ =
u(z) %‘@02@1M|k@5
w[l+m : Hy ()
o 2A+2m 2 1) k
= | |z[** ; Z_ (J=|* = 1) (2042,2), (20 + 2k +n,2),

ede (a,b), — obobwennnl cumson Iloxzammepa.
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The Green’s function of the Dirichlet problem for the

polyharmonic equation in a ball
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Abstract: The paper gives an explicit representation of the Green’s function of the
Dirichlet problem for the polyharmonic equation in the unit ball.
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YK 517.957

O MozesmmpoBaHNy U NIACHTU(PUKALAN TapaMeTPOB
pacnpejejeHHbIX (hopMaruii’|

Kocos A.A., Cemenos 9.U., Toscruxun A.A.

NuctutyT muHaMukn cucteM u Teopun yupasienns umern B.M.Marpocosa CO PAH

Annomayua: PaccMaTpuBaioTCs BOTIPOCHI MOIEIUPOBAHUS U UACHTU(MUKAIIAN TIapa-
MeTpOB 15 (hopMaImii ¢ pacIpeeleHHbIMEA XapaKTepucTukamu. /[ano pa3surue me-
TOJIOB ITOCTPOEHHUsT TOYHBIX PEIIEHUl HeJIMHEHHBIX CUCTEM THIA, peakiuu-auddy3un,
KOTOpbIE MOYKHO HCIIOJIb30BATh JIJIsi MOJEJMPOBAHMS PACIPEIeTeHHbIX (hOPMAIHil.
[Ipemioxkeno ucmomb30BaTh OUO-HHCIIUPUPOBAHHBIE AJITOPUTMBL ISl PEIIEHU 33134
UIEHTUOUKAIINN TTApaMETPOB (DOPMAIIUil C PACTPEIETIEHHBIMU XapaKTEPUCTUKAMH.

Karoueevie caosa: ypaBHeHUs TapabOINIeCKOr0 THTIA, TOYHbIE DEIIeHNUsI, MaTeMaTH Ie-
ckoe MozenupoBanue opMaruii, naeHTHUKAINS TapaMETPOB, MOHUTOPUHT TIOJIEH.

1. BBenenue

B nociiennee necaruierne mponcxXoauT OBICTPOE PA3BUTHE TAKUX HOBBIX TUIIOB yIIPAB-
JISEMBIX CHCTEM, KaK OeCIUIOTHbBIE JeTaTeIbHble AlllapaThl, ABTOHOMHBIE IOIBOIHbBIE PO-
00TBHl W Jpyrue CUCTeMbl B3aUMOIECHCTBYIONIUX JUHAMUYECKHX OOBEKTOB, 0Opa3yIONINX
asmkyimmecs dbopmanuu [1). OHn HaxomsT MpuMeHeHHe BO MHOIHX OOJIACTSIX T€XHHKH.
ITpu 3TOoM HabIIOIaETCA TEHAEHINSA K MUHUATIOPU3AINH TOABUKHBIX 00bEKTOB, HEODX0-
JIMMOCTDb MX OPTaHU3aIMU B POU WJIK CTad, BKJIIOYAIONIHE OYeHb OOJIBIIOE YUCI0 OO0 BEKTOB,
YTO HeH30eKHO IPUBEIET K IOSIBJICHHUIO OIMUCAHUS UX MOje/]eil B TepMHHAX MaKpolapa-
MeTPOB (TaKWX, KaK [JIOTHOCTH, KOHIEHTPAIIMA U T. I1.), AaHAJIOTHYHO TOMY, KAK 9TO MPO-
HCXOIUIO HA JTAlle CTAHOBJIEHUS THAPO- U Ta30JUHAMUKH, TEPMOJIMHAMIKA, XUMHUIECKOH
KHHETUKHU U T. 7. MaremMarudeckue MOJAEJH TaKOr0 PO/ CHCTEM ¢ PACHPE I ICHHBIMU 1A~
pamMeTrpaMu OOBIYHO ONHCHIBAIOTCS cucTeMaMu AudpdepeHIuaJ bHbIX YPaBHEHU B 4acT-
HBIX HpPOU3BOAHBIX. /Indeperiuanbapie ypaBHEHHSI B YaCTHBIX ITPOU3BOIHBIX HAYAJIH
HCIIOIB30BATHCA IPH MOAEINPOBAHUN JABHKeHUsT (DOPMAINii TOABUKHBIX O0BEKTOB C Pac-
npejleleHHBIME XapakTepucTukamu. B [2] mpuBoauTes ogHOMepHOe ypaBHEHNEe B 4ACTHBIX
npousBogHbiXx Pokkepa-Ilnanka, onuceiBaionee auddy3ui0 IMIOTHOCTH areHTOB. 3]1eCh
JKe YKa3aHo TaK:Ke, 4TO JIJIsSI OIMUCAHHUS W3MEHEHHs ILIOTHOCTH POsS MCIOJb3YIOT JUHE-
HOEe OJJHOMepHOe ypaBHeHue peakiuu-auddysuu. B [3| 11s mogenupopanust hopmanuu ¢
yIpaBJIeHHeM [0 NPUHITUIY OTKJIOHEHUs OT ABUXKEHUS JUIepa TPUMEHSIOCH OJTHOMEPHOE
ypaBHeHue 11apadbo/imdecKoro THIla.

Panee aBropamu Oblia npemioxena [4] maremarndeckast MOJedb HPOIECCAa PACIPO-
CTpaHEHHs JIBYX B3aUMOJIEHCTBYIOIINX PacIpeIeJeHHbIX (pbopMamuii pob0TOB ¢ HEKOTOPOii
0a3bl B OKPYZKaIoIee MPOCTPAHCTBO, OMUCHIBAEMast CHCTEMOI IBYX ypaBHEHUH mapabo.In-
YeCcKOr'o THUIIA. BBLIM mocTpoeHbl mapaMeTrpudeckue ceMmeificTBa TOYHBIX PelleHuil, KoTo-
pble MOYKHO HCIIOJIB30BATD JJIsd OTHICKAHUS 3aKOHOB YIPABJICHHSA I'DAHUIHBIMU YCJIOBHUS-
MH, 00eCIeYHBAIONINX paclpocTpaHenue ¢dopMaiuil Ha 00JaCTh 3aJaHHBIX Pa3MepoB 33
3ajanHoe BpeMs. B mokiane OyaeT mpejcraBieHa MojeIb Oojee o0IIero Buaa, B KOTO-
poit K03 UIMUEeHTH aMOPTU3ANUKA MOTYT 3aBUCETh OT TEKYIIel IJIOTHOCTH (POPMAIMH.

“Pabora BhImoJIHEH, TpU (HDUHAHCOBOI noiep:kke rpanta PH® Ne 22-29-00819
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HNcnonb3yst TOUHBIE PEIIeHUs] MOJIEJIN, MOXKHO IIOJIydaTh OIMMCAHUE ITPOIECCa PacIpocTpa-
HEHMSsI B3auMo/ielicTByonmx popmarnii ¢ 6a3sl Ha MpuJeramnyo reppuropuio. [Ipu srom
MHTEePEeC MPeJCTaBIsSIOT TaKWe OCHOBHBIE TTapaMeTphl (hOpMAIni, KaK pacioIoKeHne 6a3bl
W JINHUH YPOBHSI TOCTOSTHHO MJIOTHOCTH, TTOKA3bIBAIOIINX POPMY yrKe OCBOEHHOI 0bJ1acTn
U TEMIIbI pacceaeHud.

C apyroii cTOpoHbl, HACHTU(MUKAIES TAKKX OCHOBHBIX IapaMeTpoB paclpeeeHHoi
dopmanuy BaKHA M HE3aBUCHUMO OT HAJUYMSA MaTeMaTUdecKoil momgenu. Pemrenune mo-
JOOHOM 3aJa4Ui MOZKET BBIIOJTHSITHCA Apyroit (bopMmaliueil, cocTosimei n3 KOHETHOTO THC-
Jia, pobOTOB, JEHCTBYIONIUX COIJIaCOBaHHO. KpoMe Toro, onpe/iejieHne JUHUNR yPOBHS JIJIsi
KaKOro-Tu00 KOJIMYEeCTBEHHOI'O MOKA3aTe I CAMO 10 ce0e MOYKET IIPeICTABISITh 3HATNMY IO
poJib. TUMUYHBIM PUMEPOM SIBJASIETCS TPOJIOJIKUTEIbHBI MOHUTOPUHT 33 JaHHON 00/1a-
CTH KOHEYHO# (ropmarimeii aBTOHOMHBIX POOOTOB C IEJhI0O OTCAEKWBAHUSA KOHIIEHTPAITHI
3arpsI3HMONINX BEIEeCTB WIH IUIOTHOCTEH pPeJKHX WU dHIEMHYHBIX OMOJIOIMYeCKUX BU-
JioB. B jok/aze O6yayT npeacTaBieHbl pe3yabTaThl 110 MOJIEJTHPOBAHKIO, UACHTU(MUKAIINN
U yrpaBiaeHuo GopMaIMsSIMU ¢ PACIPEIETeHHBIMA XapaKTePUCTHKAMH.

2. MoaenmupoBaHTe pacIpOCTPaHEHNs PpacOpeaeJIeHHbIX (popMaIimii

PaccmarpuBaercs napabosindecKkast cucTreMa YpaBHeHHI Tuna peaknnu-auddys3nn

u =V - (u)‘Vu) + aurMH + (Jlu’\ — /{;1) u,
vy =V - (VFV0) + Bo' Tt + (o9v” — ko) v. (1)

3necb n € N, x € R" — BeKTOp HPOCTPAHCTBEHHBIX IIepeMeHHbIX, t > (0 — Bpems,
u = u(x,t), v = v(x,t) — uckombie OYHKIWMH, V — OMepaTop TPajuenTa M0 MPOCTPaH-
CTBeHHBIM mepeMeHHbIM; A # 0, 1 # 0 — BelecTBeHHbIE TTapaMeTPhl HEJTHHEHHOCTH CPEeIbI;
a#0, 8 #0, 01, 09, k1, ko — BelecTBeHHBIE MOCTOSTHHBIE KOIDMDUITHEHTHI.

[Ipu mogenupoBanuu pacupoctpanenus (opmaruit MOOUIBHBIX POOOTOB € pacipe-
JIEJIEHHBIME XapaKTEePUCTUKAMEI HCIOJIb3YIOTCS aHAJIOIMYHbIe (1) TOIXOMbl K OMHCAHUIO
nuddysnonnbx nporeccos [5]. [Ipu srom u = u(x,t), v = v(X,t) TPAKTYIOTCI KAK MLIOT-
HOCTH (KOJIMUECTBA B eJUHUIE 06beMa) poboToB B mpocTpancTBe. Kak orMeuaercs B 00-
3ope [3|, B mocsienee BpeMst ypaBHEHHUS ¢ YACTHBIME IPOM3BOAHBIME CTAJIH IPUMEHSTHCS
JIJIsT MOJIETUPOBAaHUS JIBUZKeHUsT (popManuii B3anMoAefcTBYIONUX POOOTOB B POEBOH PO-
OOTOTeXHHUKE, NPH ITOM OCHOBHAS TPYJAHOCTH COCTOMT B TOM, 4TO <«analytical solutions
of PDEs are available only for a small number of special cases». [Tosatomy passutue me-
TOJIOB HOCTPOEHUsI TOYHLIX PEIIeHui Oy/eT MOJIe3HO MPU HOCTPOCHUU U HCCJIETOBAHUN
MoJiesiell pacnpocTpanenus: hoOpMaIuil ¢ pacupe/ieleHHbIME XapaKTePUCTUKAMHU B POEBO
pODOTOTEXHHUKE.

Vreepxkaenue 1. [Tycmo A = p # —1, 0y = 09 = 0. Tozda cucmema (1) umeem mounoe
pewerue euda

u(x, ) = i) RG] vl 1) = [a(6] [R60]V,

2de Q(x) ydosaemeopsaem aunetinomy ypasreruto Leavmzorvya AQ(x) = — (14 N)oQ(x),
a gynruuu P1(t), Po(t) nazodamea uz aunetinot cucmemovl 0bviKkHOGeHNUT Juddeperiyu-
AAOHBLT YPABHEHUTL € NOCTNOAHHBLMU KOIPPHUUUEHMAMU

U1 = —ki My + adby, Wy = By — ko My,
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Cucremy (1) MOXKHO MCIIOJIB30BATH JJIsl MOJEJHPOBAHIS PACIPOCTPAHEHUS IBYX Dac-
NPE/IEIEHHBIX B3aUMOJIEHCTBYIONUX (opMalinii MOOMIBHBIX POOOTOB € T'PAHUILI HEKOTO-
poil 6a3bl Ha OKPYZKAIOLLYI0 TePPUTOPHUIO. 3HAHUE TOYHLIX PElIeHUil B COOTBETCTBUU C
YTBEPKICHUEM 1 TTO3BOJIAET B Ka}KﬂbeI MOMEHT BpeEMEHU TOYHO OllpeaesATh JUHUN yPOB-
He OJUHAKOBOH ILIOTHOCTH M TI'PAHHUIYy O0JACTH paclpocTpaHeHHs KaxKioil dopMannn
(bpOHTHI BOH pACIPOCTPAHEHUS ).

3. 3amayda ugeHTudukaiy (PpPoHTa BOJHBI PACHPOCTPAHEHUdA Pac-
npejiesieHHoM popmanuu mo reppuropun (3aga4ua obciieoBaHUS
11oJieii KOHIIEHTPAIIIN )

Bana4ua 00CIeI0BAHNS Ol KOHIEHTPAINH, TAKKe W3BECTHAS B MHOCTPAHHON JTHTe-
parype kKak Sampling problem, npeacras/sier B HaCTOsIIIee BpEMsI TIOBBITIEHHBIT HHTEPEC
B Hay4HOM coobrectBe. OOBIYHO B €6 paMKaX BBIJICJISIOT TPH OCHOBHBIX TIeJIU 00CJIe/10Ba-
nus [6]:

1) mokam3aIus OJHOTO MM HECKOJBKUX IKCTPEMYMOB (DYHKIUH (HCTOUHUKORB), OTH-
CBHIBAIOIIEH 10JIe KOHIIEHTPAINH, B CIyYae HeCTAIMOHAPHOTO MO/ YacTO COMPOBOK IAETCS
HOCJIE/IYIOIIMM OTCIEKUBAHUEM UX HEPEMEIeHu B IIPOCTPAHCTBE (MOHUTOPHHL);

2) BOCCTAHOBJICHUE JINHUIT YDOBHsI, YACTHBIM U HanboJee HHTEPECHBIM CJIydaeM KOTO-
pOTO SIBJISIETCSl MOMCK HYJIeBOH JuHuM ypoBH#A ((BpoHTA), oTAesdoneil 061acTh ¢ M0JI0-
KUTEJIBbHBIMU 3HAYEHUAMU BEJIMYUHBI ITOJIA OT O6JIaCTI/I C HYJIEBBIMU 3HAYCHUAMMU,

3) kaprorpaduposanue obcseyeMoii 006JacTH, 3a9aCTyI0 HOCSIIIEe BCTOMOTATETbHBII
XapakTep /I pacCMaTPUBAEMON 3a/Ia4d U CMEXKHBIX C Hei.

OdeBUIHO, YTO HapaJlIeJbHOE pellleHHe HeCKOJIbKHMX M3 BBIIICOMUCAHHBIX 11033129
MOXKeT 3HAYHMTEIbHO COKPATUTEL (DUHAHCOBBLIE, BPEMEHHbIE U MHBIE 3aTPaThl Ha IPOBE/Ie-
HUe MOJO00OHBIX oOcieqoBanmii. B maHHo#t paboTe mpemiaraeTcss MyJbTHATEHTHAST cTpaTe-
rust yrupapJjieHusi, 00eCcrednBamoas OJHOBPEMEHHYO JIOKAJIA3AIMI0 UCTOYHUKA TOJISI, a
TaKKe BOCCTAHOBJIEHUE JTI000M 33 1aHH0i TuHIN ypoBHA. [Ipn 9TOM, pa3paboTanHblil MO/
X04 TaKzKe IpeayCMaTpuBae€T BO3MOzKHOCTb HUX ,ZLaJIbHeﬁ]l[eFO MOHUTOPHHI'a Ha IIPOJAOJI-
JKUTEIHHOM OTpe3Ke BpEeMeHW. B KadecTBe areHTOB, MPOU3BOSAIINX 00C/IeI0BAHNE OIS
KOHIIEHTpAIUU, OYJeM HCIO0JIb30BaTh MHTErPATOPOB BTOPOIO MOPSIKA, JHHAMHKA KOTO-
PBIX OIUCHIBACTCA CJACAYIONIEH CucTeMO:

qi:Ui, bi:ul, iEF:{l,Q,...,n}, (2)
HvzH S Umaz Hqu S Umaz
U; = Clﬂc + Cgﬂg, (3)

= Y B (f(tg) - fita), (4)

jerbasﬁj#i quj”

Fi=— > VUi(lasll), (5)
jerbaseyj#i

A

c 1 2 dz j
U5 (lall) = o | 5 (lall = d2)° + 81n lggll + 6 ) (6)
ij

rie ¢; € RP, v; € RP, u; € RP — cOOTBETCTBEHHO, TMOJIOKEHNE, CKOPOCTh U VITPABICHUE 17—
I'0 areHTa, Vmaz, Umar — UPEIEJIBHO JOIIYCTUMbIE 3HAYEHUs CKOPOCTH U yupasJjeHus, [’ —
MHO2KECTBO JOCTYIIHBIX ar€¢HTOB MOIMHOCTBLIO N, C1, Co c R+ — HEKOTOPbIC NOJIOZKUTECJIbHbIC
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ko3 dunnenrsr, o, f € RT — nekoropsle yupasisionme napaMerpst, ||g;;|| — eskinmosa
HODMa, BEKTODA (i = ¢;—(j, d;; — KeJaeMoe pacCrosuue Mexk 1y arenrami. Kazx i arent
CIIOCO0EH € 3aJaHHON TePUOAMIHOCTHIO H3MEPATH BEJINIUHY O/ KOHIEHTPAIINN B TOYKE
CBOET0 TEeKYIIEro MECTONOJ0KeHuA. [ToMUMO 3TOT0, OyIeM CUNTATh, 9TO KayKAblil areHT
MOZKET CBA3ATLCA C JIIOOBIM JPYTUM /I TOTO, 9TOOBI 3aIPOCHTD €r0 TEKYIue KOOPIHHATEI
1 3HAYCHHE IIOCJIEIHEr0 MPOU3BEICHHOIO 3aMepa.

B ocHOBe moaxoma JIe;KUT pa3aeaeHne MHOXKECTBA AreHTOB Ha ABe NOArPYIILL: e U
I front, OTBEUAIONTHE, COOTBETCTBEHHO, 32 MONCK HCTOYHNKA I OOHAPYKeHre TpanuI] Gpoi-
Ta. YIpaBjeHue areHTaMu ePBOil HOArPYIIbl CTPOMTCS, KAK B3BeIeHHast cyMMa (3) 1ByX
cut: rpaguenTHoit (4) u koomepupytormeii (5). [leppast, Kak ciepyer u3 Ha3BaHUS, OTBe-
yaeT 3a NPUOJIMIKEHHOe BBIYHUCICHUE TPAJNEHTa T10JI, OCHOBBIBAACH HA PA3HUIE NMPOU3-
BEJCHHBIX 3aMEPOB BEJIMUMHBI 10151, KoOonepupyiomas Cuia OTBEYaeT 32 BbIACPKUBAHNUE
AreHTAMU CTAIIMOHAPHBIX WJIM JIOKAJBHO cranmuoHapHbX (mpu |Tpese| > p + 1) dopma-
nuii, 6aarogapd 4emy 00eCIIeYUBACTCA OTCYTCTBHE CTOJKHOBEHUI MKy HUMH, & TAKIKE
HOBBLIIIEHHE TOYHOCTH OLUEHKH TPAIACHTA.

AnagoruuneiM 00pa30oM CTPOMTCS YIPABJICHHE areHTAMU BTOPOro MHOzKecTBa. OmaHa-
KO, CIJIBI, JIEHCTBYIONTHE HA HUX (IPAHUYHASA U PEJAKCUPYIOIMAs ), UMEIOT Ipyroii (husmye-
ckmit cmbicit. Tak, rTpaHndHas Cuja OTTAIKMBAET ar€HTOB OT TEKYIICH OIEHKU MeCTOIO0JI0-
JKeHUS UCTOYHHUKA, OCHOBAHHON HA KOOPJAMHATAX areHTOB MHOKECTBA ['qse , €CITH TEKYIICE
3HAYEHUE 3aMepa BbITE HCKOMOI JIMHAN YPOBHS, U IPUTSTHBACT B 0GPATHOM CJIydae, 00ec-
neunBasg TeM CaMbIM pentenne 3aaa4un. [101x01 61M30K K yIPaBICHUIO C NePEKIIOUeHUAMU,
HO cryrazkmpaomas (PYHKINH IIO3BOJILeT U30€KaTh Pa3sphbIBOB YIIPABICHUSA U TAPAHTHPY-
er ero raaakocTb. C Apyroil CTOPOHBI, PEJAKCHPYIOWAS CHIA OTBEYACT 34 OTCYTCTBHE
CTOJIKHOBEHMI MeXKIy areHTaMH, a TakKyke paBHOMEPHO paclpeieser UX II0 IepPHMeT-
Py HCKOMOIi JTUHUK ypoBHs. IIpoBeIeHHbBIC CEpUH IKCIEPUMEHTOB B PAMKAX CIICIUAILHO
paszpaboraHHOll TeCTUPYIONIEil HPOrpaMMHOIl Cpe/bl JIEMOHCTPUPYIOT CIIOCOOHOCTD 1IPE/I-
JIO?KEHHOTO HOJX0/a PeniaTh HOCTaBAeHHbIe 3aga4dn. [Ipu 9ToM, crparerus ynpabjieHus
00J1a12€T JIOCTATOYHO BBICOKOH TOYHOCTHIO M CKOPOCTBHIO MOJIYYEHHS DEIleHHsl, a TaK-
JK€ YCTOMUMBOCTBIO K M3MEHCHUAM IO/ KOHIICHTPAIMH, BEI3BAHHBIX €r0 HeCTAIMOHAPHOM
MIPUPOJION.
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On modeling and identification of parameters of
distributed formations

A A. Kosov, E.I. Semenov, A.A. Tolstikhin

Matrosov Institute for System Dynamics and Control Theory of
Siberian Branch of Russian Academy of Sciences (ISDCT SB RAS)

Abstract: Issues of modeling and parameter identification for formations with distributed
characteristics are considered. The development of methods of construction of exact
solutions of nonlinear systems of reaction-diffusion type, which can be used for modeling
distributed formations, is given. It is suggested to use bio-inspired algorithms for
solving problems of identification by formations with distributed characteristics.

Keywords: parabolic type equations, exact solutions, mathematical modeling of formations,
parameter identification, field monitoring.
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VIIK 519.6

MNccaepgoBanne pa3HOCTHBIX METOAO0B pelleHuns 3aJa9u
TEILJIONPOBOHOCTH C (Pa30BbIMHI IE€PEX01aMu

Kynpsmosa H.IO.!, TTeppyxumna [0.B.2

[Tenzenckuii rocy1apcTBEHHBII yHI/IBepCI/ITeTl,

000 «ITIO DueprocuenrexHuKas

Annomayus: B pabore nocrpoena pu3uko-mMareMarudecKas MOZEIb LPOLECCa Jia3ep-
HOI CBAPKHU ABYX METAJIINIECKUX MJIACTHH B (DOPME MPSIMOYTOJIHHBIX TapaJIIeIennie-
JIOB OJIMHAKOBO# TOJIIIIUHBI, KOTOPHIE CTHIKYIOTCS OOKOBbIMU CTOpOHaMu. [Ipu peasn-
3allUU TAHHOM MOJEJN [IJisi TPEXMEPHOTO YPAaBHEHUs TEILIONPOBOIHOCTH ¢ (ha3zoBbIMU
nepexofamMu ObLIa MOCTPOeHa TpexMepHas Pa3HOCTHAs cxema. lIpencraBiieH ducieH-
HBIIl METOJI, TO3BOJIAIONIMNA PA3JIOKUTH €€ B IEM0YKY TPEX OJHOMEDPHBIX PA3HOCTHBIX
cxem. [IpuBemen ajropuTM jisi HAXOXKIEHUST TJIyOUHBI C(ODOPMUPOBAHHOTO TAPOBOTO
kanasa. [IpoBeseno uucienHoe MOIeINPOBaHIe PACCMOTPEHHOIO METOA PEITIeHNs 3a-
Ja9H TEIJIOMPOBOIHOCTH C (PA30BBIMU TEPEXOIAMHU.

Karoueswie caosa: 3anaga Credana, mexkdasznas IpaHUIa, Ta3epHas CBAPKa, PA3BHOCT-
Hasg CXeMma.

BBenenne

B nacrosmiee BpemMs momap/igroliee OOJbIIMHCTBO Ipo0OJeM TeILI000OMEHa CBA3aHBI C
U3MEHEHHEM COCTOSIHHS BEIecTBa.

CreayeT OTMETHTD, YTO UCCJIEIOBAHMS B JAHHOM HAIPABJICHHH IPUMEHSIOTCA Ha TPaK-
THKE BO MHOTHX (DU3UYIECKUX HMPOIECCAX: 33 Ia9d O IPOMEP3aHUN U OTTAUBAHUH BJIAYKHOTO
rpyHTa, 00 00pa30BaHUU JbJIA HAa MOBEPXHOCTHU BOJBI, O MPOMEpP3aHUU TPYOOIPOBOIOB, O
CBapKe, IJIABJACHUHN, 3aTBEPAEBAHIE MeTaJLIa U JIp.

[Ipumepom hu3nUecKoro mponecca, mLrrocTpupyomero 3aaady Credana B Tpexmep-
HOM CJIy4ae, ABISeTCd 3aa9a 0 MOIEJUPOBAHUE MPOIECCa Ja3ePHOH CBAPKH MeTaJLInde-
ckux miacTu [2-6]. B mporecce cBapku moj Bo3eiicTBreM GOJIBITIX TEMIEPATYD MPOUC-
XOJIUT Tepexo/i U3 TBepaoi (pa3bl MeTaslia B XKuIKyIo. [Ipu sToM npoucxoaut popMupoBa-
Hue mMexkdas3noil rpanunbl. OnpeaeaeHne B3MeHEHUs ee MOJI0KEHUs ¢ TeIeHueM BPEeMeHH
ABJIgeTCS aKTYaJIbHON Hay4dHo#l mpobaeMoii.

1. MaremaTndeckoe MOJEJUPOBAHUE ITPOIIECCA JIA3EPHOI CBapKu
JBYX METAJIIMYECKUX TIJIACTUH

PaceMoTpuM mporiece MOJIeIMPOBaHKsl JIA3ePHON CBAPKH JIBYX METaJLIMIeCKUX 1A~
cruH B bopMe IPAMOYTOJBHBIX NAPAJLIEIeIUIIe 0B OJUHAKOBON TOJIIUHbI, KOTOPbIE CThI-
KyIOTCsl G0KOBBIME cTOpoHamu [1].

Topusonrajibhas Och Jlyda Jla3epa JIeAKUT B IIOCKOCTH, Haxojsduleiics B Mecre 06b-
eAnHeHU d IIJIaCTUH U HallpaBJICHa MMEePIIeHAUNKYJAPHO K UX ITOBEPXHOCTH. BBe,ZLeM B Hallei
MO/JIE/TH JIEKAPTOBY CHCTEMY KOODJMHAT, B KOTODOIi JIyd Jia3epa siBJIsleTCsl CTATUIHBIM, a
MeTaJIJINYeCKHUEe IJIaCTUHBI HaXOAATCA B ABUZKEHUN BAOJIb OCU T CO CKOPOCTBIO V. CKOpOCTb
JIBVZKEHUS sIBJIsIeTCst TOCTOsiHHOI. OCh 2 HAIIPABJIEHA BIOJIH JIyva Ja3epa 110 HAITPABJIEHHIO
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BHU3, OCb Y — MEPIEHIUKYJIAPHO MECTy O0beJuHeHns ILIaCTUH. TOYKa 0TCYeTa CUCTeMbI
KOOpJAUHAT HaXOAUTCA Ha BEPXHUX I'PaHUIAX METAJJIUYCCKUX IIJIaCTHUH B O6ﬂaCTI/I II0IIa~
JNaHAs Jy4a Ja3epa B MEeCTO UX 00beIuHeHUs. 3aMeTUM, 9TO B JaHHOH MaTeMaTHdecKo
MOJeJIn BBEAECHBI HEKOTOPBHIE YITPOIICHUWA:

1. ITpumem, 4T0 Bee KosiebaHns M3MEHEHNH 3HAUeHNH TeITOhU3NIECKHX TapaMeTpoB
obJ1acTH J1a3epHOM CBaApKH PABHBI CBOMM CPEIHUM CTAIMOHAPHBIM 3HAYEHUSM;

2. IIpomecc miaB/IeHus: JIUCTOB METAJLIa OMUChIBaeTcsd B npubankenun Credana;

3. Pagmyc BBIXOIHOTO OTBEPCTHsI, 0OPA30BAHHOTO Ja3epoM, OyIeM CUUTATh (PUKCHPO-
BaHHBIM M DABHBIM 27, TJe 7'y — PaJRYyC Jiyda Jla3epa.

1.1. MaremaTuveckass MOJEJb IIPOIEcca JIa3epHOil CBapKU.

[Iponecc yazepHO# cBapKu B TBEPONl M KUJAKOH (pa3e MONKHO OINHCATH CJIEIYIOIHM
TPeXMEePHBIM ypaBHeHueM [2]

8T_/\A(82T 0°T a2T)

etV ", 1
Ceit 5y 022 T ap T on (1)
C1P01, T < Te,
X 0fi
el — 1 = Te S T S T ) 2
C Co P2 < + s 8T) 10 ( )
czps, T <T,

r7ie ¢; — yAeJbHas TeII0eMKOCTh, \; — TEILTONMPOBOJAHOCTD, p; — IJIOTHOCTD.

[Ipu 3rom, eciiu

1) i = 1 — mapamerpsl TBepaOil dasbr;

2) i = 2 — napamMerpbl MeK(ba3HON 30HbI;

3) i = 3 — mapamerpsl KujaKoii dhasbl.

B repmunax BBegennsix 3amen (l): 7, u Ty — Temmeparypa Hadaga W OKOHYAHUS
npoliecca 3aTBep/eBaHus CILIABJIEHHBIX JTUCTOB MeTaJuIa, f; — H0Js YKUJIKOTO COCTOSTHUS
B MeK(a3HOU 30He, X — CKPBITas TEIJI0Ta ILIaBJIeHUs, BbIJeasgeMas B IPOIecce CBAPKH.

Ha nosepxuoctu 2 = () B 0bs1acTgaX TBePOH U KUAKO#H (ha3 rpaHNIHOE yCI0BHE UMEeT
BUL:

orT

/\z‘g = (a1 + ) (T] =0 — Ty) — a1,

z=0 (3)
(z —7p)* +y* > 4r.

31ech agp — KOXPMUIIHEHT TEIIO0TIAuH, KOTOPBIH 00pa3yeTcs ¢ IIOMOIILI0 00paboOTKI
30HBI CBAPKHM HHEPTHLIM Ia30M apronoM, 1, — TemIiepaTypa Trasa, ¢, — PaJdaIllHOHHBIN
KO3 PUIMEHT TeIUIOOTIauu 1IPU CBapKe.

Takzke mMmeeTcs: yc/ioBue Jijis HUYKHEH TOBEPXHOCTH ILJIACTHHBI, T.e. JJist 2 = h.

oT
2& z:h: (ak2 + Oér)(T’z:h - Tg) — {1, (4)

re Qo — KO3 DUIMEHT TeIIo0TIaYl OT HUXKHell MOBEepPXHOCTH ILIACTHH K IOBEpPX-
HOCTH, Ha KOTOPOH IPOHCXOAMT LIPOLECC Ja3epHoil cBapku, a 1, — TeMieparypa Cpeipl,
KOTOpad KOHTaKTHUDPYET C HU2KHEU ITOBEPXHOCTHIO CBapUBa€MbIX IIJIACTHUH.

Ha mosepxnocTu ¢azoBoro mepexoa 3amuiinem ycaoue Credana

or or
()\2% ) — )\1% X = plknv. (5)
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Ha nosepxnocru naposoro Kanana (r — 7¢)* 4+ y? < (2r;)? cupaseainBo ypaBHeHue
TEMIOBOTO KAHAJIA,

oT
—Ag% =qn+q¢ + Gy + qe + G (6)

3xech n = (ng, ny,n,) — €IMHAYHAS HOPMAJIb K IIOBEPXHOCTH N1apOra30BOro KaHAJIA,

o q = @€, — TMOTJIONIEHHBIN MOTOK JIA3ePHOTO W3y IeHUd,

o e, — OpT OCH 2,

¢ @y — TOTOK TeILIa, BO3HUKAIONINI B pe3yJbTaTe OTPayKeHUl OT CTEHOK ITapora3oBoro
KaHaJIa,

© @, — TOTEPH TeIJIa 3a CUeT NCMapeHns MeTaJslia BO BpeMs Mpolecca CBapKH,

O . — MOJeJIUpyeT MOTOK Tellsla OT IIepejHell CTeHKH 11apora3oBOr0 KaHaJia Ha ero
3a/IHIOI0 CTEHKY.

Ha nocrarodno 60JIBIIOM PacCTOSHUU OT JIyUa Ja3epa TeMIepaTypa 110 Beeil TOJIuHe
IJIACTUH NPUHUMAETCS PAaBHON TeMIlepaType OKPYKalolleit cpejibl:

T’z%ioo = Tga T’y%ioo = Tg'
Jluist permenus BHITMEONMCAHHON 321291 TPUMEHUM CJIELYIONLYI0 PA3HOCTHYIO CXEMY:

-,
U (LT + Ly (T + LT3 )+

+ (1= 0)(La(Tip) + Ly(Ti5) + Lo(T75)), (7)

IIe BBeJAeHBl 3aMEHDI

I 1/ Tlivvie — Tijr \n Tk — Ta-vse | bT(i+1)ijk = Tli-1)jk
T hz ijk hx ijk hx th )
[ V) Tig+ve — Tije \ Tije — Tigi—1yk |
Y hy ijk hy ijk hy )
Lt (n Tijoery = Tk o Tigk — Tije-1)
z hz ijk hz ijk hz .

3aeck b= copav, hy, hy 1 h, — maru 1o cOOTBETCTBYIOIUM HHJIEKCY OCAM KOOD/MHAT.
TpexMepHYI0 PA3HOCTHYIO CXEMY 3aMEeHIM ITOCIeJ0BATEIbHOCTHIO TPEX OTHOMED-
HBIX PA3HOCTHBIX CXEM.

Tn+1/3 7
11k 17k n+1/3 n
I SL(TM) = (1= 0) La(T) =
= S(Ly(T07) + LT %)) + (1= 8)(Ly(Ty) + Lo(T2); (8)
T@+2/3 _ ntl/3 ‘
P AL (T) = (1= )Ly (T k) =
-

= O(Lo (T + L(T])) + (1= 0) (Lo (T ™) + L(T])): (9)
Tn+1 _ nt2/3
17k 17k n n+2/3
P LT = (1= ) LT ™) =

= S(Lo(TU) + Ly (THEY) + (1= ) (Lo (T1) + Ly(T] 7). (10)

ijk ijk ijk ijk
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KMH.

K kax10ft u3 pa3HOCTHBIX CXeM , @D u (10) upuMernM MeToj; PA3HOCTHON POrOH-

Borta npoBeaeHa YUCJICHHad peain3anud OIIMCAHHOU BBIIIE BHIYUCINTETBHON CXEMBI.

[Tonyuennas ¢opma cBapHOil BaHHBI COOTBETCTBYET MPOTHO3UPYEMON B TEOPETUUECKOM
omucanuu popme. Biarogaps MmoydeHHBIM Pe3yIbTaTaM MOXKHO OIPEeIeIdTh IJIyOUHY |
NPOTSKEHHOCTh CBAPHOM BaHHBI, YTO IO3BOJIUT PACCUUTATH BpeMd I WU3TOTOBJIEHUS
CBApHBIX U3JIeTUN Pa3JInIHON CJIOXKHOCTH; 3aTPaThl Ha MPOU3BOJCTBO, PEATU3Y JIAHHYIO
MO/IeTh, He TTPOBOS IKCIIEPUMEHTHI Ha MPAKTUKE.
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Investigation of difference methods for solving the

problem of thermal conductivity with phase transitions

N.Y. Kudryashova!, Y.V. Pervuhina?

Penza state university!, Production Association «Estechs?

Abstract: The paper presents a physical and mathematical model of the laser welding
process of two metal plates in the form of rectangular parallelepipeds of the same
thickness, which are joined by the sides. When implementing this model, a three-
dimensional difference scheme was constructed for a three-dimensional heat equation
with phase transitions. A numerical method is presented that allows to decompose
it into a chain of three one-dimensional difference schemes. An algorithm for finding
the depth of the formed steam channel is given. Numerical modeling of all considered
methods for solving the problem of thermal conductivity with phase transitions is
carried out.

Keywords: Stefan’s problem, interphase boundary, laser welding, difference scheme.
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VIIK 519.622

Ob6sacTu abCOJTIOTHOM YCTOMIMBOCTA SABHBIX METO/IOB
cemelictBa PyHnre-KyTThl aad 3aja4dm /laakBucra,
MpeoOpa30BaHHON K HANMJIYYIIeMy apryMeHTy W €ro
MOANQPUKAITAIM

Kysuenos E.B.!, JTeonos C.C.1 2, ITanko E.JI.!

MockoBcKTi#T aBUAITTMOHHBIH I/IHCTI/ITyTl,

Poceniickuii yHEBEPCHTET Py 7KObl HAPOIOB?

Anrnomayua: B crarbe mcciaemyorcs o6gacTu abCOMOTHON YCTONYIUBOCTH SIBHBIX Me-
To0B cemeiictBa Pyure-Kyrrer as 3agaqan Janksucra. O6macts abCOMOTHOM yeTOi-
YUBOCTH TIO3BOJISIET TOIYYUTh OIEHKY IIara MHTErPUPOBAHMUsI, KOTOPAs TA€T BO3MOK-
HOCTH HCIIOJIb30BATH SBHBIE METO/IbI JIJIsl PEIICHHUs Ps/Ia KECTKUX HAYAJIbHDBIX 3314
6e3 CyIIeCTBEHHOTO BO3PACTAHUS TIOPENTHOCTH. TakyKe B CTaThe MOCTPOEHBI 00JIACTH
abCoTIOTHON ycToYMBOCTH 11 3a4a4n JlasikBucTa, mpeobpa3oBaHHON K HANITYYIIeMy
apryMeHTy W €ro 9KCIOHeHInaabHO! Moaudukanuu. [logydennbe pe3yrbraTsl XOpo-
0 COTTIACYTOTCS C YK€ UMEIOIIUMUCS TeOPETUIECKUMHI UCCIIETOBAHUSMH.

Karouesvie caosa: 0dbmactb abCOMIOTHON YCTORYMBOCTHU, SIBHBIE METOIbLI CEeMeHCTBa
Pynre-Kyrtoi, 3amada Jlanksucra, MeTO MPOJOJIKEHNS DEIIeHNs, HAWIYYIIIni ap-
TYMEHT, SKCIIOHEHITNAIbHBIN HAWIYYIITHN apryMeHT.

1. ObsacTu abCOJTIOTHOM YyCTOMYMBOCTU ABHBIX METOJIOB CEMENCTBA
Pynare-KyTThI

Paccemorpum 3ajiauy Kortm it ypaBuenus

d

= f(ty) ¢
C HAYAJBHBIM YCJIOBHEM

y(to) = Yo (2)
B nanuoii 3anaue y(t) — uckomas dbyukuus aprymenra t € [to, 7|, T — 3ajaunast upasBas
IpaHUIa OTPe3Ka W3MEHEHHs apryMeHTa 3aJa4H, Yo — 3Hadenne dbyukuun y(t) npu t = to.

[TomobuBIME 3aa9aMi MOJIEJTUPYIOTCS MHOI'HE SIBJIEHUSI W IIPOIECCHl B obsactu dhu-

3UKH, MEXaHWKHW, IKOHOMUKHU U Ouosiornu. [Ipw 3ToM B OOJIBIIMHCTBE CIydYaeB 3a/ada
— HEe JOTYCKaeT aHAJUTHIECKOTO peleHns. B 9ToM ciydae MCHOJIb3YIOTCS YUCIEH-
Hble MeTO/Ibl pellleHns 3a/la9u Ko, HapuMep OJHOIIATOBbIe SBHBIE METOIbI ceMeiicTBa
Pynre-KyTThr.

1.1. dBunie MmeToabl cemeiictBa Pyrre-KyTTh!

Pazobbem mHTEpBaJ M3MEHEHHs apryMeHTa t Ha n JacTeil, B 00IeM cjay4dae mepeMeH-
HOW NJWHBI:
tho<ti<to<---<tp <---<t,=T.

[Iycrb u3BeCcTHO pelieHune 3a1a49u Vi B y3Jie t, 1 HeOOX0MMO HAWTH PellleHre B CJIeLYI0IeM
y3JIe.
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K. Pynre npejjiozkua Belaucienne NpudOINZKEHHOTO PEIEeHUs Y1 B BUJE JUHEHHOM
kombunarun |1, ¢. 56-64]

Y1 = Yk + P K1 + pga ko + - -+ + peg Ky,
Ki=hf(te,ye), Ko=hf(tr+ ah,yp+ B21K1), (3)

Kq = hf(tk + aqha Yk + BqlKl R 6q(q71)Kq—1)-

37ech HCTa (g, . . ., g, P21y -, Ba(g—1) B Pqi, - - -, Pgg — HACTPAUBaEMbIe TAPAMETPHI.

CewmeiicTBo MeTO0B (3) HA3BIBACTCS CEMEHCTBOM OJHOIMIATOBLIX SIBHBIX ¢-CTaIUIHBIX
MeT0/10B PyaTe-KyTTHI. /11 MHOTHX HaYaJIBHBIX 337a49 STBHBIE MeTOIb PyHre-KyTThI 103-
BOJISIOT TMOJIYUUTH pellleHne mpuemaemMoil Tounoctu. Ho ais ki1acca 3amad, Ha3bIBaeMbBIX
JKECTKUMU, JAHHBIE METOIbl MATOTPUMEHUMBI W3-33 HEKOHTPOJIUPYEMOTrO POCTa TOTDETII-
HOCTHU 1IPU UX ucHob30Banuu. [1o 31o#t npuyunne jjig XKeCTKUX HaYaJbHbIX 33/a4 0coboe
3HAQYEHNE MPUOOPEeTAaeT MOHATHE YCTOHNYUBOCTH METOA PEIeHUS.

1.2. A6conroTHas yCTOWYMBOCTH ABHBIX MeTO/I0B ceMeiictBa Pyure-KyTThI.
3amauya /lagkBucra

Ananus yeroi1uBoCTH IHCIEHHOTO MeToaa Autst uexonuoi saxaqn (1)-(2) moxer 6brrn
TPYIAOEMKHUM, B OCOOEHHOCTH, €CJIH PACCMATPUBACTCS CHCTEMa TU(DMDEePEHITHATHHBIX YPaB-
nennii. Bocronb3yemest smHeapusanueii uexoauoit 3amaun |3, ¢. 25-27|. Tlycrs nsBecrHo
pemenne y = () 3agaun (I)-(2). Pasnoxum B pax Teiinopa npapylo 4acTh ypaBHEHHS
(1) B oxpecTHOCTH M3BECTHOTO peleHust:

fi—?z = f(t, cp(t)>+g—‘£<t, go(t)) (y—go(t))—i—%.giy{(t, gp(t)) (y—ap(t))z—l—O((y—go(t))Q).

BBoag 3ameny
y=Y +o(t),

MOJIyYUM ypaBHEHNE

=y ) 4 G et o),

EcIi TTOrpenTHoCT YHCICHHOTO PeNIeHrs JOCTATOYHO MaJa, TO I HCCIeJOBAHNA yCTOl-
YHBOCTH YHCICHHOTO METOA B OKPECTHOCTH KasK/0H TOUKH HHTETPAILHON KPHBOH MOYKHO
samenuts ucxoanyio 3axady (I)-(2) na sazady Kommu must smmneiinoro ypasuenust

dy
dt
C HaYaJIbHBIM yC.HOBI/IeM , rae HapaMeTp a ABJIdeTCd SaﬂaHHBIM, B O6H_I€M Cﬂyqae KOM-
IJIEKCHBIM, 9uc0oM. [IpuMeHuTeIbHO K MCXOIHON 3aj1a4e — napamMerp a paBHACTCA

af

3HAYEHUIO IIPOU3BOJIHON B B pacCMaTpUBaEMOIl TOUYKe MHTErpaJbHON KPUBOIA.

ay (4)

3agaqa 7 Ha3bIBaeTcd 3aj1adeil /laJkBucTa u gBjseTcs TeCTOBOH s onpe/iesie-
HUsd o0JacTeil yCTOWIMBOCTH YUCICHHBIX METOIOB.

Bce saBuble meromnr cemeiictBa Pynre-KyTrol aia 3amaunm /lankBucta MOTyT OBITH
3alluCaHbl B BHE

Y1 = R(2)yr, 2z = ah.
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Oynknust R(z) nassiBaercs dyHkimeil ycroiauoctu. Meron HasbiBaeTcs: abCOTIOTHO
yeroitausbim fyist z € C, ecau jjist 31010 2z BRIIOJIHSETCS yeaosue |3 ¢. 26]

|R(z)] < 1. (5)

B wacrrocTH, u3 ycaoBus crenyet, 9T0 |Yrr1| < |yk|, T. €. MOTPEITHOCTE YUCTIEHHOTO
perienusi He pacrer. s XKeCTKUX HAYAIbHBIX 3a/1a4 9TO YCJIOBUE SBJISETCH KJIOYEBbIM
npu BeIOOpE METOJa PeleHus.

B monorpadun 9. Xaiipepa u I'. Banuepa |3, c¢. 27| nasa 3anaun Taaksucra naiijgeHa
obmmast popmyna agst ynaknun yeroitunsoctu R(z). Tokazana

Teopema 1. Ecau memod Pynee- Kymmu, umeem nopadox p, mo

22 2P )
R(z) :1+z+§+---—|—y+0(zp+ ).
Hcnonp3ysa TeopeMy 1 MOMKHO J10KA3aTh CJIeAYIONIHE CJIeICTBHS.
PaccMoTpuM sBHBIH MeTos Pyrre-KyTTh mepBoro mopsika TOYHOCTH (ABHBIH METOT
Siisepa), KoTOPBIH, B 06mem caydae st 3ataan (1)-(2), umeer sux [1, c. 58]

Yir1 = Uk + hf (L, yr).- (6)

CaenctBue 1. Obaacmv abcortommoti yemotivusocmu aeno2o memoda Pyneze- Kymmubt
nepe020 Nopadka mowHocmu (A6H020 memoda Jisepa) euda @ ons 3adayu lasrxsucma
, 3adaemces HEPABEHCTNEOM,

|1+ ha| < 1. (7)

Upu eticmBUumMeEeNLHBIL 3HAYEHUAL napamempa a HEPAGEHCINEO daem o2parHu“eHue Ha
wae urme2puposarul

Al <= (8)

npu yeaosuu ah < 0. 1pu KOMNAEKCHOIT 3HAYEHUAT NAPAMEMPA A, M. €. NPU 4 = o +
iB, a, B € R, nepasencmso (7)) 3adaem na womnaekcrotl naockocmu Kpye eQunUYHO20
paduyca

(ah +1)* + (Bh) < 1.

Pacemorpum gBHBIH MeTo PyHre-KyTThl BTOporo mopsika TO4HOCTH (SBHBIH MeTOT
Sitnepa-Komm), koroperit, B o6mewm cayuae as sagaan (1)-(2), mveer sux [1, c. 59]

1
Ykr1 = Yk + 5 (K1 + Ky), Ky=hf(tk,ye), Ko=hf(te+ hys+ Ky). (9)

CaenctBue 2. Obaacmv abcortommol yemotvusocmu asno2o memoda Pyneze- Kymmubt

8MOP020 NOPAJKE Mownocmu (AeHo20 memoda Firepa-Kowu) suda @D oaa sadavwu Jlan-
keucma (), 3a0daemcs HEPABEHCMBOM,

h2

‘1—|—ah+a27 <1 (10)

Ipu deticmeumesvHvlX 3HAMEHUAT NAPAMEMPA G HEPABEHCIMBO daem 02paHUMEHUE
na wae unmezpuposanua (8) npu yeaosuu ah < 0. IHpu KOMNACKCHOT 3HAYEHUAT NAPA-
mempa a, m. e. npu a = o+ i, o, f € R, nepasencmeo (10) sadaem na xomnaexcnot
NAOCKOCTIU 00AGCTND

h2 h2\? 9
(1+ah+a23—62?) + (Bh+aBh?)” < 1.
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[Tonyuennsie obnacTi abCOMIOTHO ycTOYUBOCTH M300pazKeHbl HA puc. 1 (MeHbIIHe
10 TJIOIA/M U3 00J1acTell Ha COOTBETCTBYIONNX pUCYHKaX ). OTMernm, 9ro u3 TeopeMbr 1
TaKzKe CJIeJyeT WHBAPHAHTHOCTH 00JIaCTH abCOJIOTHOM YCTOWYMBOCTH JIJIsi BCEX METOJO0B
cemeiicTBa Pynre-KyTThr 0HOr0O Mopsijika TOYHOCTH.

3

a) 6)

Puc. 1. O6iacTs abCOMIOTHO yCTORYIUBOCTH I 3ama9u JlaakBucTa:
a) saBHBIAE Meros Jiisiepa, 6) aBHbI MeTox Ditnepa-Komu

2. ITpumeneHne HAMJTYYINIETO apryMeHTa

B monorpadun B.J1. HManamunmuaa u E.B. Kysuernosa |3, ¢. 50-53] nokazano, aro npu
HCIOTb30BAHUN HAWIYYIIEro apryMeHTa A\, OTCYUTBHIBAEMOr0 BJ0JIb MHTErPaJbHON KpU-
BOIT paccmarpuBaeMoil 3a1a4un Koru, ob1acTh abCOMOTHONR YCTOWIUBOCTH ABHOM CXeMBbI
Ditaepa pacirmpsieTcst.

st 3axaqu Janksucra (4], HAWJTY YA apryMeHT A YIOBJIETBOPSAET COOTHOIIE-
HUIO

(dN)* = (dy)* + (dt)*. (11)
[IpeobpazoBaB K apryMeHTY ypasrenue ({1)), HOJyIUM CHCTEMY YpaBHEHHUIH

dy_ ey a1
Haua bHble YCIOBHS /IS CHCTEMBI TIPUMYT BILT
y(0) = yo, t(0) =to. (13)
O606umm reopemy 1 na npeobpasosannyio 3aady (12))-(13).

Teopema 2. Ecau memod Pyree- Kymmow umeem nopadox p, mo €20 Gynkuui yemotiui-
80CIU 68 OKPECMHOCTNU KaHCIOT, MOUKY UHME2PAALHOT KPU0T NPpeobpadosarrol 3adavu

- umeem eud

(12)

u? u +1
R(u):1+u+§+---+g+0(u7’ )
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ah

ede u = S Uk = ©(Ak), M(ty, yx) — paccmampusaemas mouka uHmezpaibHot
(1 + |ay| )
KPUBOT.
HNcnonb3yst TeopeMy 2, J0KazkKeM aHAJOTH cjejacTBuit 1 m 2 i npeodpa3oBaHHO

sagaqn Jankeucra ([12)-(L3)).

CaenctBue 3. Obaacmov abcoatommoti yemotivusocmu A6H020 memoda Pynze- Kymmo
nepeozo nopadka mownocmu (a6no20 memoda Jiaepa) euda @ A5 npeobpa3osarHol
sadauu Janrxsucma (12)-(13) 6 okpecmmocmu kascdoti mowku unmezparvnot xpueoti 3a-
daemcs HepaseHcmeom

a
1+h <1. (14)
32| =
(1+ ]ayk\Q)

IIpu deticmeumenv ol 3HaueHuAT napamempa a nepasencmeo (14) daem ozpanuuenue na

wae urme2puposarul

2 (1 + \ayk|2)3/2

lal

Al < : (15)

npu yeaosuu ah < 0. Ipu KomniekcHolr 3HAYEHUAT NAPAMEMpPa a, m. e. npu a = o+,

a, B € R, nepasencmeo (14)) sadaem xpye paduyca p = (1 + ]ayk|2)3/2

moure O (—p,0):

C UEHMPOM 6

(ah +p)* + (Bh)? < p*.

CaencrBue 4. Obaacmov abcoaromnoti yemotivusocmu AsHo20 memoda Pyneze- Kymmot
6MOP020 NOPAJKA MOYHOCMU (A6H020 Mmemoda Diaepa-Kowu) suda @D drs npeobpaso-
sannoti sadawu Jamcsucma (12)-(13) 6 oxpecmmuocmu xasrcdot mowku unmezparvnol
Kpusotl 3a0aemcsa HePaseHCmMEoMm

a? h?

a
1+ h + -—
(1 + lagel?) ™" (1 + Jaye?)” 2

(16)

Ipu deticmeumesvHvlx 3HAMEHUAT NAPAMEMPE A HEPABEHCMBO daem o2paHuMEHUE
HG WG2 UHMEPUPOBAHUS npu yeaosuu ah < 0. Ipu KomniekcHolr 3HAYEHUAT NAPaA-
mempa a, m. e. npu a =+, a, f € R, nepasencmso 3adaem na Komnaexcrol
NAOCKOCTU 00AGCTND

h? h2\? >
(p2 + pach + 0423 — 62?) + (pﬁh + ab’hz) < p.

[Tostyaennbie obstacTu abCOIOTHON yCTORIMBOCTH /it Ipeobpa3oBaHHoil 3aa4un JlaJi-
KBHCTA H300pazkenbl Ha puc. 1 (GosibInue mo mwromma u u3 0baacreil Ha COOTBETCTBYIOTTHX
pucyskax) npu p = 2. Kak Bugxo u3 puc. 1, o6aactb aGCOMIOTHONR yCTORYUBOCTH [IJTsT
sanaun (12)-(13) copnamaer ¢ obnacreo abeomoTHoil ycroitansocrn as 3azaan ({4,
tonbko mpu a = 0 win Yy, = 0. B ocranpHBIX ciaydasgx o0JacTh YCTONIUBOCTH HPEOO-
pazoBaHHON 3a/aun [ajJKBUCTa MPEBOCXOIUT MO pa3MepaMm 00JaCTh WCXOTHOU 3a1adM,
3aHUMas BCIO JIEBYIO MOJIYILIOCKOCTh MIPH Ay — 0O.
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3. IIpumenerne moaupUITMPOBAHHOTO HAWJIYYIIEr0 apryMeHTa

[ToMuMO HamIydIIero aprymMenta A, B paborax aBropos [4,[5| mas pemenust cBepx-
2KECTKUX 33a/1a4 LPEJJIOZKEHO UCII0JIb30BaTh IKCIIOHEHIMAJIbHbI HAUIYYIIINi apryMeHT

(dr)* = (dy)” + exp(—2€t) - (dt)”. (17)
Bagaua Hanksucra (4), (2)), upeobpasoBannas K 9KCHOHEHIHAILHOMY HALLYIIICMY
apryMeHTy IPUMeT BH/L
dy  ayexp(&t) dt exp (§t)
de /1 +a%y?exp (26t)  dr h V1 + a?y?exp (26t)

a HavasIbHblE yCaoBus Ay1s Hee samuuryTcs B Gopue (13).
s 3anaqn ([18), TOKa3aHa CJIeIyIonast

Teopema 3. [lpu snauenuar napamempa &, YooBAEMBOPAIOUUL YCAOBUIO

(18)

a-§<0,

obaacmv abcoarommot yemotuusocmu s6no20 memoda Pynee-Kymmu, nepsozo nopadka
mounocmu (A6Ho020 memoda Disepa) suda @ 045 NPeobpazosartotl K IKCNOHEHUUAND-
HOMY HAUAYULEMY apeymenmy Kk 3adawy /laakeucma , 8 0KPECMHOCTIU KaHCIOoU
MOYKU UHME2PANOHOT KPUBOT 3adaemcs HEPABEHCNEOM

1 exp (&ty)

14— hDne| < 1, 19
+2(1—|—a2yfnexp(2§tm))3/2 (19)
2de 2,2 3/2
21 2t
by ares 20T E D)
hexp ({tn)
D = 2(1 + a?y?, exp (26t,,))%/?
D < — i ik
29 CL+£ heXp (é—tm) )

Dy =a+&++/(a—€)? —4a3¢y2, exp (26t,,),
Dy =a+¢&—+/(a—§&)?— 4a3Ey2 exp (26t ).

ITpu deticmeumenrvhux 3nauenuar napamempa a wepasencmeo (19) daem oepanuvenue na
wWaz UHMEPUPOSLHUSA

4 (1 + a2, exp (26t))"°

| Dinax| exp (6m)

|h] <

npu yeaosut aD ., < 0.
CrpaBeJIHBO CJIeIyIONIEee C/IeJCTBHE TEOPEMBI 3.

CaenctBue 5. [Ipu snavenuu napamempa & = —a ycaosue abCos0mMHOT Ycmoliuusocmu

A6H020 memoda Irepa 6uda @ oas 3adanu 7 NPUHUMGET, HOPMY

2 [exp (atm) + a’yp, exp (—atyn)]
lal '

|h] <

(20)
JlaHHOE c/1eICTBHE MOKA3bIBAET, UTO IPU JOCTATOYHO OOJIBITUX 3HAYCHUSIX ¢ OTPAHIIe-
uue (20) no3BossieT yBeMUMTH Pa3Mep 11ara MHTErpupoBanust 0e3 10Tepu yCTONInBOCTH

MeTO/Ia.
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MSC 65120

Absolute stability domains of explicit methods of the

Runge-Kutta family for the Dahlquist problem

transformed to the best argument and its modifications

E.B. Kuznetsov', S.S. Leonov! 2, E.D. Tsapko!
Moscow Aviation Institute!, RUDN University?

Abstract: The paper investigates the absolute stability domains of explicit methods of
the Runge-Kutta family for the Dahlquist problem. The domain of absolute stability
allows us to obtain an estimate of the step size of integration, which enables using
explicit methods to get an approximate solution for a number of stiff initial problems
without a significant increase in error. Also, the absolute stability domains for the
Dahlquist problem transformed to the best argument and its modification constructed
in the paper. The obtained results are in good agreement with existing theoretical
researches.

Keywords: absolute stability domain, explicit Runge-Kutta methods, the Dahlquist
problem, solution continuation method, the best argument, exponential best argument.
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YK 519.67 517.91 538.94

nddepennuaabiuble ypaBHEeHUS AJ BOCCTaAHOBJIEHUS
3aBAUCAUMOCTH M3 €e TAPMOHUK

Kyszpmuues H. /1.

Hamumonaibublii ucciaenoBare/ibckuit MopoBeKuii rocy1apcTBeHHBIN YHUBEPCUTET

Annomayua: B pabore mpencraBienbl HeOTHOPOTHBIE nuddepeHInaabHbie ypaBHe-
HUS [1J18 BOCCTAHOBJIEHVS TTPOU3BOMHON IKCIEPUMEHTATHHO MCCIEAyeMO 3aBUCHMO-
cTy u3 ee mepBoit rapmonnku. Ha ocrHoBe muddepenimanpbHbix ypaBueHus 2-10 u 4-ro
[IOPSIKOB PACCMOTPEH IIPUMEP BOCCTAHOBJIEHUS 3aBUCUMOCTH. Pemmenue 3agaun Komn
OCYLIECTBJIAJIOCH YUCJIEHHO MeToaoM Pynre-KyTTbl 4eTBepToro mopsijika TOYHOCTH.

Karouesnie cao6a: BOCCTAHOBIIEHWE MPOU3BOIHON 3aBUCUMOCTH, rapMoOHUKN Dypbe,
HEOIHOPOAHOE MuddepeHInaIbHOe ypaBHeHue, 3aaa4qa Ko, meron Pyuare-KyTror.

1. BBeagenue

XOpO]l[O n3Be€CTHa MOAYJANNOHHAA METOAUKa, KOTOPad IMUPOKO MPUMEHAETCA B IKC-
NEePUMEHTAJLHO (pu3MKe, TPUOOPOCTPOCHUH, PAINOTEXHUKE U JIDYTUX NMPHUIOKeHUdX. B
YKa3aHHOM METOJIMKE HUCIIOJb3YeTCs CJIe/IyIonas pocTas cBda3b. [Ipu najgoxkenun Ha oob-
€KT HUCCJIETOBAHUA CTATHYECKOTO Tg U TAPMOHUYECKOTO BO3JIEHCTBUASA ¢ MAJOU aMILJIATY-
JIOR @ 0OBbEKT OTKJIMKAETCS MePHOIUICCKUM CUIHAJIOM, B OCHOBHOM COJIEPZKAIIUM IIePBYIO
rapMoHuKy Pypbe. AMILIHTYIa IepBOil TApMOHUKHU ITPOIMOPIHOHAIbHA TPOM3BOIHON H3Y-
4aeMOH 3aBUCUMOCTHU:

F(zo+ h-cos(wt)) ~ F(xg) + <g—};) - h - cos(wt).

laHHOE COOTHOIIIeHNE MOYKHO UCIIOIb30BATH /IS MAJIbIX aMILTATY/IaX MOJLYJIATIAH, CJ1a-
00it HeJIMHEHOCTY 3aBUCUMOCTH W B OTCYTCTBUY rucTepe3uca. [Ipu HeBbITOTHEHUE OTHOTO
U3 OTMEYEHHBIX YCJOBUU 3a/laua 3HAYUTEJbHO YCJIOKHAETCH U TPEOyeT JIieTajibHOIO aHa-
JIN3a, JIJI KaXKJI0T0 OTAEJIbHOIO CJIydas. Y Ka3aHHbBIH aHan3 ObLI NPOBEJIEH B paboTax
[1-6]. TIpumepoM MOryT CIy:KHTH HeJWHeHHble MAPHUTHBIE CBOWCTBA W BOJbTaMIEDHbBIE
XapaKTePUCTUKH BBICOKOTEMIIEPATYPHBIX CBEPXIIPOBOIHUKOB.

2. Paawr Teitnopa ajia koaddpunueaToB Pypbe

[IycTh 3KCHEPUMEHTAJIBHO HCCIEAYeTCs TUCTEePe3UCHAs 3aBUCUMOCTD, HAIIpUMep, Ha-
marandennocts M (H) obpa3sna MarHuTHoro mMarepuasa. llpu crarmueckom u mepemen-
HOM BO3IIeHCTBUHU YaCTOTOH w Ha 0Opa3ell BHEITHUM MATHUTHBIM II01€M HAIIPSIKeHHOCTHIO
H = Hy + h - coswT curHAJ OTKJIMKA MaTepHuaJja Oyaer mepuoamdeckoil dyHKIueir Bpe-
MEHU T U B PEIUCTPUPYEMOM CUTHAJIE, COJEpKAIIeM HH(POPMAIINIO O 3aBUCUMOCTHU, UME-
forcs Bobicime rapmonuku. st ynobersa obosnauum M(H) = f(z)). Caexyst paboram
[1-6], paznoxum uccaenyemyto 3asucumoctb M(H) B psin Teiinopa B Touke Hy = xy 10
Z = a-CoSWwT , KOTOpHIit mpeobpasyercs B psia Dypoe:

o0

o)

f(x) = f(zo+a-cos(t)) = 50 + Y [d, - cos(nt) + ¢ - sin(nt)]. (1)

n
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B Boipaxkenun (1) nepemennas BequduHa ¢ = w - T €CTh Ge3pa3MepHOe BpeMsi. Psiibl
JJIsT AMIUTATYL TapMOHUK (Koaddunnentos psaa Pyphe) paBHBI:

> 1 a\ 2m+n
c(xo,a) =2+ mzzzom . (§> + (f (1)) 2mtm)

A(xg,a) = - X:()Ac(xo)(p) - Spn - o
p:

[f-(z) + [+ (2)]

Brecs (f(x)) = 5 — CpeJHdAS KpHBag IHCTEPE3UCHOIl 3aBUCHMOCTH,

(f(2))® Af(z)* npoussommas ot (f) mwmm ot Af(z) mo x nopanka k, Af(x) = [f_(z)—
fi(x)] — pasnocTHAS KpUBas THCTEPE3UCHON 3aBUCHMOCTH , f_(Z) — BETBb THCTEPE3UCHOI
3aBUCUMOCTH Jiisi yObIBatoliero x, a fy(x) — Bo3pacramoiero ,

nzlp' n—l—p—2@—2)”

= l(p 4+ n)!!
Baecy mpu n = 2k,p = 2m + 1, a mpu n = 2k + 1,p = 2m. Hanpumep, S(p,0) =

1 3p+1

0, S(p,1) = ——, S(p,2) = ——, SP,3) = ————n

Beipazkennii (1) u (2) npennonaranock, uro Bersu f_(x) u fi(x) aBasgoTcsa 6GeCKOHEUHO

muddepertupyemMbivu bYHKITUSIMA Ha WHTepBase (ro—a, To+a). st nepBoit rapMOHUKH

3aBHCHMOCTH UMEeM CJIeIYIOIINEe PI/Ib:

1. A. [Ipu nonydenun

> 1 2m—+1
A= sz (5)" Gy ®
2 i 2m) a?m )
Ala ) =2 ZO Cm ) (4)

B orcyrersun rucrepesuca (f(z)) = f(x), a Af(x) = 0. B stom cayuae ¢ = 0.
Ha puc. 1 AJId TIpUMEpa IIpuBedeHbl PAa3/JIMYHbIE KPUBBIE U BETBU HaMalrHUY€eHHOCTHU
JUIs CBEPXIPOBOHUKA BTOPOTO POJIA, HAXOAMAIIEIOCH B KPUTHIECKOM COCTOAHUHE [7].

3. Inddepennmuanpabie ypaBHEHUS AJid BOCCTAHOBJIEHUS ITPOMU3-
BOJHOI

Pacemorpum Gesrucrepesnchyio 3apucumocts f(z). Tlpu mocrarodno masbix 3nade-
HuAX B (4) 0CTaBUM TPHU WieHa PA3/IOKEHMUSI:

A @ )

“ dzx B da3

@ &)
192 dab

(5)

13 dbopmynsr (5) craenyer suneiinoe nuddepernuanbHoe ypaBHeHHE I BOCCTAHOB-
d

JIeHUd IIPOU3BOLHON de [PU U3BECTHO 3aBUCHMOCTH [EPBOil rapMOHUKH ¢ (Xg, a). 3aBu-
z

CUMOCTD ) (T, @) MOKHO ONPEIETUTDH IKCIEPUMEHTATBHO, HATIPUMED, I UCCJIeTOBAHMUSI
MATrHUTHBIX CBOMCTB MaTepuasa — MIyTeM UCCJIeIOBAHNS CIEeKTPa FapMOHUK HAMATrHUYeH-
HOCTH IIPH IIOMEIIEHI 00pa3Iia B EPEMEHHOEe MAIHUTHOE 110/ aMILIUTY/I0# h 1 1OCTOs H-
HOE 110J1e HanpskeHHocTbio Hy. Takum 0bpazom, jiid Majiblx (PUKCHPOBAHHBIX aMILIUTY/IL G
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<M(H)>
-M(H)

M (H)

l<M; (H,)>

Puc. 1. M;,,(H) — navanbHasi KpuBasi Hamaruuwdensoctv, < M (H) > — cpenHsist Kpupast
HamarunaenHoctu, AM (H) — pasHocTHasi KpuBasi Hamarandennocrn, M_(H) — BeTBb
HAMAarHUYEeHHOCTH B yObIBatorieM mose, M (H) — BeTBb HAMArHWYEHHOCTH B BO3PACTAIOIIEM ITOJI€.

dbopmyaa (5) npespamaercs B auHeinoe audbepeHnuaabHoe ypaBHEHHUE MSTOT0 MOPSIKA,

KOTOPO€E CBOJUTCS K YPaBHEHUIO YETBEPTOTO MOPSJIKA OTHOCUTETHHO d—.,HJIH MIPOCTOTHI
T

d
BBeJeM 0003HaYeHHe 1= Z, TOIJIa, YpaBHEHUE UMEEeT BHJI:
x
d*z 24 d’z 192 192
T gt I alma) ®)

[Ipu yMEeHbIIEHUH AMILTUTY/ MOAYJSIIAN ( MOXKHO yMEHBIIUTH MOPAIOK yPABHEHUS
Ha JIBa:
d’z 8
da? 2
B ypasuenusix (6) u (7) Bequuuna Z sIBASIETCST MPOU3BOHOI HCCIIEIyeMOI 3aBHCHMO-
CTH 10 BeJMYHMHe CTATHYECKOro BO3aeiHcTBug To. [Ipn yBeauYeHnn aMILIUTY/ bl HEOOXO-
MO YIHTBIBATD CJIEYIONuiil wieH pasaozkennd (5) u T. 1. DTO IPUBOIUT K yBEJTUIEHHIO
nopsika guddepeHnuaabHOro ypaBHeHHs Ha, JIBA.

g8
Z = el ci(zo, a). (7)

Kpurepuii TOYHOCTH BOCCTAHOBJIEHHS 1o ™ ypasuenuit (6) w (7) HaxomuTCst U3 Cie-
T

JyIoIero coorHomrenus |3, 4|:

df 1 . 1
= 51;(_1) (2m + 1)chypiq = E[C’l — 3¢y + 5.
3¢, 5¢, :
Tpu | 2| ~ 1 u ‘& < 1 x0pomIyI0 TOUHOCTE faet ypasuenye (7), mpu | 2| ~ 1 -
ch Q

1
ypasuenue (6). OmubKy BOCCTAHOBJIEHHsI MOXKHO OIEHUTD 110 hbopmyte [4,6]:

df 1 cly
a — E(C/l — 3Cé + 50/5) < %

[Ipu npakTuyeckom BoccranoB/jieHun juddepeHnuaibHOl BOCHPUUMYUBOCTH, KPOME
YHCJIEHHOIO 3aJlaHus UPaBoil dacTh ypaHeHus (7) (SKCHEPHUMEHTATBHO OIpe/ieJeHHAas
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dx
sagauy Komm. B cury uucaeHnoro sajanms 3KCHEPUMEHTAJIBHO OLPEIeJeHHON NpaBoil
yacTu ypasHeHus (7) ero HeoOXOJMMO DelraTh YUCJIEHHO IyTeM CBEJEHUSA €ro K CHCTe-
Me ypaBHeHuit 2-ro mopsiaka. OnupenemeHHy0 TakuM crocobom 3agaqay Kormm MoxKHO pe-
marh MeTogoM Pyrre-KyTror 4-ro mopsiaka [8]. Ipyrum meromom perenus ypasaerus (7)
ABILETCSA WCIOIL30BAHUE AHATUTUICCKOTO PEIICHUS, BHIPAKEHHOrO OOLIIIM HHTErPAIOM
3aMUCAHHOTO B BUJIE CBEPTKHU C MPABOH YACTHIO YKA3aHHOTO ypasHeHwus [9]:

2v/2 2v/2 2V2 [* 2v2

Z(x) = Acos —\/_x + Bsin —\/_x —|—L2_ ¢} (xg,a) sin i(m—xo) dzx.
a a a a

8)

3aech A n B gBIMIOTCA 3HAYEHUSIMH TOCTOSTHHO OTIPEJIe/IsIEMbIX HAYAIbHBIX YCIOBHIA.
Unrerpas B paBoii 9acTu (8) B CHIY YHCICHHOTO 3aTaHus ¢} (Lo, @) BEITHCISIETCST THCICH-
Ho. PaccMoTpuM pa3BUTYIO METONMKY Ha IPUMepe 3aBUCUMOCTH CpeJIHell KpHBOH HaMar-
HUYCHHOCTH, 1aCTO I/ICHOﬂb3yeMOﬁ IJId OITMCaHA MAaI'HUTHBIX CBOMCTB TOHKOI'O CBEPXIIPO-
BOOANIIECrO AUCKa, HAXOAAIIETroCd B KPUTHUICCKOM COCTOAHHNMH. Cpe,ZLHHﬂ HaMaroHH4eHHOCTD
nmveer Bu [2]:
—|H]

M(H) = —My - exp (W) fsinh (%)} ()

[lepBasi rapMOHHKa HAMArHUYEHHOCTH OIpeJie/isdiach mo dhopmyJie:

i (xo,a)) HEOBXOMUMO 3a7aBaTh HaYabHbBIE YCJI0BUA Z(Ty) U , T. €. TIOCTABUTD

o

M (h, Hy) % / M(Hy + h - cos(t)) cos(¢)dt. (10)

Broraucaenus npoussoguiaock B cucteme MathCad. Pesyibrarsl BoccTanoB/IeHus THD-
dbepennmanbHOl BocpuuMuuBocTy st h = 0.5 H* npuseens Ha puc. 2. Ypasaenue (7)
CBOJUIOCH K cHcTeMe 2-X mudpepeHnuaabHbIX YPaBHEHUN W PeIaJoch YUCICHHO MeTO-
oM Pynre-Kyrrol. Besimunna MmaruuTHoro noist Bbipazkena B eaununax Hx, a X, Xy, u
M{(H,h)/h B equrnnax X;(0).

N3 puc. 2 BujgnHo, uro audpepenimaibHast BOCIPUUMINBOCTD XOPOIIO BOCCTaHABII-
BaeTCs BJIAJU OT OCOOEHHOCTH, HAXOdIeiics B Hyjae nod. s yaydinienus pe3yabTaToB
HEOOXOIMMO yMEHBIATh h WM yBeJMYUBATH cTeneHb audd epeHnuajibHor0 ypaBHeHUS:
HeoOXoIMMO 6patTh ciejyromnue wieHbl psaga (4). To9HOCTh BOCCTAHOBIEHHS CUTHHO 3aBH-
i dX.(Hpy)

dH

. Takum oOpasoM, pa3BuTas METOJIUKA BOCCTAHOBJICHUA

cut ot BhIOOpa Hadanbublx yerosuit X.(Hpy) . Jlng Hauasa cueTa B KadecTse

M (Hu)
h

HA OCHOBE HEOJHOPOJHBIX JU(dEepeHInAIbHLIX YPABHEHUN TO3BOJISET OMPEIeIdTh MPo-
U3BOJHYIO 3aBUCUMOCTH. PacCMOTPEHHBI METO/] BOCCTAHOB/IEHUST MOYKHO MPUMEHITD JIJIS
HCCJIeI0BAHNA HEJIMHCHHBIX BOJbTAMIIEPHBIX XapPaKTePUCTHK MOJIYIPOBOJHUKOBLIX CTPYK-
TYP U CBEPXIIPOBOJHUKOB, & TAKXKE JIJId ACCJACIOBAHAA NOJAPU3AINAN CCrHETOIICKTPAKOB
U AMEECT JIPYTUEC TPUJIOKCHHU.

X.(Hy) caeayer B3sTh
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Xa-Xe, '
M;i/h / 1
0.8 .
0.6 .
9]
(o]
= 3
041 N — 1
/%
0.2r .
0 |
0 1 2 H

Puc. 2. Kpupas 1 — quddepennuaabuas BOCIPUUMUIUBOCTD Xy, KPUBas 2 — BOCCTAHOBJIEHHAS
M;(H, h)

BOCIPUUMYHUBOCTH X, ¢ momompio ypasuenus (7) u3 M{ B (10), kpusas 3 — bynkuus .
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Differential equations for recovery of dependence from

1ts harmonics

N.D. Kuzmichev

National Research Mordovian State University

Abstract: The article presents non-homogeneous differential equations used for restoring
the derivative of the experimentally studied dependence from its first harmonic. Based
on the differential equations of the 2nd and 4th orders, an example of dependence
recovery is considered. The solution of the Cauchy problem was carried out numerically
by the Runge-Kutta method of the fourth order of accuracy.

Keywords: recovery of the derivative dependence, Fourier harmonics, inhomogeneous
differential equation, Cauchy problem, Runge-Kutta method.
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VIK 517.925:612.8

MatemaTndeckoe MoOJeJNPOBaHNE BJINSHULI
MHBA3UBHBIX 3JIEKTPUYECKNX II0JIeil Ha TMHAMUKY
HeIipOHHBIX ceTeil mpm 6ose3unu llapkuHcona

Kyreipkuaa M.A., Mamenosa T.O.

HammonasbHbI nccaenoBaTe bkt Mop/10BCKUil TOCy/1apCTBEeHHBIN YHUBEPCUTET

Annomayus: JanHas pabora MOCBsIIEHa W3y4YEHUIO BJIMAHUAS WHBA3UBHOM 3J1€KTPO-
CTUMYJIANUA TJIYOOKHX CTPYKTYP TI'OJIOBHOIO MO3ra HA [IMHAMHUKY HEHPOHHBIX CETel
npu 6ome3run Ilapkuncona. B pabore ucmonb3yercs MareMaTudeckas MOIETh XOIXK-
KuHa — XaKCJIH JIJIsi UMATAIIIA aKTUBHOCTU HEHPOHOB O, IefiCTBUEM 3JIEKTPUIECKUX
noseii. B mccnenoBaHuy yIUTHIBAETCS TaKHE MAPAMETPhl CTUMYJISIINNA, KAK MPOBOIN-
MOCTH KaJIMEBBIX W HATPUEBBIX KAHAJIOB, & TAKXKe MapaMeTPhbl 3JIEKTPUIECKOTO MOJIs,
BKJIIOYAd JUIIEKTPUIECKYIO IPOHUIIAEMOCTD, IIPOBOIMMOCTD CPEIbl U HAIIPAKEHHOCTh
3JIEKTPUYECKOTO TOJA. Pe3yabrarhl MOJAETUPOBAHUS MO3BOJSIOT TTOHATH B3aWMOIEH-
CTBUE MEXKJy JJEeKTPUYECKON CTUMyNAnueidl U HEeHpOHHONH aKTUBHOCTBIO B TOJIOBHOM
MO3Te, & TaKzKe CIPOTHO3WPOBATH BIIMAHNE PA3JIMYHBIX [IAPAMETPOB CTUMYJIAINU HA
JUHAMUKY €CTeCTBEHHBIX HEHPOHHBIX CETeil.

Karouesnie cro6a: monenb XOMKKUHA-XAKCINA, HHBA3UBHAS JJIEKTPOCTUMYJIIHsI, 60~
ste3ub [lapkuHcoHna, MeMOpPAHHBINH TTOTEHIIWA.

1. BBeaenue

Bousesus [Tapkuncona — 310 HefipogerenepaTruBHoe 3ab0/1eBaHe, XapaKTepHU3yolee-
cs1 TTpoTrpeccupyoIieit rubesibio HePOHOB B ONPEAeIeHHBIX 001aCTIX MO3Tra, OTBETCTBEH-
HBIX 3a ynpasienue japuzkenueM [1|. OmauMm u3 Merosos jedenus 6osesnu [lapkuucoHa
SABJISeTCS NHBA3UBHAA JICKTPOCTUMYJISIU IIyOOKUX CTPYKTYP I'OJIOBHOI'O MO3Ta C IIOMO-
IIbIO BXKHUBJIAEMBIX 3JIEKTPo0B. OIHAKO MEeXaHU3MBI, JeyKallue B ocHoBe ddekTa 3Toit
CTUMYJISIIAY, A0 CUX TOP J0 KOHIA He m3ydeHbl. [[oHnManme 3TUX MeXaHu3MOB SIBJIAETCS
KJIFOYOM K paszpaborke Oosiee 3(PHEKTUBHBIX METO/IOB JICYEHUS U ONTHMUA3AIMHI TapaMeT-
POB CTUMYJISIAN.

MaremaTndeckoe MojeIMpPOBaHNe JTUHAMUKN HEfiDOHHBIX ceTeil 1moJ jeficTBrueM WHBa-
3UBHBIX JIEKTPUYECKUX ITOJIEN SBIAETCHI HOBBIM U MEPCHEKTUBHBIM IOAXOA0M K U3YUYEHUIO
3 dekToB cTuMysIAnuu. JaHubIil 10/1X0/T O3BOIIET UCCAEI0BATD B3aUMOICHCTBIE MEK-
AY 3JEKTPUYECKON CTUMYJIANUE U HEMPOHHONH aKTUBHOCTBHIO B POJIOBHOM MO3T€, a TaKzKe
POrHO3UPOBATH BJAUAHUE PA3JIUYHBIX [IAPAMETPOB CTUMYJIAINH.

2. OnucaHue MoaeJii ¥ MOCTAHOBKA 3a4a4u

1 MosieTupoBaHusT TMHAMUKY HEDOHHBIX ceTell ObLIa HCIOJIH30BaAHA MOIETb X O/I7K-
KuHa- XaKe/id, KoTopas OlucbiBaercd cucreMoit Juddepennualibubix ypasuenuil. B cucre-
Me IPUHSTHL cieaytomme oboznadenns V (t) — memGpannbiii nmorennuad, a m(t), h(t), n(t)
SBJISIIOTCA BOPOTHBIMH MEPEMEHHBIMHU: 1M U N — HePeMeHHbIe aKTHBAIUU /I KaJUeBbIX
M HATPHEBBIX KaHAJOB, a h — mepeMeHHas NHAKTHBAINN HATPHEBHIX KaHAJIOB. BopoTHBIE
nepeMeHHble — 3TO BEPOSATHOCTH OTKPBHITHS MJIN 3aKPHITHS HOHHBIX KaHAJOB B HEDOHHOI
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membpane. OcrabHble MapaMeTPbl H3BECTHBI W ONPEIEJISTIOTCS SKCIEPUMEHTAJILHO [2].
Cama MoJIe/Ib UMEeeT BUI:

([ dV

Cm% = ]eact + Isyn(t) - GNa - GK - GL7

— = am(V)(L =m) = Bn(V)m,

= V)L~ )~ (V)P
e - AV,
rme
0.1(25 - V) 0.01(10 — V)
G 0lexp(25-V)—1 " 1+40lexp(l0—V)—1

0@ -V 5 de <—_)

™ 0lexp(B-V)—1 " A

1 —V

o= e i@y vy P = 125 (W)

Gng = gNamgh(V - VNa)a Gk = gKn4h(V - VK); G = gL(V - VL)-

CyMMa CHHANITHYECKHX TOKOB PACCUUTHIBAETCS IO CIAeyIoNel dpopmyJie:

Ne N;
Liyn = Congewe | D Mt —t) = K> D It —17)
k=1 1 p=1 n

31ech N, — KOJMYIECTBO BO30YKIAAMOIMKX HEHPOHOB, 31ech N; — KOJIMIECTBO TOPMO3HBIX
neiiponos, I — nnpukaropuag QyHKIKA, IPUHIMAIONIAS 3HAYeHHE 1, €C/I UX apryMeHTHI
paBHBI HYJII0, 1 ) — B IPOTUBHOM CJIydae, tg — BpeMd pas3psjia a-ro cnaitka b-ro meiipona,
C), ecTb MeMOpaHHasl eMKOCTb, (eze = 1 1 K = 4 — KOHCTAHTBI, KOTOPbIE BBIYUCIISTIOTCS
SMIUPUAIECKH.

B HOpMeE MpOoBOANMOCTD KaJIHeBBIX KaHaI0B cocTapger 120 MCM, HATPHEBBIX KAHAJIOB
— 36 MCwMm. B ciryuae 6os1e3un [lapkuncona 3tu napaMeTpbl TpuHAMAaIOT 3Haderus 150 mCMm
u 18 MCM coOTBETCTBEHHO.

Onaum w3 cnocoboB Jseuenns 6osesnn [lapkuncona sBigeTcs TpUMeHEHNE WHBA3UB-
HBIX 3JIEKTPpUIeCKuX 1ojeil. HTo0bl yuecTb BJIHSHNE JIEKTPUYECKOIO MOJIsI HA HEPOHHY IO
CeTh, N3MEHUM TIePBOE yPaBHEHHE CUCTEMBbI, T0OABHB B HETO CHUJIY JIEKTPUIECKOTO OIS
F, neiicrByiomiero na MmeMOpaHy KJIETKU:

dVv
CmE:Iext_l'Isyn(t) _GNa_GK _GL+F (2)

Ha ocnoge 3akona Oma un 3akona Kysiona cura 371eKTpUI€CKOro moJist PacCIUThIBACTCS 110
dopmy.e:
F=EV-0),

riae F — HaupsizKeHHOCTb 3JIEKTPUYECKOTO MO0JIsl, KOTOPOe BO3/eHCTBYeT Ha IOTEHIHAJ
KJIETKH U PACCYUTHIBAETCS 110 (hopMy.ie:

o
E=U-
€
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OrnpeesinM napaMeTpbl HHBA3UBHOTO JIEKTPUIECKOTO TI0/IsI, AefICTBYIONEro Ha Heii-
POHBI I'OJIOBHOI'O MO3T'a, TaKHM€ KaK TaKHe KaK AJUIJICKTPpUYeCKad IMOCTOAHHad Cpeabl €,
MMPOBOAMMOCTDL Cpe€Jbl 0 U HAIIPAZKEHUE IJICKTPUYECKOI'O ITOJIA U SHa‘{eHI/IH JAUSJICKTPU-
YeCcKOU NOCTOAHHON MeKKJIeTOUYHOM KNJIKOCTHU B T'OJIOBHOM MO3T€ HAXOJAATCA B IHAITaA30HE
ot 50 1o 80. IIpoBoauMOCTh MEXKKJIETOUHON »KUJIKOCTH COCTaB/sgeT okojo 1-2 Cwu.

Hanpsizkenune, nmpuMensgemoe Ipu IVIYOOKOH CTUMYJISIIUUA MO3Ta, OOBITHO COCTABJISIET
HECKOJIBKO BOJIBT. OIHAKO, TOUHBIE 3HAUYCHHUS HAIPSIKEHHOCTH JIEKTPUIECKOTO OIS MO-
I'YT BapbUPOBATHCS B 3aBUCHMOCTH OT HHIMBUIYAJIbHBIX XapaKTePUCTUK IAIMEHTa, BbI-
OpaHHOW CTUMYJIAIMOHHON 00JIACTH W HACTPOEK ycTpoicTBa crumyssimun. OObIYHO TpU
JIEHEHUUN HEPBHBIX 3a60ﬂeBaHHfI TUIIHMYHaA aMIVINTYda CTHMYJAIIUOHHOIO HUMIIYJbCa CO-
crasyser or 1 10 10 B [3].

Brina mocrasmena 3agada, HaiiTy Takoe 3HaYEHHE HANPSIKEHNS MWHBA3WBHOTO 3JI€K-
TpUYIecKoro 1moJid U, Ipu KOTOpoM JIMHAMIKa HeHPOHHBIX ceTeil ipu Ooste3nn [lapkuncona
ObL1a ObI OJIM3KA K JAMHAMUKE HEHPOHHBIX CeTeil 37I0pOBOr0 4eI0BeKa.

3. PGBy.TIbTaTbI YN CJIEHHbIX JKCIIEPpMMEHTOB

Monenn, 0 KOTOpOil UaeT pedb, ObLIA peaTn30BaHa ¢ UCHOJB30BAHUEM CPEJIbl pa3pa-
boTkn Google Colaboratory [4]. Dra cpena ob1amaer BHICOKOH CKOPOCTHIO BLIYHCTICHUIT
1 [I03BOJIET MCIIOAb30BaTh Python-0ubnoTexkn /s aHaJn3a JAHHBIX B PeXKUMe OHJIAiH.
B nporecce nporpamMMupoBaHus ObLIN HCIIOIB30BAHBI 0O In0TEeKN NUmPy, IIpe10CTaB/Isio-
mas MuPoKuii Habop PYHKIMIA /1 YUCTECHHOTO MOjieTupoBanus, u Matplotlib, koropas
MO3BOJISAET BU3YAJU3UPOBATDH MOJIyYEeHHbIE JTaHHbBIE.

UccnenoBanue Beoch IMPU CIAEAYIOMNUX BXOMTHBIX IapaMeTpax: KOJIMIeCTBO BO30YK-
Jaforux HeitpoHoB — 200, KOIUIecTBO TOpMO3ATIUX HelipoHoB — 50. B x0/1e nmepsoro 4mc-
JIEHHOTO SKCIEePUMEHTa CPABHWBAJIOCH MOBeJeHHE MeMOPAHHOTO TOTeHIWaga Oe3 ydera
Biustaug F', cornmacno momenu (1). BeisicHmioch, 9To mepuoi KosaebaHuili MeMOpaHHOTO
HNOTEeHTINAIa HeHpOHOB ¢ OoJe3nbio [lapkuncona Menbime, Yem mepuos, kKoaedbanuit V' 3710-
poBOTO 4YesoBeka u coctanjsger 11.88 mc.

B x0/te BTOporo 4uc/jieHHOro 3KCIepUuMeHTa U3y 4aa0Ch BJIUAHHE BHEITHETO 3/ IEKTPUYe-
ckoro moJist F' Ha MeMOpaHHBIH MOTEHIMAT COTIACHO MOJen (2) NpH 3HAYCHUSX JHIJIEK-
TpudIeckoi mocrossHaoil € = 70 m nmpoBogumocTn cpeabl 0 = 1 Cm. B pesyabrare 3Toro
9KCIIEPUMEHTa ObLIO YCTAHOBJIEHO, YTO IpHU 3Hadvenun Hanpskenus U = 4.866 B nepu-
oJ KosiebaHuit moTeHnuaga npu O6oJe3nn [lapkuHcoHa OJM30K K aHAJOTHYHOM BeTUYHUHE
3M0poBHIX Heiiporos (14.5 Mc) u cocrapiser 14.67 M.

Bonee BricOKMe 3HAUEHUST HANPSYKeHNs] TPUBOIUT K YMEHBIIEHHIO MePUO/Ia KOTeOaHmii
MEMOPAHHOTO MOTEHITNAJIA, YTO TOBOPHUT O MOMBITKAX OPTaHM3Ma BOCCTAHOBUTH HOPMAJIb-
HYIO aKTUBHOCTH HEHPOHOB MJIM KOMIIEHCHPOBATD OTEPIO JIOaMUHA, KOTOPasd BOZHUKAET
npu 6osne3nn [lapkuncona. Huzkue 3navenuns Hanpszkenus, Ha0O0POT, MPUBOJAT K yBe-
JIMYEHUIO TIepuojia Kojebanuii: 4To BpeMs, HeOOXOUMOe Jisd BOSHUKHOBEHUS W BOCCTAa-
HOBJIEHUST MEMOPAHHOTO MOTEHIIHA/IA, YBEJHYEHO, TO CKA3bIBACTCS HA CKOPOCTH 1 dhpek-
TUBHOCTY TepeJaun mHMopManum Meyk Iy HeipOHAMH.

4. 3akKJ/I04YeHue

[Tony4ennpie pe3yabTaTbl MOIYT OBITH MCIIOJIB30BAHBI B JIaJbHEHIINX HCCJIEIOBAHUAX
U pa3paboTKe HOBBIX MOJIXO0B K JICUEHHIO HeilpojiereHepaTuBHBIX 3abo1eBanuit. Marema-
TUIeCKOe MOJeTMPOBaHNe IMHAMUKHA HEHPOHHBIX ceTell Mo/ BO3AeUCTBIEM JIeKTPUIECKIX
1oJieit MOZKeT CJIYZKHTh OCHOBOM JIjisi CO3/iaHusi 00Jiee TOYHBIX U aJalTUPOBAHHBIX METO-
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JIOB CTUMYJIAIIH, CIIOCOOHBIX 00JI€€ TOUHO BJIMSATH HA HEHPOHHYIO aKTUBHOCTD U Y1y 9IIaTh
3 deKThl JIedeHn .
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Mathematical modeling of the influence of invasive
electric fields on the neural networks’ dynamics in
Parkinson’s disease

M.A. Kutyrkina, T.F. Mamedova

National Research Mordovia State University

Abstract: This work is devoted to studying the effect of invasive electrical stimulation
of deep brain structures on the dynamics of neural networks in Parkinson’s disease.
The work uses the Hodgkin-Huxley mathematical model to simulate the activity of
neurons under the action of electric fields. The study takes into account stimulation
parameters such as the conductance of potassium and sodium channels, as well as
electric field parameters, including dielectric constant, medium conductivity and electric
field strength. Simulation results allow us to understand the interaction between
electrical stimulation and neural activity in the brain, as well as to predict the impact
of various stimulation parameters on the dynamics of natural neural networks.

Keywords: Hodgkin-Huxley model, invasive electrical stimulation, Parkinson’s disease,
membrane potential.
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O TouyHOCTU pa3pbIBHOTO MeToJa l'ajgepKmHa mpn
pacyeTe ra30{MHAMUYECKUX Y/IAPHBIX BOJIH| |

Jagonkuna M.E.52, Hexkmonosa O.A.52, Ocranenko B.B.2, Tumkun B.®.12

Nucruryr npukiaanoit maremaruku um. M.B. Kenpima
Poccniickoii AkageMun HayK',
Nucruryt rugpognnavuku nm. M.A. JlaBpentrera Cubupckoro otaenenns Poccuiickoit
AKaJeMunN HAYK?

Annomayus: B crarbe mpe/IcTaBIeHbI PE3YJIbTATHI PACYETOB Ta30IMHAMUYECKUX YIap-
HBIX BOJIH, BO3HUKAIOIIUX [pU pellenun 3ajauu Koum ¢ riaJIKuMu [MepUuouIecKu-
MU HAYAJBHBIMY JAHHBIMU. DTU PACUYETHI MPOBOIMUINUCEH IO TpeM Momudukanusm DG
(Discontinuous Galerkin) meroza, B KOTOPBIX pelIeHNE TPEICTABIEHO B BUE KYCOIHO-
nmHeHo# pa3pbiBHO dyHKImu. Pe3ymbrarsr pacderoB nokazanu, 910 DG MeTossr,
B KOTOPBIX JIJIsi MOHOTOHU3AIMY [TOJIyYEHHOTO PEIIeHUs MPUMEHSETCS OTPAHUIUTED
Kokbypna, 06/1a1a10T IPUMEPHO OJUHAKOBOM TOYHOCTHIO B 00/IACTAX BIUSHUS yIap-
HBIX BOJIH, B TO BpeMsi KaK HeMOHOTOHHBINH DG Meros, B KOTOPOM 3TOT OrPAHUYNTENH
HE HUCIIOJIb3YeTC s, IEMOHCTPUPYET B 9TUX ODJIACTSX CYIIECTBEHHO OOJiee BHICOKYIO TOU-
HOCTB. DTO MO3BOJISET UCIOIH30BaTh HeMOHOTOHHBIN DG MeTo1 B KayecTBe 6a3MCHOTO
PU MOCTPOEHUN KOMOMHHUPOBAHHON CXEMbI, KOTOPas MOHOTOHHO JIOKA/Iu3yeT (hpoH-
ThI yJIAPHBIX BOJH ¥ OJIHOBPEMEHHO COXPAHSAET MOBBINIEHHYI0 TOYHOCTH B 00IACTAX UX
BJIMSHUS.

Karuesvie ca06a: ypaBHEHUS Ta30BOM IUHAMUKH, YAAPHbBIE BOJHbBI, PA3PBIBHBINA METOT,
lanepkuna

1. BBenenue

[Ipeabraymue uccyieioBannsa B 006JIACTH YHCJIEHHBIX CXEM i THIePOOInIeCKuX CH-
CTEM 3aKOHOB COXPAaHEHWS TOKA3a/H, YTO CPear JABYXCIOWHBIX MO BPEMEHU JIMHEHHBIX
CXeM He CYIIeCTBYeT CXeM MOBBIIIEHHOrO TMopsiaKa anmnpokcumMarmn [1]. B ¢Bs3u ¢ stum,
pPa3BUTHE TEOPUU CXeM CKBO3HOI'O cUeTa ObIJI0 HANPABJIEHO HA CO3JIaHUE YNCJIEHHBIX CXeM,
KOTOpPBIe 00eCIIeYnBaIOT TOBBIMEHHBII MOPII0K AMMTPOKCHMAINN HA TJIAJKUX PelTeHus X
MOHOTOHHOCTBH HA YAAPHBIX BOJHAX 33 CUeT HeJUHEeHHOW KOPPEKIINY TOTOKOB. DTa KOPPeK-
IUs OPUBOIUT K HEJTMHEHHOCTH JAHHBIX CXeM MPU ANIPOKCUMAINY JUHEHHBIX THIepOo-
JMMYeCKuX cucreM. B pesysibrate Obiin pazpaboransl pasanunbie kiaaccsl NFC (Nonlinear
Flux Correction) cxem, takue kak MUSCL, TVD, WENO, DG u CABARET. K NFC
cXeMaM TaKzKe OTHOCSTCS THOPU/IHBIE CXeMbI, B KOTOPBIX YHC/JIEHHOE PEeIeHrne Ha KayK/I0M
BPEMEHHOM CJIOE MOHOTOHU3UPYETCS ¢ TMOMOIIBIO CIEUAJTHHOTO UUCIAEHHOTO AJTOPUTMa
B OKDPECTHOCTAX OOJIBIUX TPAIUEHTOB TOYHOTO pererus. [aBrHoe npenmyinectBo NFC
CXeM COCTOUT B UX CIIOCOOHOCTH C BBICOKON TOYHOCTBIO JIOKATU30BATh yIapHBIEe BOJHBI, HE
OPUBOJISA K CYNIECTBEHHBIM HeU3WIeCKHM OcTuaanuaM. [Ipu 3Tom ocHOBHON HemocTa-
tok NFC cxewm 3akiodaercsa B TOM, 9YTO 3TU cXeMbl UMEIOT He 0oJiee YeM MePBBIf MOPSI0K
JIOKATbHOM CXOAMMOCTH B 00JIACTAX BJIUAHUS YAAPHBIX BOJIH U, IO CYIIECTBY, CXeMaMU MO-
BBIIIEHHON TOYHOCTH HE SBJISIOTCS. DBLIO MOKA3aHO, YTO HEKOTOPbIE HEMOHOTOHHBIE CXe-
MbI, B yacTHOCTH, cxeMa Pycanosa u3 [2], cxema CWA (Compact Weak Approximation)

“PafoTa BBINOJIHEHA IPU YaCTUIHON dunancoBoit moaaepxkke PH®, npoekt Ne 22-11-00060
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u3 3] u cxema DG1 u3 [4], B ormume or NFC cxem, coXpaHsifoT TOBBIIIEHHYIO TOYHOCTh
B 00J1aCTSIX BIUSAHUS YIAPHBIX BOJIH, YTO TO3BOJIAIO HCIOJb30BATH 9T CXEMbI B KAYECTBE
6a3UCHBIX MPHU TOCTPOEHUM JIJIsi CHCTEMbBl YPABHEHUI MEJIKOH BOJBI KOMOMHUDPOBAHHBIX
CXeM CKBO3HOrO cuera [5-8|, KoTophle MOHOTOHHO JIOKAJIN3YIOT (DPOHTHI YAAPHBIX BOJH 1
O/THOBPEMEHHO COXPAHSIOT OBBIIIEHHYIO TOYHOCTD B 00JIACTAX UX BJIUSHUS.

B namnoMm uccsieIOBaHUE U3YYaeTCsl TOYHOCTH Pa3pbIiBHOrO MeToja lanepkuna mnpu
YUCJIEHHOM MOJICJTUPOBAHUE PA3PBIBHBIX PEINEeHUil CHCTeMBbl YPABHEHHN HEHM309HTPOIIH-
YeCKO raszoBoil JMHAMUKN, KOTOpad, B OTJIAYUAE OT CUCTEMbl YPAaBHEHUH MEJIKOW BOJBI,
B 00IIeM ciydae He JOMyCKaeT 3amucu B GpopMe MHBApUaHTOB. [ljisi mpoBeieHusi cpaB-
HUTEJIBHOTO AHAJN3a TOYHOCTH MCHOIB3YIOTCS CAeMYIONTHe CXeMbl: HEMOHOTOHHAST CXeMa
DG1 u ge NFC cxembt DG1A1 nu DG1A2, anropurmbl KOTOPbIX npuBeeHst B [5]. s Te-
CTHPOBAHUS HCHOJIBb3YeTCs clenuanbHas 3ajaun Ko (9] ¢ raaakuvu mepuoanaecKkuvu
HAYAJIbHBIMH JIAHHBIME, [IPU PEIIEHUU KOTOPOl BHYTPU pacdeTHO# 00JIaCTH B pe3y/IbTare
I'PAUEHTHBIX KaTacTpod hopMupyercs mocse 0BaTe bHOCTD H30JUPOBAHHBIX YAAPHBIX
BOJIH, PACIIPOCTPAHSIONIUXCS ¢ TTOCTOSHHON CKOPOCTBI0. MeKy 9TUMH YIAPHBIMHU BOJIHA-
MU 00pa3yIOTCs UX 00JIACTH BAUSHES, KOTOPBIE ¢ TeYEHUEeM BPEMEHH 3aIOTHSIIOT BCIO PAC-
JeTHnyio oonactb. Jng mannoit 3amaun Kormu 6ymem ucnoabizosath abopesuarypy PCPG
(Periodic Cauchy Problem for Gas dynamics).

2. 3agaya Konm gyg runepbo/imiecKoii cucTeMbl 3aKOHOB COXpPa-
HEHUS

PaCCMOTpI/IM KBaBHHHHeﬁHyIO FHHep6OHquCKyIO CUCTEMY 3aKOHOB COXPaHEHUA

riae u(z,t) — uckomas, a f(u) — 3amanuas rnajgkue BekTop-byukuuu. [TocraBum ast cu-
crembr (1) 3amaay Kormu ¢ rraIKuMu eprOANIeCKUMI HAYATbHBIME JTaHHBIMI

u(z,0) = ug(x) = uo(z + X). (2)

[peanonoxum, uro 3aaada (1), (2) npu ¢ > 0 UMeeT eIUHCTBEHHOE OTPAHUIEHHOE 0000-
MmeHHoe pernenue u(xr,t), B KOTOPOM ¢ TedeHHeM BpeMeHU (hOPMEUDYETCs TOCTIeI0BATE b
HOCTbH M30JUPOBAHHBLIX YAAPHBIX BOJIH.

HucsteHHBIe CXeMbl PA3PBIBHOTO MeTo/la ['ajepKkuHa, anmpokcumMupyonue 3aaaqdy (1),
(2), GyeM CTPOUTH HAa PABHOMEPHOM! MPSIMOYTOJBHOM CeTKe

S ={(z;,tn): x; =jh, t, =n1, n >0}, (3)
e h = 7 HIar CeTKU 1o IpocrpancTsy, M — 3aJaHHOE 1eI0e MOJOKATEeJIbHOE THCJIO,

r= oh f e N0/ 60) (@)
T — IIar CeTKW 10 BPEeMeHH, BhIOMpaeMblilt u3 ycjoBus ycroitunBoctu Kypanta, B KOTO-
poum z € (0,1) — koadurment 3amaca, Ap(u) — COGCTBEHHBIe 3HAYEHUS MATPUIIBI SIKOOU
fu(u) cucremsr (1), vp(2j41/2,tn) — 3HAYEHHE YUCTCHHOTO PelleHus Uy (2,t,) B HOIyLEIOM
IPOCTPAHCTBEHHOM y3iie X1/ = (j + 1/2)h.
[TockosbKy B paccmarpuBaeMoil TectoBoil 3amade Komm (1), (2) Tounoe pernenue
u(x,t) 3apaHee HEU3BECTHO, TO /i IPUOJIMZKEHHOIO BbIYUCJIEHHsI OHIMOOK YUC/JIEHHOIO
pemenust vy (x, t,) aroit 3amaun Ml npuMenumM Meros Pynre [5]. s sroro 3adukcupyem
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Ha ceTKe (3) HeKOTOphIit y3ea (Zj41/2,tn), A€ 1 > 1, U BBeJeM Jisi HEr0 ODO3HAMEHHE
(Z,t), tne £ = (j + 1/2)h u t = nTt > 0. llpeanosoxKuM, 9T0 HA TOCIEOBATETHHOCTH
CTYIIAIONIIXCSA CeTOK

S = {(a%, 1) x; = jh;, t' =nm, n>0}, i=1,2, ..,

7 'n n

rue h; = h/3"71 7, = 7/3"71, monmyvaembix myrem cxkatua GasucHol cetku (3), YuCIEHHOE
pemenne vy, (z,t,) B Touke (T,t) CXOAUTCA K TOUYHOMY DeleHHIo u(z,t) ¢ TOPAIKOM T,
KOTOPBIii MPUBINKEHHO BBIYUCIAETCS O cieytomeii hopmyne Pynre

‘Ufu — vhzl —] ‘th — vhsl (5)

r = log. = .
& |Uh2 - Uh:sl 1/3 |Uh1 - Uh2|7

C yuerom (5) moaydaem TpUOTHKEHHYIO ONEHKY JIJIsl BEKTOPA ONMMOOK YHCIEHHOTO
pemennst Ha 6aszucHoii cerke (3)

-1

‘/Uhl - vhz‘

U3 KOTOPOii cieayer hopMysia Jjisi OTHOCUTENbHBIX JAuCOANaHcoB (TOrpemHocreii) duc-
JIEHHOT'O PeIIeHUs

|dvp,| B lop, — ul

Av, =1g lg (6)

lon| |vn|

3. 3amaga Ko aj1g cucrtemMbl ypaBHEHU HEM3IHTPONMYIECKOM Ta-
30BOM JMHAMUKN

B kauecTBe KOHKPETHOU rumepbonueckoii cucreMbl (1) BbIiGepeM cHCTeMy 3aKOHOB
COXpaHEeHUd HEU33HTPOLUUYECKON ra30B0il JUHAMUKHU, JIJIS KOTOPOH

p pu
u=1 pu |- fu) = pu® +p ) (7)
pe u(pe + p)

e p, u, p U e = €+ u?/2 — WIOTHOCTD, CKOPOCTD, JTaBJIeHue W Y/IeAbHAS OJTHAA IHEPrHd,
£ — yJeJbHas BHYTpeHHsis SHeprust. lapjeHue u BHYTPEHHsSsST SHEPIUS YIOBJIETBOPSIOT
VPaBHEHUIO COCTOSHUS UICATLHOTO MOJUTPOIHOTO ra3a p = (7 — 1)pe, B KoTopom v = 1.4
— moKasaresib aaunabarsl aByxaromuoro rasa. Cucrema (1), (7) umeer n1Ba H309HTPOITHYE-
CKMX KBAa3MMHBAPUAHTA W1, W3 U MHBAPUAHT We = S, KOTOPbIE 3aal0TCA GOpMyJIaMu

2c 1 P 2c

pu— 1 —_— pu—
_17 %] 7_1np,y7 ws u—’_’)/—l’

wr = u—

¥
P
raie S — 9HTPOIINUA U C = — — CKOpPOCTBb 3BYKa.

Pacemorpum i cucremst (1), (7) 3agady Komm ¢ miajkuMu MeproIHIeCKHMEI Ha-
qaabHBIME yeaoBusiMu (3a1ada PCPG)

2 3
wi(z,0) = —10, wy(x,0) =0, ws3(z,0)=sin (% + %) + 10, (8)
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rie X = 10 — mauna nepuoga. 13 yeaosuit (8) 0AHO3HATHO ONpeEIEJSIOTCS HAYATbHbIE
sHavenus u(x,0) Ga3UCHBIX MapaMeTpoB TeYeHHsl, B YaCTHOCTH, IJIOTHOCTH ra3a p(x,0),
noKa3aHHas Ha puc. la myHKTHPHON JuHKeil. ITocKOIbKY B HAYaJILHBIH MOMEHT BPEMEHH
SHTPOINS ra3a MOCTOsTHHA, TO BO BCEX IVIQJIKUX YaCTAX TOUYHOIO PENTeHWsI, He BXOISIINX
B 00JIACTH BJIMSHUSA YIAPHBIX BOJIH, TeYEHUE Ta3a SBJISAETCS H309HTPOIUYCCKIM.

B tounom pemenunn 3agaun PCPG B momenT Bpemenu t, =~ 1.35 ¢dopmupyercs mo-
CJIeIOBATEIBLHOCTD U30JIMPOBAHHBIX YIAPHBIX BOJIH, KOTOPBIE PACIPOCTPAHSIOTCI APYT 3a
JPYTOM € OJUHAKOBBIMU CKOPOCTSIMH B IIOJIOXKUTEILHOM HalpaBiaeHun ocu x. Ha puc. 1a
1 23 B MOMEHTHI BpeMeHu t = 1 u t = 5 CIUIOIIHBIMHI JIMHUSIMA H300PazKeHbl KBA3HTOIHBIE
podUIIN TWIOTHOCTH, TToJIydaeMble npu pacdere 1o cxeme DG1A1 ua menkoii cerke (3), B
koropoit h = 1/1215. K momenty Bpemenn t = 1 B TOYHOM DeIIeHUH HAYHHAIOT (HDOPMI-
poBaThCst 06JacTH GOJBITUX IPAJAHEHTOB, HO PEIIeHne elle 0CTaeTCs TAQIKuM (puc. 1a).
B moment Bpemenu t = 5 chopMupoBaBiInecs yAapHbIE BOJHBI MPOXOJAT PACCTOAHHE
bosbiee JumrHbL mepuojga X = 10 M Bcd pacdeTHas 00JaCThb CTAHOBUTCA UX 00JIACTBHIO
BiusgHUsI. C y4eTOM 9TOT0 CUJIBHBIN pa3phiB, PACIOI0KEHHBIH Ha JIMHUHU, PUBEIeHHONBIX
HA PHC. 2a, COOTBETCTBYIOT VIAapHOH BOJIHE, KOTOpas ChpOPMHUPOBAJIACH B MOMEHT BpeMe-
uu t, BHyTpH uaTepBana [—X, 0].

p

Puc. 1. IlnotHOCTh Ta3a (a) W OTHOCHTENBHBIE JIOKAJIbHBIE nucbanaHchl (6), HOTydaeMble B MOMEHT
Bpemenu t = 1 npu guciennom pemenun 3agadu PCPG.

Ha puc. 1 u 2 npusenenst pesyabrarsl pacieros 3ajgadun PCPG no cxemam DG1 (kpy -
kn), DG1A1 (kBagparuku) nu DG1A2 (rouku) na pasnomepnoii cerke (3). Ha Bepxumx
PHCYHKaX C HWHIEKCOM (a) MOKA3aHbl 3HAYEHHsI [JIOTHOCTH ra3a, MoJydaeMble IPH pacde-
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0 2 4 6 8 10 x

Puc. 2. IlnortHocTh Ta3a (a) M OTHOCHTENBHBIE JIOKAJbHBIE nucbanaHchl (6), MOosydaeMble B MOMEHT
BpeMmenu t = 5 mpu guciaenHoM pernernn 3agadu PCPG.

Te, B KoTopoM h = 0.2. 13 3tux pucyHkoB BumHO, 9T0, B ormaue oT NFC cxem DGIA1
u DG1A2, wemonoronnass cxema DG ummeer 3amMeTHble He(U3WIECKHE OCIUIIAIUIN B
OKPECTHOCTSIX VAAPHBIX BOJH. Ha HUKHUX PUCYHKAX ¢ HHIEKCOM (6) MPUBEIeHbI OTHOCH-
TeJIbHbIE JIOKaJIbHbIe nucbanancel (6), mosydaemble Ipu pacdere Ha Gasuchoii cerke (3),
rae h = 1/135. 3uadenust 3tux AUCOHATAHCOB MOKA3AHBI /I KaXKI0r0 30-r0 MOIYIEI0ro
HPOCTPAHCTBEHHOIO y3Jia PA3HOCTHON CETKH.

N3 puc. 16 u 26 cnenyer, aro NFC cxembr DG1AT u DG1A2, B KOTOPBIX /151 MOHOTO-
HU3AIMY YUCJIEHHOTO PeNTeHus TPUMEeHSIeTCsI orpaHudnTes b KokOypHa, UMerT MpuoIn3n-
TEJBbHO OAMHAKOBYIO TOYHOCTBHIO B O6JIaCTHX BJINAHUA Ta30JUHAMNYIECKUX YIapPHBIX BOJIH,
B TO BpeMs KakK HeMOHOTOHHas cxeMa DGI1, B KOTOpOi 9TOT OrpaHUYUTE/b HE HCIIOJb-
3yercs, JeMOHCTPHPYET B ITUX 00JIACTAX CYIIECTBEHHO 0OJiee BBICOKYH) TOYHOCTH. JTO
HO3BOJIIET UCIOIb30BaTh cxeMy DG1 B KadecTBe 0a3MCHON MPH MOCTPOCHUU KOMOUHHPO-
BAaHHOI CXeMBI, KOTOpas MOHOTOHHO JIOKATH3YeT (PPOHTHI YIAPHBIX BOJIH ¥ OZHOBPEMEHHO
COXpaHdeT 1HOBbIINEHHYIO TOYHOCTDL B O6ﬂaCTHX NX BJINAHUL.
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On the accuracy of discontinuous Galerkin method
calculating gas-dynamic shock waves

M.E. Ladonkina'?, O.A. Nekliudoval?, V.V. Ostapenko’, V.F. Tishkin'?

Keldysh Institute of Applied Mathematics, Russian Academy of Sciences!,

Lavrentyev Institute of Hydrodynamics, Siberian Branch,
Russian Academy of Sciences?

Abstract: We present the results of calculations of gas-dynamic shock waves, arising
in solving the Cauchy problem with smooth periodic initial data. These calculations
were carried out for three modifications of DG (Discontinuous Galerkin) method,
in which the solution is represented as a piecewise linear discontinuous function.
The results showed that DG methods, in which the Cockburn’s limiter is applied
to monotonize the obtained solution, have approximately the same accuracy in the
areas of influence of shock waves, while the nonmonotonic DG method, in which this
limiter is not used, demonstrates in these areas significantly higher accuracy. This
allows the nonmonotonic DG method to be used as a basic one when constructing a
combined scheme, which monotonously localizes the fronts of shock waves and at the
same time preserves increased accuracy in the areas of their influence.

Keywords: gas dynamic equations, shock waves, discontinuous Galerkin method.
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VIIK 519.63

ITpuMeHeHne y3JI0BBIX NOJTHOCTHIO KOHCEPBATUBHBIX
PA3HOCTHBIX CXE€M C BA3KHWM HAMNOJIHEHUEM /JIJIs
ypaBHEHHIT Ta30BOii ANHAMUKN B EPEeMEHHBIX Jiijiepa
Ha 3a7a4e Coaa

Jlagoukuna M.E. 12 TTosemenxo FO.A.12, Uxan Xaowsup'?

UTIM um. M.B. Kemnsima PAHY, MOTH?

Annomayua: s ypaBHeHUH ra30BON IUHAMUKHU B SMIEPOBBIX MEPEMEHHBIX CO3/1a-
HO CEMEeNCTBO [IBYXCJIOHMHBIX II0 BPEMEHHU IOJHOCTHI0 KOHCEPBATHBHBIX Pa3HOCTHBIX
cxem (ITKPC) ¢ BpemeHHbIMU BeCAMU, [IEPEMEHHBIMY [0 IIPOCTPAHCTBY. 3HAYUTEIHHOE
BHUMAaHWE B paboTe yIeIeHO MPUMEHEHWI0 CIOCODOB KOHCTPYUPOBAHUS PETYJISIPU30-
BAHHBIX TIOTOKOB MACChI, UMITY/JIbCA U BHYTPEHHEH SHEPTHUH, COXPAHSIIOIINX CBONCTBA
IMTKPC manmoro Kiacca Ha Kiaccuaeckoii 3amaqe Coma, aHaan3y uxX aMIIUTy,Ibl 1 BO3-
MOXKHOCTH MX HCIOJIb30BaHHUsl Ha HEPABHOMEPHBIX ceTKax. [JocTpoeHHast cxema nMeer
TOYHOCTbH BTOPOIO IOPSIKA U PEAJTU3YETCS C IOMOIIBIO IPOCTHIX UTEPAIMOHHBIX IIPO-
neccos. PazpaboranHas nporpaMMa MMEeT J0CTATOYHO BbICOKYHO TOYHOCTDb JIA2Ke Ha,
KPYIHBIX CeTKaX. BBIMOJHEHO TECTHpOBaHME KJIACCHUIECKON 3amaun — 3amaun Coma
JJIsT TIOATBEP K ICHUS 3(PPEKTUBHOCTH PA3paOOTAHHON CXEeMbI M METOI0B.

Karouesvie c06a: TOTHOCTHIO KOHCEPBATUBHBIE PA3HOCTHBIE CXEMbI, METO] OTIOPHBIX
OIIEPATOPOB, Ta30Bas AuHAMUKA, 3agada Cofa.

1. ITosrHOCTBIO KOHCEpBaTuBHAsA MNP PEPEHINATILHO PA3HOCTHAS CXe-
Ma

Ha puc. 1 npejicraBiiena cOOTBETCTBYIOIIASA PA3HOCTHAS CETKA, IJI€ W — Y3JIbl PA3HOCT-
HOIT ceTKH, a ) — sgueiiku. K y31am w Oy1emM OTHOCUTH TEPMOJIMHAMUIECKUE BETUIUHBL: p,
g, P u BHyTpenHio0 3HEPIUio ' = pe, CKOPOCTH U, 00bEM ¥ U IPUY3TOBYIO MACCY M = pu,
a 00béMm V — Kk gueitkam ().

e N

k-1 k-1/2 k k+1/2 k+1 k+3/2 k+2
% . ¥ . % ® a3
i-3/2 i-1 i-1/2 i i+1/2 i+1 i+3/2
k=io1/2 W
i=k+1/2 Q' w Q w*
S (@) = —1 So(w) = +1
Pwuc. 1. Paznocraas cerka.
P12 +he—12 R + hioq m,
OueBuaHo, 910 v, = hy = 1/ 5 2 _ 1 21 ., Va=h, pwzv—w:pk.
w
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Beimuiem mosiHoCThIO KOHCepBaTuBHYIO [2| pasHocrayio cxemy (ITKPC) B nepemen-
HBIX Dilaepa:

my = —vDINp[i}, (1)
(mu); = —vGRAD,n~ —vDITp (i} - up) (2)
1 —u —~u —rv
(me)r = —3 > (#~VDIV,i™)q — vDINp(fizp + X7) (3)
Q(w)
ﬁQ aQN
(m=)e = —v(u™, GRAD,7™) — I/DIND(;IBTD) (4)

3/1echb BCe BEUYUHBI 0003HAYUM CJIEIYIONINM 00Pa30M:

ji = pii, jig=cjii=Fi, E=ps, p~=p%) ,=-const (5)
~ 1 ~ ~ o~ ~
MD - 5 Z(pwuw)(o.ma Up = MD -V GRANDp ) (6)
w()
1
75 - Pg(‘ZO.S) - ’U;DIVU<pNu(¢“)), PQ = 5 Z Pw; wu = const; (7)
w(§2)
Xp = {XoplXip},  Xop = —keGRANDE, Xip = —kpGRANDE; (8)
1
Po =5 D (Ban)V, iy = Myp — vEGRAN(p7e), g = const.  (9)
w(§2)

Ha croax o Bpemenn t ut =t + 7 (7 > 0 — 1mar mo BpeMeHH) BBeJIeHbI PA3HOCTHBIE
MPOW3BOHBIE IO BPEMEHH W MPOCTPAHCTBEHHO-TOUETHBIE BPEMEHHBIE WHTPEMOIATHH:

Ut:a—a’ a® = da+ (1 - 6)a.
T

31ech MHTEPIOISIMOHHBIR BeC 0 MOXKET CBS3BIBATHCA € Y3JaMH MPOCTPAHCTBEHHOMN

Vi
Vin+ym’ v
BeCa 110 BpEMEHH. TaKI/IM 06pa30M, OTMETHUM, 4YTO IO HpOI/ISBOﬂbHOﬁ I/IHTepHOﬂHHI/IeIU/I 110
BPEMEHU CETOYHLIX (PYHKIUH ¢ U G MEXKIY CJA0SAME { | t OyJeM MOHUMAaTh HEKOTOpbIe
WHTEPIOJIAINOHHBIE BEJIMYUHDBL @, HAIPUMED, JJd CKOPOCTHU IoJjaraeM u~ = u®. B Bhi-
pazxenun A, 7, ecyn y3ea w = 0w — TPAHIIHBIH, TO JT0OABIEHO CJIaraeMoe Tsw Ha TPAHUIIE
€O 3HAKOBOI pyHKIMEH Ssw, B 3aBUCUMOCTH OT HAIIPABJICHUS I'PAHUIHON HOPMAJIH.

Hasee 11s1 KOHTHHYATBHBIX oleparuii BekropHoro ananusa div @, grad P, div (- @)
BBEJIEHBI UX PA3HOCTHBIEC AHAJIOTHU:

CeTKH w, HAIPUMeEp, 110 3aKOHY: § = — IMOCTOSTHHBIE UHTEPIOJIATUOHHBIE

DINpjip = % > Sa(w)pp(Q), DINp: (Q) — (w), (10)
Qw)

DITp(jip - iip) = = 3 Sa(@)un(@)ip(Q),  DITp: () = (), (11)
Q(w)
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GRANp P = 2 AP, AgP = = 3 So(@)P., GRANp : () = (2),
1
GRAD,m = ~A;m, Ao = 3 | So (W) + Ssuta, - GRAD, : () = (w),

1
DIVyii =~ E(Q:) Sa(w)uy, DIV, : (w) — ().

2. Bamaga Cona

w()

w(Q)

(12)
(13)

(14)

JI1g TecTUpOBaHUS MTOCTPOEHHOM CXEMbI BBITIOJTHEHBI PACUYETHI KJIACCHYECKO 3aja4un
Coma (Sod problem) o pacnaje TPOM3BOJIHLHOIO pas3pbiBa. B Tabauie 1 mpegcraBieHbl
HAayYaJbHBIE YCJIOBH STOH 3a/@4M. 3a CHCTEMY €JIUHUI] U3MEPEHHs B pacuerax NpPUHITA
CU. llokazarens ammadbatel v = 1.4.

Tab6uauna 1. Havanbusie ycnosus B 3agade Coma

Jlesast obacTh

[IpaBas obracTsb

p

u

P

p

u

P

1.0

0.0

1.0

0.125

0.0

0.1

Ha puc. 2 nokazansr npoduan mioraoctu 3a1a4qu Comga B moment T = 2.0 c.

0.9

0.8

0.7

0.6

MnoTHoCTH

0.5

0.4

0.3

0.2

0.1

® PasHoMepHas ceTka ¢ 400 y3namu
X HepaBHOMepHas ceTka ¢ 240 yanamm

AHanUTUYecKoe pelleHne

Puc. 2. IIpoduns miroraocru B moment 1 = 2.0 c.

Ha puc. 2 Hapsity ¢ aHAJUTHIECKAM DellleHneM (CHHsIs JTUHUA ), TPUBOJATCS THCIEH-
Hble DEIeHNs Ha PABHOMEDHOW ceTKe (KPACHBIl MYHKTUP) ¥ HAa HEPABHOMEDPHOI ceTKe

(3es18HAs TIpEPBIBUCTAST JTMHUSA ).
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Application of viscous-filled nodal completely
sonservative difference schemes to the gas dynamics
equations in Euler variables on the Soda problem

M.E. Ladonkina'?, Yu.A. Poveschenko'?, H. Zhang'?

Keldysh Institute of Applied Mathematics of RAS?,
Moscow Institute of Physics and Technology?

Abstract: For the equations of gas dynamics in Euler variables, a family of two-
layer time-dependent completely conservative difference schemes (CCDS) with time
weights defined in space is created. Considerable attention is paid to the application
of methods of constructing regularized flows of mass, momentum and internal energy
preserving the properties of CCDS of this class on the classical Sod problem, to the
analysis of their amplitude and the possibility of their use on non-uniform meshes.
The constructed scheme has second-order accuracy and is realized by simple iterative
processes. Methods and programs based on the constructed scheme for shock wave
tube problems are developed. The developed program has high accuracy, even with
large meshes. Testing of the classical Soda problem is performed to confirm the
effectiveness of the developed scheme and methods.

Keywords: Completely conservative difference scheme, method of reference operators,
gas dynamics, Sod problem.
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VIIK 517.91

MaremaTndeckoe MoOAeJIMPOBaHNE aBTOKOJIe0aHMIA
B peaKInu OKHUCJIEHUS MeTaHa
HA MeTaJIJIMYeCKNX KaTaJn3aTopax

Jlamuna E.A, Yymakosa H. A1, Uymakos A 2

Nucruryr karanmsa um. [ K. Bopeckosa CO PAH!,
Nucraryr maremaruxn um. C.JI1. CoGosesa CO PAH?

Annomayua: B mannoit paboTe mpencTaBieHbl Pe3yIbTAThl MATEMATHIECKOTO MOJIe-
JINPOBaHUS ABTOKOJIEOAHUI B PeaKIMKU OKUCJIEHNs MeTaHa Ha MeTaJInYeCKUX KaTaslu-
3atopax. IIpeacTaBiens! yCaoBUS, TPU KOTOPBIX MATeMATHYeCKasd MOIENb SBJIAETCS
CUCTEMO#l CHHTYJISPHO-BO3MYIIIEHHBIX OOBIKHOBEHHBIX IuddepeHnnanbHbIX ypaBHe-
unii. Ilokazano, 9T0 COOTBETCTBYIOMAsA BBIPOKIEHHASA CHCTEMA WMeeT YCTONYMBBII
npefeabHbIA UK. V3ydeHo, Kak u3MeHAI0TCI popMa U Mepruo KOJTeOaHuil Ipu n3-
MEHEeHHMH I1apaMeTpPOB.

Karoueevie cao6a: aBTOKOIEOAHNS, CUHTYASIPHO-BO3MYIeHHbIe cructembr OJLY, rere-
poreHHas KaTaJTUTHIECKas PEaKIIns

1. MaremaTun4deckass MOJeJIb PeakKIMM OKWCJIEHHsS MeTaHa Ha Me-
TAJJINIECKUX KaTaJM3aToOpPax

st onucanusi HAGIIONAEMbBIX KCIEPUMEHTAIBHO aBTOKOJeOanuii B paborax |1 2]
HPEJIOKEH, MaTeMaTHIeCKast MOJE/Ib, OIMCHIBAIOIIAs U3MEHEHNE BO BPEMEHH IOKPBITHI
IMOBEPXHOCTH KaTaJU3aTOpa Pa3JIMYHBIMH COCIUHEHUAMU, IMaplIuaJIbHbIX ,ZLaBJIeHI/H?‘I pea-
reHTOB B ra3oBoil (haze u TeMreparypbl Karajanzaropa. Maremarndeckas MOJEIb UMeeT

CTIEJIYIONIY 0 CTPYKTYPY:

d
%.T:f(ﬂl,y,P,T),

d

_y:g(x7y7P7T)7

Q ()
—P = PT

dt h(‘ra ) )7

d
ET =s(x, P, T),

riae © = (Z1,Ta, ..., T11) — BEKTOP HOKPHITHUI IOBEPXHOCTH KATAIU3ATOPA &1COOMPOBAHHbI-
MH COeTUHEHUSIMHU, Y = (Y1, ..., Yapr) — BEKTOD Ge3pasMepHbIX KOHIEHTpAIuil coenHeHni,
pacTBOpEeHHBIX B 00beMe Kataausaropa, P = (P, ..., Ps) — BeKTOp napuuajbHbI 1aBie-
HUil coeuHeHUil B ra3oBoii daze, T — TeMieparypa KaTaJau3aTopa.

[Iepemennbie Momeau ONPEJIEIOTCA CAeAYIONUMH YCJIOBUAMUA: x; > 0, g ¢ =
L1, o+ .. +2n <1y, u P; >0, nna m = 1,2M, j =1,6; u T > 0. [lapamerp M —
9TO YUCJO0 MOHOCJIOEB B 00'beMe KaTaJH3aTopa, JTOCTYIIHOM JIJI PACTBOPEHHUS.

KowMmmonenTtsl BekTop-byHKIWI f, g, h 1 GYHKINA $ ABIAIOTCS HETUHEHHBIMY U TJIaI-
kuMu. Maremarudeckass MOJeJ/ib IOCTPOEHA HA OCHOBAHUM 3aKOHA JIEHCTBYIONIUX MacC B
YCJAOBULX IIPOTOYHOIO0 HEU30TEMHYECKOI'O PEAKTOPA U/1€AJbHOIO ITePpEeMenTuBaAHS.
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2. JImHaMuKa KuHeTUdecKoit mMoaesm. CHUHTYyJIdapHO-BO3MYIIIeHHAs
cCuUCTEMA

[Iycts pyuknum g = 0, h = 0 u s = 0. Torma maremMaTudecKkas MoOJeb CyIIe-
CTBEHHO VIIPOIIAeTCsd, U UMeeT CJIe VIO BUI:

e = (e, PT), 2)
rie P, y u T — nmapameTpsl. [lapameTpudeckuit aHaaIu3 cucTeMbl YpaBHEeHU I B CayUae,
KOIJIa B 00beMe KaTaJIr3aTopa HeT pacTBOPEHHBIX COeIUHEHHI, n BeKTop y = 0 mpoBeeH
B pabore |1]. B wacrnocru, pacemorpen ciydaii, Korja CKOpOCTH HEKOTOPBIX CTAJUil sIB-
JgoTed ObicTphiMu. Torja B 4acTu ypaBHEHUl cucremMa COJIEPKAT MAaJblil mapaMeTp
nepe;Ji NTPpOU3BOIHON, U €€ MOYKHO 3alUCATH CJEAYIONIM 00pPa3oM:

d -
€%$1 = fl(ZE,P,T),

d _
E— T8 = fS(xvva)v
ddt (3)

%l’g = fNQ(m’P,T)7

%IH = f11<l’,P, T)

Tem campiM cuctema (3)) siBAsieTcst CHHIY/ISPHO-BO3MYIICHHOM, U, COTTIACHO TEOpeMe
TuxonoBa, ee TUHAMUKA OMpeessdeTcsd TMHAMIKONR BBIPOKIEHHON crCTeMBbl, KOrJa apa-
merp € = 0. B pabore 1] mamu ompegenenst 3uadenus napamerpos P u T, Ipu KOTOPBIX
BbIPOXK/ICHHAA CUCTEMa UMeeT YCTOMYUBBIN 1Ipe/ie/IbHbII [UKJIL.

C 1OMOIIBI0 METOOB MPOIOIKEHUST IO TapaMeTpy ¢ NPUMEHEeHHeM YHUC/IeHHOTO WH-
TErpUPOBAHNUS ONpE/IeIeH YCTONUNBHIN TPeIeTbHBIT UK B CUCTEME . Anajorugso,
U3y4deHbl aBTOKOJe0aHUs B UCXO/THON CHCTEMe . Kpowme Toro, B pabote [2] mpeozkeHbl
yCJIOBH, PU KOTOPBHIX (popMa U meproji aBTOKOJeOAHUN CYIeCTBEHHBIM 00pa30M OIIpe-
JleJisieTcs CKOPOCThIO PACTBOPEHHS COeMHEHU B 00beM KaTaJn3aTopa.

JImreparypa

1. Lashina E.A., Kaichev V.V., Saraev A.A., Vinokurov Z.S., Chumakova N.A.,
Chumakov G.A. Bukhtiyarov V.I. Experimental study and mathematical modelling
of self-sustained kinetic oscillation in catalytic oxidation of methane over nickel //
The Journal of Physical Chemistry A, 2017. Vol.121. No.37. P. 6874-6886

2. Lashina E.A., Vinokurov Z.S., Saraev A.A., Kaichev V.V. Self-sustained oscillations
of methane over palladium: experimental study and mathematical modelling. //
Journal of Chemical Physics, 2022. Vol.157. No.4. P. 044703:1-14.

136



XVI Meowcdynapodnas nayuwras xongeperyua
«Judpeperyuarvroe YpasHeRUA U UT NPUAOAHCEHUA 6 MATMEMATNUNECKOM MOJEAUDOBAHUL>
Capanck, 17-20 aseycma 2023 20da

MSC 34D20

Mathematical modeling of self-sustained oscillations in
methane oxidation over metallic catalysts

E.A. Lashina!, N.A. Chumakova!, G.A. Chumakov?
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Abstract: The results of mathametical modeling of self-sustained oscillations in methane
oxidation reaction over metallic catalysts are presented. The model contains the
singluar perturbations under some conditions. We determined the parameters at which
both the degenerated and initial systems have the stable limit cycle. The dependences
of the shape and the period of the oscillations on the parametes are studied to describe
the experimental data.

Keywords: self-sustained oscillations, singular perturbations, ODE system, heterogeneous
catalytic reaction
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MaTtemaTundeckoe MoJeJnpPOoBaHNE HEeCTAIlMOHAPHOTO
TedeHnd OaHO(aA3HON KUAKOCTI B OJHOIIOPOBBIX
KOJLJIEKTOPaX C UCHOJIb30BaHUEM web-TexHosoruii’|

Masuros A A1, Ty6aitnywms U.M.!, Tumkun B.®.1?
Nucruryr nedrexumun u karaamsa PAH!, TIIM uv. M.B. Kepima PAH?

Annomayus: Hanbosnee spdpekTuBHBIM METOIOM U3y YeHUsT (PUIBTPALMOHHBIX CBOICTB
IUIACTA U KUJIKOCTEH ABJILAIOTCH THIPOJAMHAMUYECKUE UCCaeA0BaHus CkBakuH. s
MaTeMATHIECKOTO MOJIEINPOBAHUS TeUYeHrnss HeTH, a TAK¥Ke aHAIN3d U WHTEPIPETa-
WY JAHHBIX TUAPOJUHAMWIECKAX WUCCIEIOBAHUN CKBAYKUH MPE/IJIATAETCS UCITOTH30-
Barh web-mpuioxenue. TeopeTndeckoil OCHOBOM I TPUIOKEHUS CJIYKAT MATEMa-
TUYECKas MOJENIb TeYeHUs OAHO(DAZHON KUJKOCTUA B OJHOIOPOBOM KOJLJIEKTOPE, JJIst
KOTOPOI#1 IIOCTPOEH BBIYUCIUTEIbHbBIN aJIrOPUTM pelieHns. PazHocraas cxema oy de-
Ha C UCTOJIb30BAHNEM KOHEUHBIX pa3HocTeil. [loyuennas cucrema ypaBHEHU PEITIeHa,
METOJIOM CKAJIAPHOHN NPOTOHKH.

Karouesvie c068a: MaTeMaTHIeCKOE MOJIETUPOBAHNE, METO, KOHEIHBIX PA3HOCTENH, Me-
TOJ| CKAJIIPHOI MPOTrOHKHU, Web-IIPUIIOKEeHHS.

1. AkTyanbHOCTBH

YBeaunuenne Temia oToopa dJonga u3 TPOAYKTUBHOIO IJIACTA U MOJIePKaHue I11a-
CTOBOI'O JIABJICHHUS SIBJIAIOTCS IPUOPUTETHBIMH IEJISIMHU HA BCEX CTAIUAX pa3paboTKu Hed-
TAHOTO MecTopoxkaenus. [lnanupoBanue paboT mo 3MGEKTUBHOMY OCBOEHUIO U ONTHU-
MaJIbHOU 3KCIIyaTaluu HePTAHON CKBAYKUHBI HOCUT KOMILIEKCHBI XapakTep, CBS3aH-
HBIM C THAPOJUHAMNYICCKUMU IIpOHeCCaMi, MMIPOUCXOJAIIINMU IIPpU TeYeHUN 2KUAKOCTHU B CH-
cTeMe «CKBakKuHa-11acTy. Haunbosee 3pdeKTUBHBIM METOIOM U3Yy4YeHUs MPOIYKTUBHBIX
CBOICTB MJaCTOB 1 )KI/I,ZLKOCTGI'?'I ABJIAIOTCA TUAPOAUMHAMUYICCKUE MNCCJICJ0BaHUA CKBazKWH
(TONC). Cpeacreavu TJIUC mpoBoguTCst 3aMep COBOKYITHOCTH XapaKTEePUCTUK KOJLIEK-
TOpa € HCIOJIb30BaHHEM TVIYOMHHBIX HJIM YCTHEBBIX HPHOOPOB, & TaKKe IOCJIeIYIONast
06paboTKa 3aMepOB M HHTEPIPETAIHsl IOy YeHHBIX TAHHBIX (IIPOYKTHBHOCTD, (DIIbTPa-
IIUOHHbIE CBONCTBA KUJKOCTEH, TUI KOJLUTeKTOpa u T. 1.) |1].

B I'’TNC nnact npeacrasasercs B Buje cucteMbl. OCHOBHOI 3a/1aveil BIseTCS Ompe-
AeJIeHrue ITapaMeTpoB 3TOM CHUCTEMBI. B Ka4deCTBE BXO/HbIX JaHHBLIX BBLICTYIlaeT H3MEHEe-
HHUE DEeXKHUMa pa6OTbI CKBa2KMHBbI, a BBIXOJAHLIX — pP€aKIHuA CHUCTEMbl, BbIPpazKalOIladACda B
BHUJAC U3MEHCHHUA AMHAMUKHU IIJIaCTOBOI'O OaBJICHMA. AHaﬂI/IS U MHTEPIIpeTalnuA pe3yibTa-
TOB UCCJIEAOBaHUA ITPOBOJATCA IMyTeM MOCTPOCHUA KPUBBIX TTadeHUA NJIN BOCCTaAHOBJICHU A
JIABJICHUSI HE OCHOBE TEOPETHUYECKUX Mojeseil, KoTopble 0a3upyloTcd Ha KJIACCHIeCKHX
YPaBHEHHUAX U 3aKOHAX.

g ananusa u uaTepnperanun pesyiabrato IVC cymecTByeT psiji MporpaMMHBIX
cpeactB. [lomasigomiee OOMBIIMHCTBO TaKUX MPOTPAMM SIBIASIOTCA HACTOJIHHBIMH TPHU-
JIOZKECHUAMU, PACIIPOCTPAHAIOINUMUCA 110 IIJIATHBIM JIMIICH3UAM. MHOFI/IG X HUX UMCEIOT

“PaboTa BBITOJIHEHA TIPY YacTHYHON (HUHAHCOBOI momiep:kke Poccuiickoro nHay4unoro ¢dhouma,mpoekt Ne 21-71-
20047 - PazpaboTka TeOpeTHIeCKNX OCHOB U CO3JaHME BHICOKOITPOU3BOIUTEIbHBIX AJITOPUTMOB IS IBYX(AZHBIX
MaTeMaTUIECKUX MOJesell (pribTpanyuy KUAKOCTH B KOJJIEKTOPAaX TPENMHOBATO-IIOPOBOr0 THUIIA
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neperpyzKeHubiii marepdeiic, 9To BbI3bIBAET CJAOXKHOCTH IPH IKCILTyaranuu. Kpome to-
ro, 3HAYUTE/IbHAs YaCTh — 3apyOerkHoe NmporpaMMmHoe obecriedenue. B mHacTosiiee Bpems
OCTPO CTOUT BOIIPOC O Tepexojie Ha OTeYeCTBEeHHbIE TPOTPAMMHbIE TPOAYKTHI. B BUIY BbI-
MMEeN3I0KEHHOT0, JIJIS PEIeHNs 3a,/1a9 MaTeMaTHIECKOTO MOAEINPOBAHNS TedeHnst HedTH,
a TaKzKe JIjId aHaau3a u uorepuperanuu pesysiabraTos I'JIVC mpegiaraercs nenob30BaTh
web-IpHI0KeHHSI.

B nmociennue roasr web-paspaboTka aKTHBHO pa3BUBAaETCs, HMOSBJISIOTCSI HOBBIE TeX-
HOJIOTHH, C IIOMOIIBIO KOTOPHIX MOXKHO PEaTn30BBIBATEH CJIOXKHBIE TOJb30BATEILCKIE CIIE-
Hapuu. Web-ipujiozKenus BblJICJISIOTCH IPOCTON peajin3anueil, JerkocTbio TPUMEHEeHMs,
BBICOKOIT IMpoOu3BOAUTECJIBHOCTBIO, UX OCHOBHBIMHU XapPAaKTCPUCTHUKaMHN ABJAIOTCA: AOCTYII-
HOCTh, HaJIeXKHOCTH, 0€30MacHOCTh, MaCHITA0UPYEMOCTh, TMOKOCTH, KPOCCILIaTdOpMeH-
HOCTh. OHIM MOTYT OBITH Pa3BEPHYTHI KaK B CYIIECTBYIOIIEH ceTeBoil mH(ppacTpyKType,
TaK U YJAJEHHO — MOJK/II0YEHHEM K CepBepy.

Takum 06pa3oM, MaTeMaTHIecKne IMOCTAHOBKH 331849 C YIeTOM HEeCTAIIMOHAPHOIO Te-
YeHHUsI »KUJIKOCTH BO BCEX €ro 3JIeMeHTaX: ILIacTax, TPyOaxX CKBayKMH M IIPOTOYHBIX Ka-
HaJIaX, pa3paborka 3Pp@EKTUBHBIX UYHUCAEHHBIX METOIOB W aJTOPHTMOB, UX DPeIIeHHs C
NIPUMEHEHUEM COBPEMEHHBIX Web-TeXHOIOTH, SIBJISIIOTCS aKTyaaIbHbMu [2].

2. IlocranoBka 3aga4un

PaccmarpuBaercs 100bIBaonasi CKBaXKuHa, I'IPOJAUHAMUYECKOE UCCe0OBAHIE KOTO-
POii TPOBOAUTCS METOIOM KPUBO BOCCTAHOB/IeHUsT faBieHns. CKBayKUHA IKCILTyaTHPYET
TEePPUTEHHBIN KOJIJIEKTOD, COJIEPKAINil OMH BUJ, nopuctoctu. KosekTop obsiaiaer Bbl-
COKOW MOPHUCTOCTHIO M HU3KOU mpoHHUIaeMocThio. [LiracT aBagerca nHeorpannmyeHubiM. Te-
JeHne GJIOWIA B IJIACTe — TOPU3OHTATIBHOE, MEPETOKYU MKy MPOILIACTKAMU OTCYTCTBY-
10T. Bo3neiicTBue coceTHUX CKBaXKWUH OTCYTCTBYeT, JMOO He OKa3biBaeT BiausHue. CKBa-
JKMHA paboTaeT HAa YCTAHOBUBIIEMCS PeyKUMe ¢ MOCTOSHHBIM 3a00fHBIM JaBieHueM. Ha
IpaHuIle KOHTYPa MOIIEePKUBAIOTCS TMOCTOSTHHBIE JaBIeHHe W TeMieparypa. [las mpose-
JICHUS UCCJIECJIOBAHUS U3MEPUTE/ILHBIN ITPUOOP CIIyCKaeTcsd Ha IJIyOUHY BEPXHHUX JIbIP Iep-
doparuu. Pacuer nuHaMUKH JTaBJICHUS U TEMIIEPATyPbl MIPOBOAUTCH B IIPOCTPAHCTBEHHO-
OJTHOMEDHOM CJIydae.

Teuenne nHedpru onucwiBaeTcsd cucTeMoil TuddepeHnuaj bHbIX YPABHEHNNH B YaCTHBIX
HPOU3BOTHBIX:

OP 10 (k OP

gy = o\ ar 1)
Por = vor \Nor PUN Bt T o ) TPy

[TepBoe ypaBHEHHE OMKMCBIBAET MPOIECC epepacipeie/eHus JaBIeHds B IJIaCTe, BTO-
poe — IPOIECC TEILIONePeHoca B XKUAKOCTH. [lepBoHAYAILHBIM MIATOM PEIIeHUs UCXOMHOI
CHCTEMbI SBJISETCH IPUBEJICHUE er0 K CUCTeMe JIMHEHbIX aare0pandecKux ypaBHeHu, 11
9TOr0 MCIOJIB3YETCs METOJ KOHEUHBIX Pa3HoCTeil, B KOTOpoM juddepennuanbHbIe Bhipa-
JKEHUS 3aMEHAIOTCS PA3HOCTHBIMEA. TaKuM 06Pa30M IIOIY9alOTCA TPEXTOUYCIHBIE YPaBHe-
HHsI, KOTOPBIE PEITAIOTCS METOJOM CKaJSIPHOi porouku [3].

Bajaua gBJIsIeTCsl HeCTAIMOHAPHOI, MMOITOMY MeTOJ CKAJSPHON MPOrOHKU ITPUMEHSsI-
ercd JJIg OIIpeJeIeHUs POCTPAHCTBEHHOIO PACHPE/Ie/JeHUs JaBJIeHus ¥ TeMIepaTyphl
IJ1acTa Ha KaykKJI0M BpEMEHHOM CJ10e. 3aada pelleHa MmocIeI0BaTeIbHO, Ha IEPBOM dTare
~ YpaBHEHHUs Jjid JABIEHUs, Ha BTOPOM — JJIsd T€MIIEPATYPHI.
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3. cnojsib3yemMble TEXHOJIOTUN

J11s1 aBTOMATU3AIMHE pElleHns TOCTaBJIEHHON 3a/1a9i pa3pab0oTaHO Web-TIpuIoXKeHnne.
BxojHbiMu JJAHHBIMU J1J18 TPUJIOZKEHUS SIBJSIOTCS JIaHHbIE O llapaMeTpax Moje/in: (puib-
TPaIMOHHBIE CBOHCTBA MacTa (MOPUCTOCTD, MPOHUIIAEMOCTD M T. JI.) W CBOHCTBA YKUKO-
cru (BS3KOCTH, JIOTHOCTD U T. 1I.), & BBIXOJAHBIMEI — TPaUKH, OTPAZKAIOIIIE 3aBUCHMOCTH
MJIACTOBOTO AABJEHUA W TEMIIePaTypPhbl OT BPEMEHHW WJIN ITPOCTPAHCTBA.

Koneunblii BUJ NPUJIOKEHUS OIPEJICJIAI0T UHCTPYMEHTBI, BLIOPAHHbBIE JIJIS €ro pas-
paborku. ucTpymenTamMu pa3paboTKH ABJISIOTCA HapaJIurMa IporpaMMUPOBAHUS, ST3BIK
HpPOTrPaMMHUPOBAaHUs, HHCTPYMEHTAIbHAS Cpejla pa3spabOTKH, TEXHOJOIHHA Pa3pabOTKH.

[TpusozkeHue peaausyer KJIHeHT-cepBepHYo apxuTekTypy. CepBephasi 4acTh (BackEnd)
BBIIOJHAETCSI Ha yAAJEHHOM KOMIBIOTEPE, OHA HANNCAHA Ha I3bIKe MPOTPAMMHUPOBAHUSA
Python ¢ mcrnonb3oBanmeM MukpodpeiiMBopka Flask, KOTOpDBIil sIBIseTCS IPOCTBIM B
OCBOEHWH, TO3BO/ISET MACIITabUPOBATDH S/IPO IO Pa3Hble 3a/a4i, UMEET HHCTPYMEHTDI
JJIS OTJ&JIKU U TeCTUPOBAHMS, & TAKyKe COIMPOBOXKJIAETC IMOAPOOHOM JIOKYyMEHTAIUEH.
CepeepHasi 9acTh ¢ MOMOIIBIO CTAHJAPTHHIX JIpaiiBepoB 0OMEHUBAECTCS JAHHBIME ¢ 0a30it
JAaHHBIX, peaan3oBannoil cpeacreamu CYB/] PostgreSQL. Kimenrckast yacts (FrontEnd)
BBITIOJTHSIETCA B Opay3epe, OHA HAIHCAHA Ha S3bIKe TporpaMMupoBannd JavaScript. oa
CO3JIaHUS MOJTH30BATEIHCKOTO MHTepdeiica UCmoab3yeTcd miatdopMa vue. js, KOTopas
OTJIUYIHO MOJXOJUT I pa3paboTKH KaK OJHOCTPAHUYHBIX HPUIOKEHH, TAK U CJIOKHBIX
KoMMepueckux miaardopm. Kimentckas u cepBepHas 4acTu MeXKIy coO0it 0OMEHUBAIOT-
csa depe3 RestApi mo mporokosy HTTP. CHopka mpoekTa OCYIIEeCTBIISIETCS B BHJE JIBYX
JOKep-KOHTEHHePOB IO, CepBepaMi Nginx.
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flow in single-pore reservoirs using web-technologies
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Abstract: The most effective method for studying the filtration properties of the
reservoir and fluids are hydrodynamic studies of wells. For mathematical modeling of
oil flow, as well as analysis and interpretation of data from hydrodynamic studies of
wells, it is proposed to use a web application. The theoretical basis for the application
is a mathematical model of the flow of a single-phase fluid in a single-pore reservoir, for
which a computational solution algorithm has been developed. The difference scheme
was obtained by the finite difference method, which is solved by the scalar sweep
method.

Keywords: mathematical modeling, finite difference method, scalar sweep method,
web applications.
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MogenmupoBaHne TPaeKTOPUU W HOPMBI HAKOILJIEHUS
aag moaean Cosoy

Mawmenosa T.®., /lecsaes E.B.

Hanumonabublii uccienosare/ibckuit MopoBeKuii rocy1apcTBeHHBIN YHUBEPCUTET

Annomayua: Tpencrasiaena MOIEh IJisT BBIYUCIEHUS] TPACKTOPUU U HOMBI HAKOTLIE-
HUs KanuTtasa Ha ocHoBe Mozenn Cosnoy. OHa 103BOJIsIeT aHAIN3UPOBATH TPAEKTOPHIO
¥ HOpMY HAKOILJIGHWS U OIEHUBATD BJUAHUE Ps1a HPAKTOPOB HA uX pocT. Co3maH0 mpo-
rpaMMHOe ODecIiedeHune i MPOBEICHNsT BEIYUCICHII HA OCHOBE YUCIEHHOTO METO/IA
Pynre-Kyrra.

Karuesvie caosa: momeab CoJioy, TPAEKTOPUS HAKOILIEHHUs, HOPMa, HAKOILJIEHUSI, Me-
Ton Pynre-KyTra, Texnonornydecknit mporpecc.

B coBpemeHHOM MUupe 9KOHOMHUYECKUN POCT U PA3BUTHE SIBJISIOTCA KIOUEBBIME (haK-
TOpPaMHU [T JTOCTUZKEHUsI TPONBETAHUs W VIIVUIeHUs YPOBHS KW3HW HaceseHus. lccie-
JIOBaHWE MEXaHW3MOB KOHOMHYECKOIO0 pOCTa W ompejeseHre (paKTOPOB, BIUSIONIMX Ha
HETO0, ABJISIOTCS aKTYAJTbHBIME 33/Ia9aMU B 00JIACTH SKOHOMUYECKOH TeOpHH.

O1HO#t U3 BaXKHBIX MOJIEJICH, UCIOIB3YEMbBIX JIJIsi O0'bsICHEHUS] SKOHOMUIECKOTO POCTA,
sjistercs: Mmojesib Cotoy, pazpaborannas Pobeprom Cosoy B 1956 r. DTa Mome/ib OCHOBAHA
HA TEOPUHU HAKOIJIEHWS KAITMTA/IA M TeXHMIECKOTO MPOrpecca B MPOIEcce TPOu3BOACTBA.
Ona mo3BoJIsIeT AHATN3UPOBATH TPACKTOPUIO HAKOIIJIEHU ST KATTUTAJIA, U ONEHUBATH BIUSTHUE
pa3InIHbIX (PAKTOPOB HA IKOHOMUIECKUIN POCT.

Mogens Conoy, TakzKe u3BeCTHaA KaK MOJIeJIb COBOKYITHOTO MTPOM3BO/ICTBA, MPEICTAB-
JsieT cobOi SIKOHOMUYIECKYIO MOJIENIb, KOTOPas 00bsICHIET SKOHOMHIECKUN POCT depe3 B3a-
UMOCBSI3b MeZKJTy HAKOILJIEHHEM KalNuTaIa, TEXHHIeCKAM ITPOTrPECCOM M MTPOU3BOJICTBEHHOMN
dbyukuueit. OcuoBubie 3meMeHTH MogeaH Cooy BKIIOIAIOT KOMIOHEHTHI [1]:

o Kanuran. B mozgesin Cosioy Kanuras sB/asercst OJIHIM U3 OCHOBHBIX (DAKTOPOB 1PO-
u3BoacTBa. OH npecras/sier coboil MaTepuabHble U HEMATEPUAIbHBIE AKTUBBI, HCIIO/Ihb-
3yeMble JIJTsl MPOM3BO/ICTBA TOBAPOB U yCayr. Kanura MoykeT HAKAILTHBATHCS C TETEHHEM
BPEMEHU U CJIY’KUT UCTOTHUKOM J0XOJ/Ia U MTPOU3BOANTETHHOCTH.

o Texamuecknit nporpecc. Momenb CoJioy yIUTHIBaeT BAUSHIE TEXHIIECKOTO TPOTPeC-
ca Ha KOHOMHUYecKHil pocT. TexHWYecknit mporpecc o3Ha4YaeT yAydIlleHHe TeXHOJOTHH 1
METOJIOB TIPOU3BOJICTBA, YTO MPUBOIUT K HOBBIIIEHNIO 3(DMEKTUBHOCTH U TPOU3BOTUTETb-
HocTH. B Monenn CoJioy TeXHUYeCKHii TPOrpece YIUTHIBAETCS Yepe3 TapaMeTphl, Olpe/ie-
JISTIOTITAE TPOU3BOICTBEHHYIO (DYHKIIHIO.

¢ IlpousBoacrBennas dpynkmnus. [Ipoussogcrennas ¢pyuknus B mojgesn Coyioy onu-
CHIBAET CBSI3b MEXK/IY BXOAaMU (KAIMTAIOM U TPYJIOM) 1 BeIxogaMu (npoussoacrsom). OHa,
OTIpeIeIsieT, KaKime 00beMbl MPOAYKIINA MOTYT OBITH TMOJTYyYeHBbl TPU 3aaHHBIX YPOBHIX
Bx0710B. B Mmonem Cosoy npunsTa ynpornerHast ¢hopMa IpOu3BOICTBEHHON (DYHKITHH, Ta-
Kasd KaK Tpou3BojicTBeHHas GyHKIuIA Kobba-/lyriaca, Koropas BeIpakaeT 3aBUCUMOCTH
OPOJYKIINU OT KAlUTaJIa U TPYIA.

B moaemn Cosnoy kanmuTas WrpaeT KIOUYEBYIO POJIb B ONPeJeIeHHH YPOBHS ITPOU3-
BOJICTBA M SKOHOMHYECKOTO pocTa. KamnTasa HaKalIuBaeTcs ¢ TeYeHWeM BPEeMeHU depe3
MHBECTUINH, KOTOPBIE BKJIOYAIOT B ce0sl BJIOKEHUS B 000PY/I0BaHUE, MANIUHLL, 3aHUS U
JIpyTrue MpOM3BO/ICTBEHHBIE aKTHBBI. eM 0OJIbIe KAITNTA/1a HAKAILTHBAETCS, TeM OOJIbIIe
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PecypcoB JOCTYIHO JJIsi TPOU3BOACTBA M TEM BbIIIE YPOBEHb MPOU3BOCTBA.

Texuuaecknii mporpecc B mogenu Cosoy npejacrapiager coboil n3MEHEeHUs B TEXHOJIO-
rUgX ¥ MeTonax npon3soacTBa. OH MOKET MPOUCXOANTD O1aromapst Hay YHbIM HCCIEI0Ba-
HUAM, THHOBaIIUAM N Pa3BUTUIO HOBBIX ITPOIECCOB. TeXHquCKHﬁ nporpecc mo3BoJideT nc-
HOJIb30BATh UMEIOIIeCs pecypchl 6osiee 3(hpeKTUBHO, YBEIMINBas IPOU3BOIUTEIHHOCTD
U CIOCOOCTBYS SKOHOMHIECKOMY POCTY.

o nogsienus monesu Cosoy, HanboJIee PACIPOCTPAHEHHON MOIEIBIO U3y YeHUS KO-
HOMHYECKOTO pocTa ObLIa MoIeb Xappoaa-/lomapa. [IpousBoacreennas pyHKIng Xappoaa-
Jomapa onpejieisiiia 3aBUCHMOCTD Mezky obbémom npousBojactsa (Y), kanmuraisom (K)

u tpysoM (L). OHa MoxkeT ObITh IIPEJICTABIEHA CIELYIONHIM 00pa3oM:

Y = F(K, L),

e F' npencraBiasger (pyHKIHUIO IPOU3BOJICTBA, KOTOPas OIMUCLIBAET, KaKue 0ObEMBI MPO-
JIYKIIHH MOTYT OBITH ITPOU3BEJIEHBI IIPU 33 IaHHBIX YPOBHAX KAIIUTAJIa U TPY/IA.

Onnako mozesb Xappoja-/loMapa Obljia HecoBepIleHHA, HOCKOJIbKY He YUYUTHIBAJIA
TaKoli MOKa3aTes b, KaK YpoBeHb TexHostoruii. B mogxenn Costoy aTa npobdiema ucinpaniieHa,
U TPOM3BOJICTBEHHAS (DYHKIIUS BHITJISIUT TaK:

Y = AF(K, L),

e A mpejcraB/isier ypoBeHb TEXHOJIOTHI.
B mozenn Cosoy gacto ucnosb3yercst npon3BojacTeennas hyHkinsa Kobba-/lyriaca:

Y = AK* - P,

r7e (v ABJISETCS HapaMeTpPOM, OTParKaloIIMM IO KAIUTAIa B IPOU3BOJICTBE, a [ — JT0JII0
TPy Ja.

B Momenn Cosoy BaxKHYIO POJIb HTPaeT ypaBHEHNE HAKOILIECHUs KAaIUTasad, KOTOPOe
OIIMChIBaET ,ZLI/IHaMI/IKy KalluTaJia BO BpeMeHI/I. ypaBHeHI/Ie HaKOIIJICHUA KalluTaJia MOZKHO
3anmcaTh CJAeYIONUIM 00pa3oM:

dK

—=3sY — (n+9g)K,

dt
rie K — ypoBenb Kanurtaja, Y — YpOBEHb NPOU3BOJACTBA, S — HOpMa cOepexeHuit, n —
HOpMa TTPUPOCTA HACEJEHNs, ¢ — HOPMY TE€XHOJOTHIECKOTO MPOTPecca.

[IpaBas 4acTh ypaBHEHHS NPeJICTABIIET COOON PA3HUILY MeXKIY HAKOIJIEHHEM Kallu-
tasa (sY) u ero usnocom ((n + g)K).

Hopwma cbepekennit (s) ompemessieT OO TTPOU3BOICTBA, KOTOPAs BBIIEISICTCS HA
WHBECTHUIINY U HAKOILICHWE KAMUTAIA. Y POBEHb MPOW3BOACTBA (Y') 3aBUCHT OT YpPOBHS
KamnuTajta W TPYAa, a TaKxkKe OT TeXHHIECKOro mporpecca. Hopma msmoca § = (n + g)
oTpakaeT yMeHbIIeHHe KaluTaja N3-3a (PU3NYeCKOro M3HOCA U MOPAJIBHOTO CTApPEeHUS
IMPpOU3BOACTBEHHBIX aKTHUBOB.

AHaJH/IS YpaBHeHUd ABHZKEHUA ITO3BOJIAET OIpeac/JIUTh pa3/IMYHble TPaCeKTOPUU Ha-
KOIIVICHUA KalluTaJla U OIICHUTHh UX BJIHUAHUE HA 3KOHOMUYECKHU I POCT. Cy]l[eCTBYIOT ABe
OCHOBHBIE TPAEKTOPHUH:

¢ TpaekTopus CXOALAIIErocs K CTAIMOHAPDHOMY COCTOSHUIO: Ecum HOpMa cOeperkeHwit
s BoJIBITIe, YeM HOPMa M3HOCA §, TO CKOPOCTH HAKOIJICHUS KAIMUTAJAA OY/IeT MOJTOKUTE b
Holi (sY > 0K), m kanurasn Gyger pactu co Bpemenem. OHAKO, IO Mepe POCTa YPOBHs
KalluTaja, HopMa u3Hoca OyJleT CTaHOBUTHCS Bee DoJsiee 3HAUMMOIl, U CKOPOCTh HAKOILIe-
H1d KalluTaJia 6y,ZLGT CHUZKATHCA. HpI/I AOCTUZKEHUN CTAITMOHAPHOI'O COCTOAHUA, CKOPOCTH
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HAKOILJIEHUS KAIMTAJIa CTaHOBUTCs HyieBoil (sY — 0K = 0), u kanuras nepecraér pacTu.
TpaeKTOpI/IH HaKOIJICHUAd KalliTaJla B 3TOM CJIy4dae 6y,ZLGT CXOOAUTBCA K CTallMOHAPHOMY
snadenuio kamuranga (K*).

¢ TpaekTopus PacXOISIIETocsd OT CTAIMOHAPHOTO cocTosHUSA: Ecm HopMma chepexe-
HUil $ MeHbIlle, YeM HOpMa H3HOCA 0, TO CKOPOCTh HAKOILICHUs KaluTasa OyIeT oTpuia-
renphoi (sY < JK), u kanutaa OyieT yMeHbIIATHCS ¢Oo BpeMeneM. B sroMm cirydae, 9KOHO-
MUKa He CIOCODHA MOJIep:KUBATh YPOBEHDb KAlNTAa a, HEOOXOIUMBIH JIJI CTAIMOHAPHOTO
cocTognus. TpaeKTopuss HAKOILIEHUs] KAMUTaIa OyIeT PACXOAUTHCS OT CTAIMOHAPHOTO
3Ha4YeHUud, 1 IKOHOMHUKAQ 6y,ZLeT HAaXOIUTHCA B COCTOAHUU y6bIBaIOH_[eFO KalluTaJia. AHaﬂI/IS
TpaeKTOpI/IfI HaKOILICHHSA KalliTaJia B MOJC/JIN COﬂoy II03BOJIdeT OICHUTD yCTOfILH/IBOCTb
SKOHOMHUKH U €€ CIIOCOOHOCTDH JOCTHUYb CTAIlMOHAPHOTO cocTosinud. [Ipu ompeneneHusax
SHaQYEeHUIdX IapaMeTpOB MOJeEJN, 3KOHOMUKa MOXKeT JOCTHYIDb yCTOﬁ‘{I/IBOFO COCTOdHUA, TOe
YPOBEHb KaIlWTaja U YPOBEHb IPOU3BOICTBA OCTAIOTCS MMOCTOSTHHBIMU CO BPeMeHeM, 00ec-
leYuBad YCTONYUBBIA 9KOHOMUAYECKUNA POCT.

Takum obpaszom, TpaekTopus Moaead Cooy mpeacTaB/isger co0oi MyTh, IO KOTOPOMY
SKOHOMUKA JIBUKETCsS B JOJTOCPOYHON TIEPCIEeKTUBE.

Hopma makomaenus momesun Cosoy ompefessieT JOTI0 JI0X0Aa, KOTOPYIO OOIIEeCTBO
BblCJIACT Ha MHBECTHUIMHN B KallUTaJl. HOpMa HaKOIJIEHUA OIIpeJe/isdeTCd KaK 7y = nK,
IJIe N — €CTEeCTBEHHbIN TPUPOCT HacejeHud, a /' — ypoBeHb KaluTaJia.

ypaBHeHI/Ie AJId N3MEeHEHUA YPOBHA TEXHOJIOTHYIECKOI'O nporpecca MOXKeT 6bITb 3allll-
CaHo Kak:

aa_
— =4
dt ’
dA )
roe E opeacTraBadgeT CO6OI/I CKOPOCTb H3MeHeHUA YPOBHA TEXHOJOTHMYECKOI'0 IpoIrpec-

ca, pA — mapamerp, ompeneONNil CKOPOCTh pocTa, n A — ypOBEHb TEXHOJOTHIECKOTO
nporpecca.

g Toro, 9To0B CMOIEINPOBATH TPACKTOPUIO M HOPMY HAKOILIEHHS JIJIS MOIEIN
CoJ1oy, HEOOXOIUMO PEIIUTDH CACTEMY U3 ABYX JuMDdepeHIInaIbHbIX YPaBHEHUN, & IMEHHO:

dK
%:SAKQLB—(TL"‘Q)K,
am
dt _/‘L Y

1 mporpaMMHO# peasin3aliy BEIYUCIeHTH HCIOIb30BaJICA BBICOKOYPOBHEBBIH S3bIK
IpOrpaMMUpOBaHus O0Iero HazHaveHus Python, Briodas 6ubimoreky NumPy, a Takzke
ObL1 BbIOpaH unciaernblit MmeTos Pyure-KyTrsl 4erBE€proro nopsijika Kak JIOCTaTOYHO TOY-
HBI{i, HO MPH 3TO HE CJUIIKOM CJIOKHBIH B HCIOJHeHHH |2

B xoze uccaenoBanus ObLI0 BLISBICHO BIUSHNE TEXHOJIOIHYIECKOTO IPOTPECCa Ha KO-
HOMHUYECKU POCT U Pa3BUTHE JJIsl PA3JIUIHBIX MIPUMEPOB. TakyKe ObL MCIIOJIH30BAH YUC-
sgiennblit Metos; Pyrre-KyTTsl yeTBépToro nmopsjika s MOJEIUPOBAHUS U aHAJIU3A Pa3-
JUYHBIX CIIEHAPWEB H TPAaeKTOPHil HAKOIJIeHUs KAlUTaJIa.

(1)
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Modeling the trajectory and accumulation rate
for the Solow model

T.F. Mamedova, E.V. Desyaev

National Research Mordovia State University

Abstract: A model for calculating the trajectory and nome of capital accumulation
based on the Solow model is presented. It allows to analyze the trajectory and rate
of accumulation and evaluate the influence of a number of factors on their growth.
Software for carrying out calculations based on the Runge-Kutta numerical method
has been created.

Keywords: Solow model, accumulation trajectory, accumulation rate, Runge-Kutta
method, technological progress.
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VIIK 517.91

JInHaMuKa IernoYky YacTHUIl B CABUTOBOM IMOTOKE
>KNJIKOCTH

Mapreros C.U., Txaa JI.TO.

CypryTckuit TOCYyIapCTBEHHBIN YHUBEPCUTET

Annomayua: TIpuBeneHsbl pe3yIbTaThl YUCICHHOTO MOJCINPOBAHUS JUHAMUKH IIETOY-
KU 9aCTHI] B CABATOBOM IMOTOKE BA3KOW YKUIKOCTH BIIOJIb TJI0CKOH cTenku. [Ipeamomna-
TaeTCsl, YTO YACTHUIIBI B IIETIOYKE MOT'YT CMEIIATHCS OTHOCUTEIHHO APYT APyra TaK, 9TO
paccrosHue MeXK/1y IBYMs COCETHUMU OCTAETCs MOCTOsHHBIM. PaccMarpuBaercs: ciry-
9aiif, Korja mepBoHadaIbHasg (GopMa MEMOYKU MIPEICTaBasgeT coboit KayboK, a 3aTeM 3a
CYET BO3JENCTBUST CIBUTOBOTO TEUEHUSI YKUIKOCTHA W KOJIJIEKTUBHOTO B3aNMOIEHCTBIS
MeK Iy JacTuramu aedopmupyercs, npuodbperas HOBYIO dhopmy. KonnekTusnoe B3an-
MOJIeHCTBUE 9aCTHUIL B [EMOYKE MTPOUCXOANT 38, CIET CUJI THIPOIUHAMUAIECKOTO B3ANMO-
JeiicTBust MeX Ay HuMH. 1IpoBeeHbl pacdersl fMHAMUKA JePOPMUPOBAHUS TEMOYKA
C yd4eroM BO3/eiiCTBHE ITOTOKA HA YACTHIbI W WX KOJJIEKTUBHOI'O B3aUMOIENUCTBUS.
Pesysibrarsl MozesiupoBanus JUHAMUKYU LEIOYKU [IPUBEIEHbI C Y4eTOM YKA3aHHbBIX
BBITIe Bo3meiicTBmit. Halinena paBHoBecHasi GOpMa, MEMOYKH YACTHIL B TTOTOKE KU~
KOCTH.

Karouesnie caosa: IuCIeHHOE MOIETUPOBAHNE, BI3Kasl KUIKOCTD, KOJIIEKTUBHOE B3a-
UMOIEHCTBHE JaCTHUII, TIENOYKa, AedopMarius.

1. BBenenue

OHUM U3 Pe3yabTaToB B3aUMOJCHCTBHS YACTHUIL B JIMCIIEPCHBIX CHUCTEMAaX sBJIsSeT-
cs obpaszoBanue cTPYKTyp. Hampumep, B KHUIKOCTSX ¢ MATHUTHBIMH YaCTUIIAMH MOTYT
00pa30BBIBATLCS TaKHe CTPYKTYPbI, KaK KalleJbHble arperaTbl, PBIXJble (ppaKTaabHbIe
KJIaCcTePhl, HeloukH dacTull. PopMuUpoBaHUe HOCAEIHUX XaPaKTEPHO It IMYJILCUH C 110-
JIMJUCIIEPCHBIME KAILJISIMU MarHUTHOW KHUJIKOCTU ITPU HEBBICOKOI KOHIEHTpaluei Juc-
nepcuoii daspl. Obpas3oBaHme MEMOYEK YACTHUI] B MATHUTHON YKUJIKOCTH TOITBEDIKIAET-
CsI MHOYKECTBOM 3KCIIEPUMEHTAJIbHBIX W YHCJAEHHBIX HCCAEI0BaHUN CTPYKTYPbl MarHUT-
Hoii skuakoctH [12]. K rakum nccseoBanusiM OTHOCSTCST: aHATN3 MOy Y€HHBIX 9KCIIEPH-
MEHTAJBbHBIX PEOJIOrHYeCKUX, JIUMEOY3HOHHBIX, ONTHYECKUX CBONCTB MAarHUTHON KU KO-
CTH, MOJICJIUPOBAHUE CTPYKTYPOOOPA30BaHUsl B MATHHUTHON »KUJIKOCTH Ha OCHOBE METOJIa
Monte-Kapiao u MeToma MOJIEKYIIpHOR JuHaMHUKU. VIMeeTcs J0CTATOYHO MHOIO padoT
0 JUHAMUKE HEMOYeIHbIX arperaToB B *KHIKOCTH. B mumonepckux padborax, CBSI3aHHBIX C
1po0/IeMOi arperupoBaHusd B YKUJIKUX JIUCIIEPCHBIX CUCTEMAaX, IEIOYKNH YaCTUIl MOEJIN-
poBaJIACh HeiePOPMUPYEMBIMHU SJLIUIICONIAME BPAIEHUS, YTO JaBaJ0 BO3MOXKHOCTH HC-
MMOJIb30BAaTh M3BECTHBIE PE3Y/IbTATHI 110 THAPOJANHAMUKE YKUJJIKOCTHU C JLIUIICON,1ATbHBIMHI
qacTunaMu. [IpuMepoM Takoro pojga paboTt MoryT cryKuTh padborst [4,5]. Ipyroii moaxor
K H3YYEHUIO TEeMOYeYHbIX CTPYKTYP 3aKA09aeTcd B yUeTe MapHBIX CUJI B3aUMOJeHCTBUS
YACTHUIL JIPYT C JIPYTOM, UTO HO3BOJIAET HAWTU PABHOBECHYIO KOH(MUIYPAIUIO PACIIOIOXKE-
HUs cHEePUIECKUX YACTUIL OTHOCUTEJIBHO JPYT JIpyra 3a CYeT CHJ JUIOJIb-IUIIOILHOIO
B3auMosielicTeust 6. OQHAKO TPH 9TOM HE YIUTHIBAETCS BIUSIHUE I'HIPOIHHAMHYECKOTO
B3aUMO/IEIICTBHUS MEMOYKH ¢ OKPYZKAIONIeil KUJIKOCTBIO H YACTHIL MEXKIY CODOIA.

Eiie oanum HanpabjieHreM, B KOTOPOM ITPOSB/ISETCSI MHTEPEC K MCCJIEI0BAHUIO JIU-
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HAMHKH [EII0YeK YaCTHIL, sIBIsieTCs pobjemMa TeopeTudecKoro MOCTPOeHHsI MO el mo-
JIIMEPHBIX MOJIEKYJI. DTO CBA3AHO C TeM, 9TO OJHHM M3 ITOAXOJ0B IIPH MOMETUPOBAHUI
MOJIMMEPHBIX MOJIEKYJI SIBJISIETCSI UX MPeJICTaBIeHNe B BUJIE TOUYEIHBIX MACC MJIM OyCHHOK,
COEJIMHEHHBIX JIMHEHHO CUCTEMON KECTKUX CTEPrKHEN [7] YacTunp! B 3TO# 1HEMOYKe MPe/I-
CTaBJIAIOT OO0 KOHEYHbIE YIACTKHA MOJIEKY/ISPHOI IIeNK, & CTePKHUA He OKA3bIBAIOT I'U/I-
pOAMHAMIYECKOe COMpOTHBIeHNe. [Ipu Mome TMpoBaHUN MOJUMEPHBIX MOJIEKYJT METOI0M
MOJEKYAIPHOU TUHAMUKA CHJBI B3AUMOJECHCTBUA MEXKJY YACTUIAMHU B IEMOYKe Olpeie-
JAGI0TCA TTOTEHITNAJIBHON dHEPTUENH MTAPHBIX B3aUMOJEUCTBUNA HYaCTHII.

Bo Bcex ykazaHHBIX BbIIIE CJydasix, IPH MOJIEJUPOBAHUM JUHAMHMKHU IHEIMOYEK M HX
Jgedopmanun HeoOXOMMO YUUTHIBATH I'H/IPOJMHAMUYECKOe B3auMoieiicTBre Kak (HhopMbl
HMEMOYKH ¢ KUIKOCTHIO, TAK U BCEX JACTHI] B IEIMIOYKE MeZK Iy COO0i. ABTOPHI Mpe I I0KIIH
MOJXOJ1, yauThiBaromuii 31 B3anmomeiicteus [8]. Ha ocroBe aroro nogxoss B padore [9)
MOJEJIMPOBAJIACH JIMHAMUKA PA3JIUYHBIX MEMOYEYHBIX CTPYKTYP € YIeTOM THAPOIUHAMUA-
4ecKoro B3aumojeiicTBus. B gactnocTn, ObLIa paccMOTpeHa JUHAMUKA IENOYKd u3 125
YacTUIl, YJIOKEHHBIX B BU/JIE MPIMOYTOJIBHOTO MMapaJIIeluIle ia, COCTOSAIIETO U3 5 CJIOEB 110
25 YacTui B KaxKJI0M CJI0€, B CABUIOBOM IIOTOKE. Y KJaJKa YACTHUIL B CJIOSIX IPEICTaBILIA
coboii cnupasib. Pe3yabraTsl MOAEINpPOBAHUS MOKa3aJM, YTO B CABHTOBOM IOTOKE CJIOH
BBITSITMBAIOTCS BJIOJIb IIOTOKA B BHjE 1eresb. Konednas popma Takoil menodkm He Obl-
Jia paccunTana. Mex iy Tem, KoHe4YHast opMa MEMOYKH B CABUIOBOM MOTOKE OKa3bIBAET
CyIecTBeHHOE BiangHUEe Ha 3(P@PEKTUBHYIO BSI3KOCTh cucTeMbl. [[0CKOIBKY /11 pacdera
KOHEYHOM popMBbI TIermoYuKkn u3 125 gacTuil Tpedyercst JO0CTaATOYHO OOJIBITNE BhIYUCIEHUSI,
B HacTosIeil pabore Ipejaraercs IPOBECTH TAKOW pacder JJis MEMOYKH C MEHBIIHM
KOJIMYeCTBOM YaCTHII.

2. IlocranoBka 3a1a4n

PaccmarpuBaerca memodka m3 19 TBepaplx chepHUeCKUX TaCTHIL PAIAYCA @, IIOMe-
MEHHBIX B HECKUMAEMYIO KUIKOCTh TJIOTHOCTH p U BSI3KOCTH 7). 2KHIKOCTH OrpaHuIeHa
IJIOCKON MOBEPXHOCTBIO X3 = —15, BIOJIb KOTOPOH MPOUCXOMAUT CABUTOBOE TEUEHHE CO
ckopoctbio Uy = 0.5x3 4+ 7.5. lpeanosiaraercs, 9To 4aCTUIbI YICPKUBAIOTCH B HEMOYKE
BHYTPEHHUMH CHJIAMH HJIM CBA3aHbLI MEXKIY COOOHl TOHKHMMHU HEPACTAXKUMBIMEA CTEPZKHI-
MU, THAPOINHAMUYECKAM COMPOTHBACHHEM KOTOPHIX B YKUJIKOCTH MOYKHO TpeHEOPEedh 110
CPaBHEHHIO C COIpOTHUBJEeHHeM dacTull. llpeamosiaraercs, 9ro cTepzKHEBBIE COEIMHEHUS
HO3BOJISIOT YACTHIIAM COBEPIIATH IOCTYIATeIbHOE W BpallaTeabHOe apuzKkeHne. DakTu-
YeCKH TAKOTO POJa CTEPXKHHM — BAPUAHT MOTEHIUAJBHBIX CHJI B3aUMOJEHCTBHS MEXKIY
COCeTHUMHU YACTHIIAMH, HE MO3BOJSIONIIM MEHSTh paccTosHue Mexkay Humu. Cuuraer-
¢, UTO B HAYAJIbHBII MOMEHT IENMOYKa MpeaCTaBIaAna co0oit (hopMy, TpeacTaBJIeHHYIO Ha
puc. 1.

CrpykTypa npeacrapiser co0Oil TPH CJI0sI YACTHIT, CAMMETPHIHO PACIIOJIOKEHHBIX OT-
HOCUTEJIbHO ocHu X3 napaJjuiejbHo miockoctu Xq1Xo. B cioe, HaxomsiemMcest B ILI0CKOCTH
X3 = 6.0622, cummerpuuno pacrnonaoskeHbl dacTuiibl DONCM L nMerorue cJieayolme
koopaurarel D = (0,—3.5,6.0622), C' = (0,3.5,6.0622), O = (3.0311, —1.75,6.0622),
N = (3.0311,1.75,6.0622), L = (—3.0311, —1.75,6.0622), M = (—3.0311,1.75,6.0622). B
CpemHeM cJIoe, HaxomdmeMcda B mi1ockoetu Xz = 0, pacnomoxkensl gactunsl ABEHIJK,
nmerorue creayiomue koopaunarst A = (0,0,0), B = (0,7,0), E = (0,-7,0), K =
(—6.0622, —3.5,0), J = (—6.0622,3.5,0), H = (6.0622,3.5,0), I = (6.0622,—3.5,0). Ya-
crunibl F'SRGP(Q) maxoggarca B miaockoctn X3 = —6.0622 u uMe0T pacioioKenne, CuM-
merpuanoe dactunam DONCM L oraocuteibao mrockocTun X3 = () COOTBETCTBEHHO yKa-
3aHHOMY MOPSIAKY mepedncaenns. CoeTmHeHNEe CTEPKHAME YaCTHIL B IETOYKe MPOUCXOIUT
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7.5 7.5
° 5
2.5 2.5
X3 0 X, 0
-2.5 s
-5 s
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-7.5-5-2.50 2.5 5 7.510
X, -7.5-5-2.50 2.5 5 7.5
Xl
a) b)

Puc. 1. Haganbuaa dhopma nenouku

nocJjieioBaTesibHo B ciaenyoineM nopsiake: HMOKSPFDCBGFEILN JR(Q). Coenune-
HHEe CTePXKHSIMH BBIOpaHO TaKUM 00pa3oM, 4ToObl Hada bHas popMa HEeIOUYKN TaCTUIl Ha-
HOMHMHAJIA CBEPHYTYIO B KIyOOK HUTH. B uTeparype Takas dpopMa CUNTAETCS paBHOBEC-
HOT JIJ1s HOJIMMEPHON Lelu B OTCYTCTBUU TeYeHus KujikocTu. Llejib paboThl - olipeie/iuTh
PaBHOBECHYO (POPMY TEIMOYKH IPU C/IBUTOBOM TeYeHUH KUAKOCTH. [ljis1 pacuera quHaMI-
KH IICIIOYKH YaCTHUIl 1 ee ,Z[erOpMI/IpOBaHI/IH 3allUCBhIBAIOTCA YpaBHECHUA IMOCTYIIATE/JIbHOT'O
JBUKEHN S KaKJA0H YaCcTHIbl YHYETOM AefCTBYIOINX HA Hee CUJI PeaKIUU CTEPXKHENH U CHJT
IUAPOJNHAMIIECKOrO B3aUMOJIEHCTBHUsI, a TaKKe YpaBHEHHl BPAIATeIbHOTO JBUKEHUSI,
€ Y9eTOM MOMEHTOB, JeHCTBYIOMHUX HA dacTuilbl. CucTeMa ypaBHEHHIT IMeeT BHIL;:

P+ FC+Fh=0, TL+ T+ T = (1)

Baecy F} — cusbt, TR — momentsl cut co croponb wujkocru, Fi ) Té — puyTpennue,
&, T§ — BHeIIHUe CUJIBI 1 MOMEHTBI CHJI, JeHCTBYIONIHe Ha YaCTUILy ¢ HOMEPOM K.
Hanuuwue crepxkueit AuKTyeT JIONOJHUTEIbHBIE YCJIOBHUS, HAKJ/IA/IbIBAEMble Ha TOJO-
JKEeHUs YaCTHUIll B MeMoYKe. YCJIO0BUe 3aKI0YaeTCsd B HEM3MEHHOCTU PACCTOAHUS MeEyKIy
JACTUIAMHU, COSTUHEHHBIME CTEPXKHAMU. AHATUTHICCKH ITO 3AMUCHIBACTCS B BU/IE:

rij%

31ech r;; — paJuyc-BeKTOD, COeJUHAIONMMNI IeHTPbl JaCTUIl ¢ U J, COeINHEHHBIX MeK-

Iy co0oit cTepKHIMH. YCJIOBHE 03HAYAET, YTO OTHOCUTEIbHASI CKOPOCTH ITUX YACTHIL
BJIOJIb PAJNYC-BEKTOPA paBHa HyJ0. [Ipy 3TOM cocraBisionias 0THOCHTE/IbHON CKOPOCTH
JaCTHIL B IIJIOCKOCTH IIePIEeHIUKY/IAPHOI BEKTODY I';j MOKET OTINYAThC OT Hyad. Mcmosn-
3yd yCJIOBHE , U3 ypaBHEHU MOYKHO OIpeNe/dTh BEJUYNHbl YCUJIUNA B CTEPKHSIX.
Buipaxkenus jjis FZ, TZ, YYUTHIBAIOIINE THAPOANHAMUYECKOe B3anMOJIefiCTBIe JacTuIl B
JKUJKOCTH, moIydeHbl B paborax [8,10] B mpubnuxkennn Crokca. PaspaboTaHHblil B 9THX

CTaTbAX METO/ IIO3BOJIACT YYHUTbIBATb BSaI/IMO,ZLeIL/'ICTBI/Ie 0OJIBIIIOrO YHCJIA YJaCTUIl, B TOM
qucJjie 1 1Ipu TedYeHuu BOJIN3M IJIOCKOI CTEHKM.

0 )

3. MeTos penterus

Cucrema conepxkuT 114 anrebpamdeckux ypapHeHHit. s YuCIeHHOrO perreHnst
cucrembl ypasuenuii (1) ucnosib3oBasach cuennasibHasg nporpaMmma, KOropas pesyJibraTbl
BBIYHMC/ICHUH BHIBOJAUT B BUJIC BU3YAJIU3AIMY JIMTHAMUKY CUCTEMbI 9acTuil. Kpome toro, npu
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KOMIIbIOTEPDHOM MOACJINPDOBAHUN AMHAMUKHU IMEIIOYKHW YaCTUIL HPUMEHAJICA METOL HO,ZLO6I/IH7
pazpaborannbiii B pabore [8]. Merox maer xopoiiee coryiacue pe3yabTaToOB MOIEINPOBa-
HUS C IKCIIepUMeHTOM. [Ipu Mcrosib30BaHUE 3TOrO METO/a IPH PacyeTaxX UCIIOJIb3YITCH
MOJEJIbHbIE TTapaMeTPhl, KOTOPbhI€ CBA3aHbI C pe€aJIbHBIMU YCJIOBUAMU TUIPOJINHAMHUYICCKO-
ro MOJ00UsA PeaJbHOI0 W MOJIENBHOro IporeccoB. llepexom K MoJeabHBIM IIapaMeTpaMm
CBfA3aH C TOYHOCTBIO BhIUUCJIeHnH. HanpuMmep, BBIYHCIEHNS BeyTCA ¢ TOYHOCTBIO JI0 TIe-
CTH 3HaYaIux Mudp nocie 3anAToH. Ecam Moae bHBINR pasMep YacTHI[ HMeeT MOPsIOK
1 ¢M, TO IpH MOAENBHON Bsa3kKocTH 1 T/(CM-C) M IIOTHOCTH KUAKOCTH 1 T/cM® cKOpoCTh
uacTul, umeer nopsok He Gosee 1071 cm/c (uas roro, uroGbl uncsao Peitnosibica GbLIO
MeHblie e uHuIp ). Jjist MojeabHoro unrepsaia spemenn 107! ¢ nepemenienue yacTuibt
uMeeT nopsyok Menee 1072 ¢, 4To cocramiser He (o0jiee OJHOIO MPOIEHTa OT paJly-
ca gacTunbl. [Ipu peaJbHBIX TapaMeTpax: pazMepe JacTuinl mopsaka 1074 v, BaskocTn
nopsnka 1072 r/(em- ¢), wiornocrn 1 r/em® cKOpoCTh YacTUNBI TOKHA OBITH He GoJtee
10 em/c (umcao Peitroabaca M0MKHO OBITH OJUHAKOBBIM JJIsl MOJEIBHBIX TAPAMETPOB U
peanbibix). Menonbsyst pe3yasraTsl paboTsl [8], moayIuM peatbHblii HHTEPBAJ BPEMEHH,
3a KOTODBIil BBIYUCIACTCA MepeMenienne, pasen 1077 ¢ 1 caMo IepeMerenue 9acTHIIbl Co-
craBaser Meree 1070 em, 9TO TOXKe He MPEBBITACT OIWH MPONEHT OT PAIUYCA TACTHIIBI,
HO YK€ TPEBBIIIAET YMUCJIO 3HAa4YaluMX mudp, NpUHATHIX Jjid pacdera. lakum obpazoM,
IIpuMeHeHune MO/JAEJIbHBIX ITapaMeTpOB IPUBOAUT K IMOBBLIIICHUIO TOYHOCTHU BBIYHCJIEHUN 1
YIIPOIIAET HX.

4. Pe3yabTaThl MO/I€JINPOBAHULA

PesynbraTsl MO THPOBAHUSA IPEICTABACHBI Ha puc. [2]

Kak BuIHO M3 TpejCcTaBJIeHHBIX Pe3yIbTATOB MOJEIUPOBAHUS JIUHAMHUKU TEMOIKI
YaCTHUIl, HadaJabHad dedopMalus MeHOYKH KaYeCTBEHHO COBIAJIAET ¢ pe3yJbTaTaMu pa-
Gorel [9]. A mMenHo: cHauama Nemovka 4YacTul AebOPMUPYETCsT ¢ TMOSIBICHUEM TETeb.
Jlanrpueiimas aedopMaliusg MEeMoYKd YaCTHI[ CBA3aHO ¢ IIOCTEINeHHBIM pa3BepThIBAHUEM
00pa30BaBIIKUXCH [I€TeIb U BbITATMBAHUEM IEIIOYKH BJIOJIb 1OTOKA KujKkocTH. [IpoBeien-
HOE MOJIeJTMPOBaHUE JUHAMUKH JiehOPMAIMH IEMOYKH YacTHIl JaeT OTBET Ha BOMPOC O
paBHOBeCHO hopMe TENOYKN YaCTHUIl B CABUI'OBOM HOTOKE KHUJIKOCTH. Bbraucienus mo-
Ka3bIBAIOT, YTO TAKOH (hOpMOil SBJIgeTCA BBITAHYTAas Ha BCIO JUITMHY IMEMNOYKA YACTHIL MO
HaIlPaBJIEHUIO [TOTOKA KUJIKOCTH U TTapaJljie/ibHasd IIJIOCKOCTH, BJAOJIb KOTOPOH MTPOUCXO/IUT
TedeHue.

5. 3akJiroueHue

[IpoBeneno MoaenupoBanue IMHAMUKI JeOPMAIAH [TEIIOYKH YACTUIL B CIIBUTOBOM II0-
TOKe KMJIKOCTH BIOJb ILIOCKOCTH. Y UT€HO I'MIPOIMHAMIYECKOE B3aUMOIeiicTBUE YaCTHUIL
B IEII0YKe MeXK/y coDOfl B 1HOTOKe »KUJKOCTH. Pe3ysibrarbl MOJEAMPOBAHUS 1103BOJIAIN
OTIpPe/IeJINTh PABHOBECHYIO (POPMY HENOYKH YACTUIL IPHU BO3AEHCTBHU MTOTOKA YKUJIKOCTH.
ITokazano, uTo Takoit GoOpMOil ABJIAETCS TENOYKa, BBITIHYTas B0 MOTOKA YKUJJIKOCTH
MapajyieIbHO TJIOCKOCTH TE€UYEHUSI.
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Particle Chain Dynamics in a Shear Fluid Flow

S.I. Martynov, L.Yu. Tkach
Surgut State University

Abstract: The results of numerical simulation of the dynamics of a chain of particles
in a shear flow of a viscous fluid along a flat wall are presented. It is assumed that
the particles in the chain can be displaced relative to each other so that the distance
between two neighboring particles remains constant. The case is considered when the
initial shape of the chain is a coil, and then, due to the influence of the shear flow of the
liquid and the collective interaction between the particles, it is deformed, acquiring a
new shape. The collective interaction of particles in a chain occurs due to the forces
of hydrodynamic interaction between them. The dynamics of chain deformation is
calculated taking into account the impact of the flow on particles and their collective
interaction. The results of the simulation of the chain dynamics are given taking into
account the above effects. The equilibrium shape of a chain of particles in a liquid
flow is found.

Keywords: numerical simulation, viscous liquid, collective interaction of particles,
chain, deformation.
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VIIK 517.9

Pa3paboTrka HOBBIX MeTOJOB ONTUMI3AIN TOopTdeaei
HA OCHOBe cToxacTmidecKux auddepeHnmanbHbIX
YPaBHEHU

Moiiko H.B.

[len3enckuit rocy1apCcTBEHHBINT YHUBEPCUTET

Annomayusa: B crarbe paccMoTpena npobiieMa mocTpOeHusi OMTUMAJIBHOIO HWHBECTH-
UOHHOIO noprdesns B ycsoBusx HeonpeaeseHHocTu u pucka. [Ipeuiaraercs ucmosnb-
30BaHMUE CTOXACTUUECKUX MU HEpPEHITNATbHBIX YPABHEHUS JIs MOIEJIUPOBAHUS TH-
HAMWKW TI€H aKTHBOB W ONEHKH PUCKOB. JIjIg 3TOTO MPUMEHSIOTCS PA3IHIHBIE METO-
bl onTuMu3anuu, Takue kak meron Monrte-Kapiio, Meroasr onTuMu3anyuy Ha OCHOBE
IPaIMEHTHOIO CIIYCKA U 3BOJIIOIMOHHbIE aJITOPUTMBI /18 HAXO0XKJIEHUs OITUMAIbHOT'O
nopTdesis ¢ MUHIMAJIbHBIM PUCKOM IIPU 33/JaHHOMN J1OXO/IHOCTH.

Karuesvie caosa: croxactudeckue quddepeHnanibHble YPABHEHUS, METOIbI OMTHMHU-
3aIlii, HHBECTUINH, TTPOTHO3UPOBAHNE TIeH Ha aKIUH U OOJIUTAIIAI

BBenenue

CymiecTByeT MHOXKECTBO METO/IOB ONTUMHU3AINNI HHBECTUIIMOHHBIX MOpTdeieil, KOTo-
pble MOYKHO Pa3/IeIUTh Ha TPU KATErOPHH: KJIACCUYECKUE METOJIbl, METOJbl Ha OCHOBE
CTATUCTUYECKUX MOJeJell U MeTObl Ha OCHOBE MCKYCCTBEHHOI'O MHTe/IeKTa. Kiaccuye-
CKUEe MEeTOJIbl ONTUMU3ANUKN opTdeseil BKIYAIOT B cedd METO MUHUMAJILHON Jauchep-
cun MapkoBuiia, MeTo MakcuMaabHOro aoxoqaa lllapna m MeTon MEHEMAJIBHOTO PUCKAa-
OpUOBLIA. DTU MeTOJbl OCHOBAHBl HA MATeMATHYECKHX MOJENSAX, KOTOPbIe TO3BOIIIOT
OTIpEeJIeTIUTH ONTUMAJBHOE COOTHOIIEHNE MeYKIY JTOXOJTHOCThIO U pUCKOM mopTdens. Me-
TOIBI HA OCHOBE CTATUCTUYECKUX MOJIeeil UCTOIb3YIOTCS /ISl aHAJIN3a BPEMEHHBIX PsIIOB
U LPOI'HO3UPOBaHU Oy IyIIUX IIEH Ha aKTUBbI. MeTojibl Ha OCHOBE UCKYCCTBEHHOI'O UHTE/I-
JIEKTA UCHOJIb3YIOTCS JIIs aHa/M3a OOJIBIINX 00'beMOB JIAHHBIX W HPUHATUS PEIIeHUN Ha
OCHOBE aJITOPUTMOB MaluHHOro odydenud. /Indpepennuanbibie ypaBuenus MOTyT ObITD
UCIIOTBb30BAHbI NP AHAJIN3€ WHBECTUIMOHHBIX mOpTdesneil /ijisd onpeaeseHus OnTHMa b
HOTO paclpejie/IeHns aKTUBOB U MUHUMH3AIUN pUcKa. J[J1s1 3TOro MOXKHO HCIOJIH30BATD
MOJIeSTN THHAMAYECKOrO MOpPTdess, KOTOPhle OMUCHIBAIOT W3MeHeHWe CTOUMOCTU AaKTHU-
BOB BO BpeMeHH (Mojeb Buaka-1Tloyir3a /iJist OeHKY 1IeHbI OMIIHOHOB Ha aKiun). Takke
MOZKHO HCTIOTB30BaTh InddepeHInalIbible YPaBHEHWS JIJI MOJAEJTHPOBAHUS (DUHAHCOBBIX
PBIHKOB U MPOTHO3UPOBAHUS UX MOBeIeHus (Mojensb Lapua-2Koprencena jijist Mogeaupo-
BaHMsI BOJATHJILHOCTU IEH Ha aKIMU U JApyrue puHAHCOBBIE HHCTPYMEHTHI).

Takum obpazom, auddepennuaibHble YpaBHEHUS MOTYT ObITh MOJIE3HBI DU AHAJIA3E
WHBECTUIIMOHHBIX nopTderneil g onpeaeseHns ONTHMAJIBLHOTO PACIPE/Ie/IeHIA aKTUBOB
U TTPOTHO3UPOBAHUS TOBEJICHUS (PMHAHCOBBIX PHIHKOB.
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1. Meroapt onnTummsanuu noptTdesieii Ha OCHOBE CTOXACTUIECKUX
anddpepeHmaJIbHbIX YPaBHEHUIA

Meton Ditnepa-MapysaMbl gBASETCS YUCJICHHBIM METOJIOM PeIIeHHs CTOXaCTUICCKUX
nuddepeHnalbHbIX YPABHEHHH H HCIOJB3YeTCs /I MOIEJTMPOBAHUS CIyJIalHBIX MPO-
neccoB. OOIIMit B TAKOTO YPABHEHUS:

dX (1) = a(X (), t)dt + b(X (t), )dW (1), (1)

rae X (t) — caygaiinerii mpornece, a(X (t),t) u b(X (t),t) — dyHkumm, onpemessioniyue 1nHa-
MUKy mporiecca, dW (t) — HHKpeMeHT BHHePOBCKOro mporecca. CyTb MeTo/a 3aKIi09aeTcs
B CJIEJYIOIIEM: CHaJaJIa 3aaeTCsl HadaIbHOe 3HAaUeHMe MOPTQeid, a 3aTeM BbIUUCISIOT-
cs U3MEHEHHsI ero CTOMMOCTH Ha KarKJIOM Iare BPEMEHH C IIOMOIIBIO CTOXaCTHIECKOIO
nuddepenimaabaoro ypapaenus. st 3roro ncnoab3yercs dpopmyaa Jitiepa-Mapysmbl,
KOTOpasd 1103BOJIdeT OUECHUTb U3MCHEHUE CTOUMOCTH HOpT(be,HH Ha O4Y€Hb MaJIbIX IIPOME-
JKyTKax Bpemenu. Jlajee, Ha OCHOBE MOJYYEHHBIX JaHHBIX O U3MEHEHUH CTOUMOCTH HOPT-
CbeJIH, IPOU3BOAUTCA ONTUMHU3alUA COCTaBa HOpTCbeJIH C MIOMOIIBIO Pa3JUYIHBIX METOA0B
omrrumu3anuu. st pemenus ypasuerus (1) meromom Ditepa-Mapysambr He0OX0IUMO pas-
OUTH WHTEpBAJT BpeMeHn Ha MaJible marun At u BeaucanTh n3Menenne X (1) HA KayKI0M
Imare:

AX(t) = a(X (1), ) At + bX (1), ) AW (#),

rie AW (t) — npupainenne BHHEPOBCKOIO Iporiecca Ha nHTepBase At. 3aTeM HOBOE 3Ha-
genne X (t + At) poranciasercs o dopmye:

X(t+ At) = X(1) + AX (D).

[IpeuMymiecTBa MeTOIa COCTOUT B BO3MOYKHOCTH yUeTa CJIydailHbIX (hbakTopos (H3me-
HeHMe KyPCOB BAJIOT, H3MEHEHUE 1eH HA AKIIUH), YTO HO3BOJSIET MOJIYYUTh GOJIee TOTHbIE
pesysbrarei. Kpome Toro, on sB/sieTcst JOCTATOYHO MPOCTHIM 1 OBICTPBIM B BBIUUC/ICHHUH,
9TO MO3BOJISET UCIOJ/IH30BATH €r0 B PEKUME PeajTbHOTO BPEMEHH.

Merox Musiepa — 3T0 MeTOJ, onpejeeHus ONTUMAILHOTO MOpPTQeisd THBECTHITN,
KOTOPHIit 6611 ipetozkeH Y uibsamoMm [Tlapmom u Nappu Murrepom B 1970 1. On ocHOBaH
Ha Teopun noprdeabHoro Beibopa MapkoBuiia u mpemoJiaraeT BeIOOp moprTdelis, IMero-
Mero HanboJIbIllee COOTHOIIEHNE JTOXOMHOCTHA W PUcKa. /laHHBIN MeTO] MCHOJIBb3YyeT MaT-
PHUILy KOBapHAIUi TOXOTHOCTH aKTUBOB, UTOOBI OTIPEIEIUTh ONTUMATIBbHOE PACITPeieIeHne
noptdens Mexxay aktTuBamMu. OH TakyKe YUUTHIBAET MUHUMAJIBHBIH WM MaKCUMATbHBII
BeC KaxKJIoro akTupa B mopTdese. Meronx Munnepa ucnonab3yer ciaemyoniue GpopMyTbl
JIJIST OTIPE/IESICHUST ONTUMAIBHOTO TTOPT(eIs:

1. Pacuer oxujgaemoii JJOXOJHOCTH TOPTMdEI4:

E(R,y) = Zwi-E(nL

rae E(R,) — oxkugaemas JOXOJHOCTh TOPTdEst, w; — JA0Js HHBECTHIUH B {—OM aKTHBE,
E(r;) — oxumaemasi JOXOMIHOCTD i—T0 AKTHBA.
2. PacueT KoBapHalui MexK1y JTOXOTHOCTAME AKTHBOB:

COV(RZ, R]) = Pij - 0i05,
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rae COV(R;, R;) — KOBapHaIus MeK1y JOXOAHOCTSME (-T0 B j-IO AKTUBOB, p;; — KO-
dbunnenT KOppessiuuu MexkLy -M U j-M aKTHBAMH, 0; W 0; — CTAHJAPTHbIE OTKJIOHEHHsI
JOXOHOCTEIT -TO W j-Ir0 aKTHBOB COOTBETCTBCHHO.

3. Pacuer pucka noprdens (cTaHAapPTHOrO OTKJIOHEHWS):

O'p = \/Eiijiwjpijaiaj,
rae o, — CTaHJapTHOe OTKJIOHEHUE JOXOAHOCTH HOpTdhes.

Meros 1103BOJISIET MHBECTOPY OIPEJICUTh OITUMAJIBHOE COOTHOIIEHUE PUCKA U JI0-
XOJHOCTH Jijid cBoero noptdests. Perenue 310l 3a/1aun ONTUMHU3AIMHT JIA€T ONTUMAIBHOE
pacupejiesenne mopTdesas MexK/y aKTHBaMH.

Metoa fnona He ucnosb3yer pOPMYJIbl B CTPOTOM CMBICJIE, TTOCKOJIBKY OH OCHOBBI-
BaeTCsd Ha aHaJ u3e I'PapHUKOB IeH C IIOMOIIBI0 CBEYHBIX auarpaMm. OaHako s Oojee
TOYHOTO ONpeJiesIeHns YPOBHEH MO/IIepyKKH U CONPOTUBJIEHNS] MOTYT UCHOJIB30BATHCS CJIe-
Jyrotre pOpMYJIbL:

© YPOBeHb MOJJEPKKN = MUHUMAJTbHAS IeHA 33 ONpeIeJeHHbI Tepuoj BpeMeHn —
(MakcHMaJbHAs! [IEHA 33 ITOT IIEPUOJ, — MUHUMAJIbHAS [EHA 34 9TOT Hepros) - Kodbdu-
nuenT mojepxkku. Koaddunenr nojyiep:xku 06b14H0 npunuMaercs paBubiM 0.3.

© Y pOBEHDb CONMPOTHB/ICHUS = MAaKCUMaJIbHAS IIEHA 3a OIPEJIeJICHHBIH TIePUO/T BpeMeHu
+ (MakcuMasbHAS [EHA 33 TOT MepHOJ — MUHUMAaJbHAs TeHA 33 9TOT TMePUoj) - Koadh-
durmenT conporunienus. Koadduient conporunienns 0OLIYHO TPUHUMACTCS PABHBIM
0.3.

KosddunmerTs! M0oA/1epKKI U COMPOTUBJIEHNS] MOTYT OBITh H3MEHEHBI B 3aBUCHMOCTH
OT KOHKDPETHOU CUTyalluu Ha PhIHKE W WHAWBUIYATBHBIX MIPEAMOYTEeHUil Tpeiiaepa.

2. ITpumenenne quddpepeHNNATBPHBIX YPABHEHUI TPU aHAJIN3€ WH-
BECTUITMOHHBIX mopTdesieit

st pemmennst cucrembl auddepennuanbabix ypasaenuii (CIY) MOXKHO HCIOIb30-
BaTh METOJbl MAaTEeMaTHYEeCKOil CTATHCTUKU M TeOpuu BeposaTHocTeit. OTHUM U3 TaKUX
MEeTOJIOB siBJIsieTcst MeTos MonTte-Kapio, KOTopblil T03BOJIAET MOAEINPOBATD CIyYaiiHbIe
HPOIECCHl U ONEHUBATH BEPOSTHOCTU PA3IUIHBIX COObITHil. JIpyrum merogom siBisiercst
METOJT KOHEIHBIX PA3HOCTEl, KOTOPBIH 3aK/1049aeTcsa B annpokcumanmn auddepennnaib-
HOTO YpPaBHEHUSI PA3HOCTHBIM YPAaBHEHHEM Ha CeTKe. JTOT METOJ| MO3BOJISIeT IUCJIEHHO
perath croxacTudeckne audepeHnuaibHble ypaBHeHN U MPOBOINTH AHAJIN3 PUCKA U
JIOXOIHOCTH IOPT(eid.

Ha nmannbiit MoMenT Hambosiee HHTEPECHON TeMOU It U3YYEeHHUs SBJIACTCA ABJISETCS
HCIIOJIBb30BAHNE COBPEMEHHBIX METOJOB JJIsi IPOrHO3MPOBAHMS U3MEHEHUS IeH Ha aKIINH
1 oburanuu. DTo BKIKYAeT B ¢ebsi M UCTIOJIb30BAHAE HOBBIX UCTOYHUKOB JAHHBIX (COITH-
AJIbHBIE CETH ¥ HOBOCTHBIE TIOPTAJIBI ), U Pa3pabOTKy HHTETPHPOBAHHBIX MOJIEIeH, KOTOPbIe
YUIUTHIBAIOT KaK (PUHAHCOBBIE, TAK U IKOHOMUYECKUE U HOJUTUIECKHE (PAKTOPHI, BJIMAIO-
e Ha W3MEHEHUE TeH.

s pa3zpaboTKu MOJIEJIM MOYKHO BBITIOJHUTH CJIEJIYIOIIIe TITarn:

¢ OnpeennTh CIUCOK SKOHOMUYECKUX (DAKTOPOB, KOTOPBIE MOTYT BJIMSATH HA, U3Me-
HEHHUe MeH Ha aKIUU U OOJIUTAIlH.

o Cobparb JaHHBIE 110 9TUM (PaKTOpaM 3a OIpeJIeJeHHBINH ePUO BPEMEHH.

o lIpoanau3upoBaTh JaHHbIE U ONPEICTUTh, KaKHe 3 (PaKTOPOB UMEIOT HAuDOJIbIIIee
BJIMSTHUE HA U3MEHEHMe IeH Ha aKIUHU U OOJUTAIIIH.

¢ Pazpaborarb Mojielib, KoTopast Oy/JeT yYuThiBaTh BbIOpAHHbIE IKOHOMUYECKUE (DaK-
TOPBI U MPEJICKA3BIBATH U3MEHEHHEe [eH Ha aKIUU U OO/IUTAIUH.
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< I/IHTerI/IpOBaTb MOAEJIb B CUCTEMY IIPOIrHO3UPOBaHUA HNEH Ha aKIUNW W O6JII/IFaL[I/II/I.
Takum obpazoMm, paszpadorTka MOJEIU, YIYUTHIBAIONIEH HEe TOJILKO (DUHAHCOBBIC, HO U
IKOHOMHNYECKUE CbaKTOpr, MOZKET MOBBICUTH TOYHOCTH NIPOTHO3UPOBAHUA U3MEHEHUA IEeH
Ha aKIITUN " O6JH/II‘aLU/H/I " TOMOYb MHBECTOpAM IMPpUHUMATDH 60.)'[66 O6OCHOBaHHbI€ penieHunsd.

3akJro4deHne

[IpakTuka 1oJg00HOI0 MCIOJIB30BAHUS CTOXACTHYCCKHUX JTHphepeHnaabHbIX ypaBHe-
HUN ABJIAETCA UHTEPECHOU JJI JaJbHEUIINX UCCIIEJIOBAHUMN.

HexkoTopbie nepcrneKTuBbl, KOTOpble MOTYT OBITH PACCMOTPEHDI, BKJIIOYAIOT pa3paboT-
Ky HOBBIX METOJOB ONTHMH3aIuU mopTdenaeit Ha ocHoBe CIY, ucciaemoBanme BINSTHUS
Pa3IMIHbIX [APAMETPOB HA ONTUMAJbHOE pactpe/ejaenne noprdests (BKI0OYas FOPU30HT
HHBECTHPOBAHNUS, PUCKOBBIE MPEJIIOYTEHUS U T. J.), IPUMEHEHHe MeTOMOB ONTHMU3AIHN
noptdeneit Ha ocuoBe CJIY s penteHusi KOHKPETHBIX MpobJIeM WHBECTHPOBAHUS, Ta-
KX KaK yIpaBIeHne MeHCHOHHBIME (OHIAMI WIW yIIpaBIeHHe aKTHBAMU W TMaCCHBAMH,
pa3spabOTKy HOBBIX METOJOB aHAJIU3a PUCKA U OIEHKH JIOXOJHOCTH IMOpTdeieil Ha OCHOBE
CLLY.

Takum obpazoM, auddepeHnuaIbHble YpaBHEHHS MOTYT OBITH HOJIE3HBI IPH aAHAJIH3E
HHBECTUIIMOHHBIX MOpTdeneit 11 onpeaeaeHnsl ONTHMATILHOIO PACIpe/Ie/IeHIsT aKTUBOB
U IPOTHO3UPOBAHUsI HOBEeHUsT (PMHAHCOBBIX PHIHKOB.
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Development of new portfolio optimization methods
based on stochastic differential equations

N.V. Moiko
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Abstract: The paper considers the problem of building an optimal investment portfolio
under conditions of uncertainty and risk. The use of stochastic differential equations
for modeling the dynamics of asset prices and risk assessment is proposed. To do this,
various optimization methods are applied, such as the Monte Carlo method, gradient
descent-based optimization methods, and evolutionary algorithms, to find the optimal
portfolio with minimal risk for a given return.
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YK 517.977.56, 519.71

OnTuMmu3aliisg IBYMEPHBIX IMPOIIECCOB HArpeBa C y9eToM
(da30BBIX OTpaHNYEHUIA

Moposkun H.JI., Tkages B.I., Moposkun 1O.H.

YVdbumMckuit yHUBEPCUTET HAYKU U T€XHOJIOTUI

Annomayua: Vlccaenyiores 3a0a49u ONTUMAILHOTO 10 OBICTPOIEHCTBUIO YIIPABIEHUSsI
TIPOTIECCAMHU BHEITHETO HArpeBa MPU3MBI MPAMOYTOJBHOTO CEYEHUA W IMUIUHIPA KO-
HEYHOM [JIMHBI TPU OIPAHUYEHUSX HA, HAUOOJIBIINYIO TEMIEPATYPY W HA, TEPMOHAIIPSI-
JK€HUs. Y YUTHIBAIOTCS 3aBUCUMOCTHU TPEIEIOB MIPOYHOCTH HA CXKATHE W PACTIKEHUE
OT TeMIIEPATyPbhI, KOTOPbIE AIIIPOKCUMUPYIOTCH BBIIYKJIbiMu byHKnusamu. Vlcxonuas
OECKOHEYHOMEPHAS 331a49a aNTPOKCUMUPYETCsT KOHEYHOMEDHOM 3aadeil OnTuMaIb-
HOTO OBICTPOIEHCTBHUS C BBIMYKJIBIMA (DA3OBHIMU OTDAHUYEHUSME. BhIMUCAHBI OIEHKT
TIOTPEITTHOCTHU AMMPOKCUMAITNN TIO COCTOTHUIO B TPOCTPAHCTBE . B cirydae orcyTcTBUs
OrPAHUYEHUN HA TEPMOHANPSAXKEHNU S, TOKA3AHA CXOIUMOCTb KOHETHOMEDHBIX TPUOIIN-
2KeHuit 1o pyHKImoHaxy ObICTPOECTBY U c1abast CXOIUMOCTD [TOC/IEI0BATEIbHOCTH
yIIpaBJIEHU K ONTUMAJIbHOMY YIIPABJIEHUIO.

Karuesvie ca06a: ONTUMAIBHBIN HATPEB, TEPMOHAIPSIYKEHNSA, OBICTPOIEHCTBYE, Mpsi-
MOYTOJIbHAS MPU3Ma, UJIUHID KOHETHOU JIJIMHBI.

1. BBeagenue

B wnacrosiiee BpeMsi B MPOMBINLJIEHHOCTH BCe OOJIBIE WCIOJAB3YIOTCS MaTepUasbl,
HPOYHOCTHBIE XapaKTePUCTUKH KOTOPBIX HpeTepleBaioT B MPOIEcce HArpeBa 3HAYUTEIb-
Hble u3MeHenusd. Tak, Hanpumep, y ciiapa zKC6Y mpees IpOYHOCTH HA CXKATHE B JIHa-
nazone Temrepatyp oT 20 10 1000 rpamycos Llenbcus ymMeHbITIaeTcs TOYTH B MAThH pas, a
npejiesl IPOYHOCTH Ha pacTszKeHue OoJjiee MATH pas.

B nayunoit simreparype 1upu ucc/iejl0OBaAHUN 110/I00HBIX 3a/1a4, KaK IIPaBUJIO, HE y4u-
ThIBaOT 3aBUCUMOCTH IIPEAE/IOB IIPOYHOCTU Ha CzKaThue U paCTdzKeHue OT TeMllepaTypPHhl.
ECJ'H/I 2K€ 9TH 3aBUCHUMOCTH YYHUTBIBAIOTCA, TO 3ada4a peliaeTCd C IHpUuMEHEHueM MeTOda
KOHEYHBIX 3JIEMEHTOB W CBOJANTCA K JOCTATOYHO CJIOKHOI M TPYAOEMKON 3aja4ye HeJanHel-
HOTO mporpamMupoBanus [1,2].

B macrosimieit pabore 3ajada ONTUMAJIBHOIO HarpeBa OECKOHEYHON HMPU3MbBI IIPAMO-
YIOJIBHOTO CeYeHHs W IMUJIMHIPA KOHEYHOH JIUHBI ¢ yYeTOM OrpaHUYeHH Ha TepMOHA-
psizKeHUs] 1 HAUOOJIBIIYIO TEMIIEPATYPY ANIPOKCUMUPYETCsT KOHETHOMEPHOM 3a1a4eii ol-
TUMAJIBHOTO YIIPABIEHUs, 8 3aBUCUMOCTH IPOUYHOCTHBIX XapaKTePUCTUK OT TEMIEPATYPHI
AITPOKCUMUPYIOTCS BBIYKJIbIMEU (DYHKIUsAMH. [lj1g perenus: mojiy4eHHOl KOHEeYHOMEeD-
HOH 3a/1a4M ONTUMAJILHOTO ObICTPOJEHCTBUS C BBIMYKJIBIMH (DA30BBIMU OI'DAHUYCHUSMHE
Npe/IJIaraeTcsd MCIOJIb30BATH METOJ, THUIA METOJ/a MOBOPOTa OMOPHOI T'MIEPILIOCKOCTH,
KOTOPBIH ObLI pa3padoTaH OJHUM W3 aBTOPOB W anpoOUpPOBaH Ha 3a/a4e ONTUMAILHOTO
OJTHOMEPHOTO Harpesa [3].

[Ipu 9TOM pelenne TEIJIOBOM 3a1a9K ¢ IOMOIIbIO METO/Ia HHTErPaJbHBIX IIpeodpaso-
BaHUH BBIIIUCHIBACTCS B BHJE PsJIA ¢ HEU3BECTHBIMU KOI(MDMHUIIUEHTAMU, OIPeIeasieMbIMH
U3 perieHus JUHeHHON cucTeMbl OOBIKHOBEHHBIX TuddepeHua bHbIX YpaBHeHuH. 3a1a-
4a TEPMOYUPYTOCTH PACCMATPHBACTCS B KBA3UCTATUIECKOIT MocTanoBKe [4] n ee pemenue
BBIITMCBHIBACTCS TaKKe B BUJIE PsJia, KOIPDUIMEHTH KOTOPOIl ABJIMIOTCH pereHnsamMu dec-
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KOHEYHON CHUCTEMbI JIMHEHTHBIX aJredpandecKux ypaBHEHUI.

2. llocTaHoBKA 3a1a4n

Jlng ynobcTBa ypaBHEHUS, ONUCHIBAIOININE TPOIECC HATPEeBa W OTPAHUYEHUS HA MaK-
CUMAJILHYIO TeMIlepaTypy, 3anuinieM B 0e3pa3MepHbIX eIWHUIAX. 1oraa mpoIecc 0Cecum-
METPUYIHOI'O HAarpeBa OECKOHEYHOH MPU3MBbI IPAMOYTOJBHOIO CeYeHUs WU IUIAHIPa KO-
HeYHOM JIJIMHBl BHENTHUMU TeILJIOBBIMU UCTOYHUKAMHU ONUACHIBAETCS CJIEIYIONNMEI YPaBHE-

HUAMUN
09 (pvlvT) _ 820 (p>l7T) + gae (pvl77—> +h2829 (pvluT)
or B 0p? p  Op 02 (1)
0<p<l,0<i<1,0<7<T,
0(p.1,0) =0 (2)
1
PCLT) _ iy fun (7) - 0.(1.1.7)). )
P
a0 (p, 1, 7)
pr— =0, (4)
ap p=0
o0 (p, 1, .
PU0LT)  Biy s (1)~ 0.1, 7)), 5)
90 (p,0,7)
L (6)

3rech ¢ = 0 B cirydae HarpeBa IPU3MbL U ¢ = 1 B CJIy4ae HArpeBa MUJIHH/PA KOHEIHO
amansl, u (1) = (u1 (1) ,uz (1)) € L3[0,T] — Gespasmepnoe ynpasjenue (TemmepaTypa
rpeforteii cpepl) u moury npu Beex 7 € [0, 7T

u; <ui (1) <uf, i=1,2 (7)

MuozkecTBO TakuxX yupan/ienuii obosnauuMm depes U. [Ipeanosiaraercs, 94To Bce Ternodu-
3udeckre KOIPPHUIIUEHTHI MOCTOSHHBI, a Tepexol K 6e3pa3MepHbIM eIUHAIIAM OCYIIeCTB-
JISLICS AHAJIOTHIHO [5].

B npormecce narpesa tpebyercsi, 9T00bI HArpEBAEMOE TEJIO HE 1OJIydaJsio Obl HEOOpa-
TuMble Jiepopmatii. ByjieMm mpejnosararb, 4TO HA'PEBAEMOe TeJI0 Pa3pylIaeTcs XPYIIKO,
0e3 CKOJIbKUX-HUOY/Ih 3aMeTHBIX jgedopmanmii. Torma, corjacHo mepBOil KJacCHIecKOit
TeOpUH MPOYHOCTH [6|, B TedeHHH BCEro mporecca HArpeBa JOJKHBI OBITh BBITOJIHEHBI
HEPABEHCTBA

—0c (9) < 0 (IO7 L, 9) < Op (8> ) (8)

rae o, (0), o.(0) — npegenast npounoctn Ha cxarue u pacrszxenue (MIla), o; (p,1,0) —
HOpMaJIbHbIe KOMIIOHEHTHI TeH30pa Hampsizkennii (mlla). B ciaydae npusmer i@ = p,l; B
caydae MUJIMHIpA © = p, @, .

Kpowme BBITIOIHEHUST HepaBeHCTB (8) moTpefyeM TakzKe BBIIOJHEHUs OTPAHUIeHUH Ha
MaKCUMAaJIbHYIO TEMIEPATYPY B TeJe.

B ycnoBusix pacemarpuBaeMoit 3a7aun u3 hU3MIECKUX COOOPAXKEHUN sICHO, UTO MpH
HArpeBe BHENTHUMU TEILJIOBBIMU UCTOYHUKAMHI, HAUOOIee HATPETBIMU OKA3BIBAIOTCS TOUKH,
pacuoJiozkennbie Ha noBepxuoctu. [losromy B janbHeiiieM orpaHnyeHns Ha MaKCUMaJib-
HYIO TeMIepaTypy Oy/leM yuuThiBaTh B BUJE

0(1,0,7) <6, 0(1,1,7) <0, 6(0,1,7) < 4. (9)
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Bamaua 1. Hatimu ynpasaenue v’ (1) € U, 7 € (0,7, nossoasowee sa munumarvroe

epema ™0 € (0,T] dosecmu memnepamypy 0 (p,1,T) nazpesaemozo mera 0o 3a0amnnot

0 (p,1) ¢ Purcuposariot mounocmuio

//pq [9 (0,1, 7°) = 0 (p, 1)}2 dl dp < ¢ (10)

max, wmobw, npu ecex T € [0, 7% 6vau v suinoanens nepasencmea (8), (9), ede € > 0,
— 300aMHAA TMOYHOCTID.

3. IIpumeHeHne MeTo/ja MHTETPAJIBHBIX ITPeoOpa3oBaHUil JJjid pac-
YyeTa TEeIJIOBBIX IToJIei

Vcronb3ys KoHedHbIe HHTeTrpaJibHble TpeobpaszoBanusa Pypohe-XaHke s 110 KOOpIHHA-
TaM [ ¥ p, MOYKHO TIOJIYUYUTH IKBUBAJEHTHOE MpeJCTaBlIeHne 00beKTa YIpaBIeHUus OecKo-
HeuHol cucTeMoit nuddepeHInaIbHBIX YPaBHEHU] 1711 KOIDMUIINEHTOB T,, PA3I0KEHHS
0 (p,l,7) B kparubiit psij Dypbe 110 cOOGCTBEHHBIM QYHKIMAM TEII0BON 3aa4uu. [1o Ko-
opauHare | MpUMeHseTCs KOHEeYHOe Kocunyc-nipeobpa3osanune Pypbe, T. e. mpeodpa3oBa-

Hue |7] 1

0 (p,l,7)|p=0p (a,1,7) = /H(p,l,T) cos (ap) dp.

[To koopaunate p pu ¢ = 0 MpUMeHdeTCd KOHEUHOe KocuHyc-Tipeobpazopanue Oypobe,
npu ¢ = 1 — KOHEYHOe HHTerpaJbHoe Ipeodpa3oBaHue XaHKe s

1

0017y = 0,1.7) = [ 8(p.0,7) T () dp.

B pesyJsibTaTe NpuMeHEHUs ITUX HHTErPATbHBIX peobpasoBanuil K ypasaenusm (1)—(6),
pelIeHHe 9TUX YpaBHEHUIT MOYXKHO 3alHCATh B BHJE CJEIYIONEro psa

palvT ZZC ng Zj ip)COS (ﬁ%l)a (11)

i=1 j=1

1

Ciy = (12)

7K (ip) P lleos (B30I

Dij = Kl (Oéz) sin (/BJ) s
dl’i’ (%)
T = = (@ B (1) S () + () (13)
2,;(0)=0, 4,5 =1,2,3, ... (14)
Buech ||K (asp)||®, ||cos (B;1)]|* onpenensiores mo dopaymanm
1
of + Bit+ (1 —¢q) Bi

IK @l = [ 0K o) dp = L =0 B0 iy

1

0
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i in? 2 B
feos (31 = | o gy = LA LA B] (16

0

K (ap)ly—g = cos (ap), Ki(a)|_o = sin (),

K (ap)lmy = Jo(ap), Ki(a)]my = Ji(a),
[Tapamerp o BbIOEpeM Tak, YTOOBI OH SIBJISICS KOPDHEM ypPaBHEHUS

aK (o) — Bi1 K (a) =0, (17)

a mapaMerp [ — pellleHreM ypaBHEHMUsI
Bsin (B) — Biycos () = 0. (18)
4. KoHedyHOMepHas alIIpPpOKCUMAaIAs

CDOpMyJIbI JJIA BBIYUCJICHUA TepMOHaHpH)KeHI/If/i BBITINCHIBAIOTCA B BUJIE 6€CKOHGLIHBIX
PAI0B, KOA(DDUIUEHTH KOTOPBIX HAXOIATCSA U3 PellleHrs OeCKOHEYHOH CUCTeMBbI JIMHEITHBIX
anrebpanvecknx ypasHenwuii [4, 7].

OrpanunuuBiiuch B coorHorennu (11) u B popmyIax /it BEIYUCTEHHS] TEPMOHATIPSI-
KeHuii paccMmorpenuem 1epebix N X N WieHoB psifa, a B cucteme (13) mepebivmu N audp-
depeHnnaJbHBIMIA yPABHEHUSIMU HCXO/IHO DECKOHEYHOMEPHOI 3a/1a4e MOZKHO 1HOCTaBHTh
B COOTBETCTBUE C/IE/IYIONIYI0 KOHEYHOMEPHYIO 33/1a9y ONTUMAJLHOTO YIIPABICHUS.

Bamaua 2. Hatimu ynpasaenue U = (U, uz) € U, nepesodawee cucmemy
dz,; (1)

e ( +h26) i (7) + gu1(7')+hf—'u2(7),@}jzl,N,

ﬂ] 67
0

34 MUHUMAADBHOE BPEMA T U3 HYAEE020 HAYAADHOL0 NOAOHCEHUA 6 MHOMNHCECTIBO

N
ZCM( ijLij b*) &

i,j=1
max, wmobw, daa ecex T € [0,7°] Gvuau 6v svinoanens oeparnunerua (8), (9).
Jlist pernenuns 3aa4m 2 MOKHO HCIOJIB30BATH MOAUMMUIMPOBAHHBIN AJTOPUTM HOBO-
pOTa OMOPHO} THIEPILIOCKOCTH, H3JI0KEeHHBIH B pabote [3].

MozKHO OKa3aTh, 9T0 B HOpMe PocTpaHcTBa Lo (Qr) cipaBe/inBa ey onas OleH-
Ka TIOTPENTHOCTH allMPOKCHMAIINHN TTO0 COCTOSTHUIO

1

1 1
Il _ 9Bi,Bi,GTY? /(1 1 N 1\o/xt = 1\2
v La(Qr) = A 4

o atate) o X
rie a1, 51 — HepBble MOI0KUTeIbHBIe KOpHU ypaBHenuii (17), (18),
’Y(P,Z,T) - (9(p7l,7') - 9N (pa177)7
G = max {uf, uj }.
B caygae orcyTeTBUS OrpaHHYeHHN Ha T€PMOHANPAKCHUS IIPH BLINOJHEHUN YCJIOBHI

2u; (1+exp(—0.5)) —uf (1 + 2exp (—0.5)) > 0, (19)
2uy (1 +exp (—0.5)) —ug (1+2exp(—0.5)) > 0,

™
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Teopema 1. Ilpednosostcum, wmo 3adaua onmumasbHo20 no 6uCMpPodeticmeuro ynpas-
AEHUA BHEUHUM Ha2PESOM ¢ yuemom ozpanuserud (9) umeem pewenue. Tozda npu 6vi-
noanenuu yeaosutd (19) cywecmeyem nocaedosamenvruocms womepos Ny, p = 1,2, ..,
maxaa, ¥mo npu mobom N = N, p > 1, pewenue Koneurnomeprot 3adavu cyujecmeyem
U CNPaBedAUBHL YMBEPHCICH U

a) 0 <tV < N2 < <70,

6) lim 77 = 79,
p—0o0

6) npedea a1060% caaboczodawetica 6 L3 [0,7°] (1 — epemsa Gwempodeticmeus) nood-
nocaedosameavnocmu us {u’? (1)} asasemea onmumanvrom ynpasaenue.
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Optimization of two-dimensional heating processes
taking into account phase limitations

N.D. Morozkin, V.I. Tkachev, Y.N. Morozkin
Ufa University of Science and Technology

Abstract: The problems of time-optimal control of the processes of external heating of
a rectangular prism and a cylinder of finite length are studied under restrictions on the
highest temperature and on thermal stresses. Dependences of ultimate compressive
and tensile strengths on temperature are taken into account, which are approximated
by convex functions. The original infinite-dimensional problem is approximated by a
finite-dimensional time-optimal problem with convex phase constraints. Estimates of
the error of approximations by the state in space are written out. In the absence of
restrictions on thermal stresses, the convergence of finite-dimensional approximations
in terms of the speed functional and the weak convergence of the sequence of controls
to the optimal control are shown.

Keywords: optimal heating, thermal stresses, speed, rectangular prism, cylinder of
finite length.
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MeTtoa HeMHEHBIX (PYHKITMOHAJIbHBIX MOACTAHOBOK
g ypaBHeHuil HeJimHeliHo mudPy3un m BOJTHOBBIX

ypaBHEHUIT |

Mopo3oB B.M.LQ7 2KypaBes B.M.3

CamapcKuii HAIMOHAJIBHBINA HUCCJIEI0BATETLCKUI yHI/IBepCI/ITeTl,

VIIbSIHOBCKOE KOHCTPYKTOPCKOE GO0 IMIPHOGOPOCTPOCHHS?,
YIBIHOBCKIN rOCYIapCTBEHHBIN YHUBEPCUTET

Annomayus: B pabore passupaercs oboOiienre Merona (PyHKIMOHAIbHBIX OICTa-
HoBok (M®II) — nenuneitnbie dyunkuuonanbubie nogcranosku (HOII), ocnoBanubie
Ha cucreMe HeamHeRHbIX 0a30Bbix coornommenuit. C nomonipio HPII crpostes npeod-
pazoBanust BakiyHma n TOUHBIE periennst ypasuenuit tuna JInysumams, Sin-Gordon n
venuueitnoi auddy3un.

Kaouesnie carosa: Meron pyHKIIMOHATBLHBIX MOACTAHOBOK, Ipeobpa3oBanus BakayH-
Ia, HemuHelHas auddys3us.

1. Heauneitable pyHKIIMOHAJIbHBIE ITOCTAHOBKH

B pa6orax |1,2] Ayt mocTpoeHust TOYHBIX PeIleHuii HeTMHeHBIX ypaBHEHHH ObLT TIpei-
J0xkeH MeTo GyHKIMOHAIBHBIX noacTanoBoK (M®IT), ocHOBHAS /st KOTOPOTO 3aKJI0-
JaeTcs B TOM, YTO HEKOTOpOe HeJjinHeilHoe nuddepeHna pbHOe YpaBHEHHE B YaCTHBIX
IPOU3BOIHBIX BTOPOTO MOPSIKA:

F(Nxxy Ntt7 Narta Nxv Nt7 x, t) (1)

MOZKeT OBbITH IpEeJICTaB/JEHO B BUJIE YCJIOBUS COBMECTHOCTH Hapbl JAudpepeHiunajibHbIX
COOTHOIIEHUHN, HA3BIBAEMbIX 0a30BBIMMU:

T, = A(z,0)T, T, = B(z, )T 2)

1 7106aBOYHOIO ypaBHeHusl JJisi BemoMoraresibuoit dyukmuu T'(x,t):

G(Txmy T;fta TItv Txa T;fv x, t) (3)
Hanpumep, ypasuenue Obicrpoil mauddysuu suga Ny = (InN),, + N, noiaydaercsa u3
J100aBOYHOI'O yPaBHEHUS CJIEYIONIErO BHIA:

samenoit N = (In A), mocse ncnonb3oBanus 6a30BBIX cOOTHOIIeHHUH (2) ¥ yCI0BHSA COB-
MectHoctu Ay = B,.
Henuneiinbie byHKITMOHAIBHBIE TOICTAHOBKY:

T.=u(t,z,T), T,=v(t,z,T) (5)

*PaboTa BeIIOTHeHA B pamKkax mpoekTa 0777-2020-0018, dbuHAHCHPYEMOTO M3 CPEJACTB TOCYJAPCTBEHHOTO 3a-
JaHus MobequTesIsIM KOHKYPCA HAYYHBIX J1ab0paTopuil 06pa30BaTeIbHBIX OPraHU3aIMil BRICIIEro 0Opa30BaHMI,
noBetoMCcTBeHHBIX MuHOoOpHayku Poccun.
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npeobpasyioT (YBJ/I) Kk 9xBHBaJI€HTHO eMy cucTeMe KBa3HJIMHEHHBIX yDaBHEHUIL:

vu = T'(uy + uuy), (6)

Uy + vur = vV, + uvT. (7)

PermuTh moJiydeHHyI0 cUCTEMY YPaBHEHHI MOYKHO € MCIOJIL30BAHUEM PA3JIUIHBIX Me-
TOJOB, B YaCTHOCTH, MOYKHO HCKATh DellleHue B BUJe MOJAHOMHUAJBHOTO PA3JIOKEHUS
dbyuxmuit u(t,z,T) n v(t,z,T) no T.

B HekoTOpBIX ciydas TOMyYeHHOE pPa3jIoyKeHWe MPUBOJUT K aBTONPEOOPA30OBAHUIO
Bakstyna ucxomnoro ypaBHeHus.

g ypasuenuit nejinneitnoit jauddysun ¢ B3aumubiMu Koddduimenramu judy-
sun [5] Buga:

ON 0 N¢ NH(1/N) (8)
ot 06 \N2F(1/N) = F(1/N)
on 0 ( n, H(n) (9)
ot Ox \F(n) F(n))"
¢ nomornipbio HPII maiineno mpeobpaszoBanue, CBA3LIBAIONIEE PEITCHUS:
N (&, 1), (e t) = 1. (10)

2. Jlokasim3oBaHHbIE pellleHNsS U CUMMETPUN yPaBHEHUI HeJIMHE-
"ol muddy3nn
Ypauenue ObicTpoil Juddy3un ¢ HCTOYHUKOM:
ny = (Inn)g + Cny + J(2, 1), (11)
COOTBETCTBYET 0DOOIIEHHOMY JI00aBOYHOMY yPaBHEHUIO
T (T, + q(z, )T) =T, (CT, + p(x, )T) + T (Tyy + r(z,t)T), (12)

q(z,t), p(x,t), r(z,t) onpeensiores u3 yeaosus nepexopa (12) 8 YB/I.
Pemrenye 106aBOYHOrO YpaABHEHUSI ¥ YCJIOBHA COBMECTHOCTH HIIEM B (popMe IIOJHHO-
MUAJBLHBIX MOJCTAHOBOK:

T, =u(x,t,T) = Uy(x,t)T + Un(x, )TV, (13)
T, = v(x,t,T) = Vi(z, )T + Vi (z,t)T". (14)

Pentenue st konnenrpaiuu n(z,t) 3alucbBaeTCs CIepyOHUM 00pa3oM:

1
n([E, t) = m% In (1 - N) / 62(N_1)H(x+(N+C)t)de + 50 + (15)
, 1

Bosnosbie kommonenTst periennust H(z + (N + C)t) nu F(z + (C — N + 2)t) cBa3anbl ¢
dbyukueit G(x,t), onpenensioneit ucrounuk (J = oG, — Gy):
0G

— +2mF G-mG*=F +m F*+ H' —m (H)? (17)
ox

Ha puc. 1 upexacrasjienbl BapuanTbl penienuii n(x,t) Jjid pasJuIHbIX UCTOYHUKOB

J(x,t).
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Jx,t)=0 1 3.1
O | T T T T T T T T = i T T T T T T T T | ]
; ] N ol S WA MU
0.5 — — E -
= [ . 0.6 .
{:: 0 \ - {‘: r 7]
- NN 03 -
: 1 | 1 | 1 1 | W/ : : | 1 1 1 | | 1 ] 1 1 l:

0 10 20 70 -40 -10

X X
J(x,t):J() 2 32
02 T T y\l T T y\l T T y\l I T | T T T T T T T T T T ]
[ y 3f -
= [ ] &5 I .
= Re

T0.1 S2E ]
i ) ' . =
O_I 1 1 1 1 1 1 1 1 1 1 1 | I_ :I l 1 1 JKI 1 IJ KI JI KI :

-30 -20 -10 0 -70 -40 -10

o, X

Puc. 1. Pacupejesienus KOHUEHTPALUIT 1IPY PA3HBIX 3HaYeHUAX ucrodnuka J(z,t).

Bepxnss nesast yactb puc. 1 nocrpoena jisg 3uadenuii: t = 0.3 k, k = 0,8, m = 2
)\Il,CZ—Q,CL:—5, 01:07 02:1, 50:—12

g BepxHeit paBoit YacTH BRIOpaHbI CJIeIyIONIHe 3HadeHus napamMeTpos: t = 0, 2, 4, 6;
m:4, J0:17H1:2H2:1,0':1750:107FOZ]_,H1:—27H2:1750:4.6.

Tpernii pucynok Beinosaer npu 3uadenusx t = 0, 1, 3.2, 6.4, m = 2, f(t) = frekot,
60 — —57 fl - 1, H1 - 05, ]{?0 = —20.

Y
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Nonlinear functional substitutions method for
nonlinear diffusion and wave equations

Morozov V.M.12, Zhuravlev V.M.3

Samara National Research University?,
Ulyanovsk instrument manufacturing design bureau?,
Ulyanovsk State University>

Abstract: In this work we develop a generalization of the functional substitutions
method — nonlinear functional substitutions (NFS), based on a nonlinear system
of basic relations. Using NFS, Backlund transformations and exact solutions of the
Liouville and diffusion equations are constructed.

Keywords: functional substitutions method, Backlund transformation, nonlinear diffu-
sion.
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Mopgeab pocTa KOrepeHTHbIX CTPYKTYP B cpeje ¢
ObICTpOI pesakcamueii u meeHHol auddy3nei’|

Moposos B.M.12, Kypasres B.M.3
1

Camapckuii HAIHOHAJILHBIN HCCTIEI0BATEIHCKUIT YHUBEPCUTET ",

VIBSHOBCKOE KOHCTPYKTOPCKOE GIOpO IPHOOPOCTPOEHNS 2,
VIILIHOBCKUI TOCYIAPCTBEHHBIN YHUBEPCUTET 3

Annomayusa: B pabore npemraraercs MOJENb PAJIAAIMOHHO-CTUMYJIUPOBAHHOIO PO-
CTa KOTEPEHTHBIX CTPYKTYP B KPUCTAJIINYIECKON Cpejie, OCHOBAHHAS HA YPABHEHUSIX
Hesuueitnoi auddy3un TOUeIHbIX 1edeKTOB. BhISBIEHBI BO3MOXKHBIE PEKUMBI PO-
CTa CBEPXPEIIETOK U MOJIYIY€HbI PACIPEIEI€HUS KOHIIEHTPAIIUI U KOHIIEHTPAIIMOHHBIE
npoduIn Mo TIyOnHe MaTepuaJia.

Kaouesnie crosa: nenuneiinas nudysus, KOrepeHTHbIE CTPYKTYPbI, METO, MHOTO-
MaCIITabHBIX PA3JIOYKEHUH.

1. Moneas «BpicTpas peaakcanug-mesajieHHasa auddy3usda»

[pepnaraemast Moje b pocta KorepeHTHbIX cTpykryp [1H3] ocroBana mwa cucreme
ypasaenuit quddysun TouedHbX TedeKToB (Bakancuu, Mexa0y3aus) [4L/5]:

a v N N ~ ~
(97:' - AC(NC - nv)g + )\Z(NC - nv)ni = YTl — HoTly +V [Dv(ni7 nv)vnv] ) (1)
(2)
0ni - anz N N ~ ~
= —0i— + AN — ny)g + Ni(Ne — 1y )n; — Anyn; — jin; + V [Di(ni, n,)Vng|, (3)
or 073

¢ koaddunuentamu mudbdysuu D, ;(n;,n,), 3aBACAIIME OT KOHICHTPAIN{, W MepeMeH-
HBIM UCTOTHUKOM J = A.(N. — ny)g + Ai(Ne — ny)n;.

Hauieratomue qacrunpl ¢ KoHneHTpanuei g(X,t), paccMarpuBaloTCst KAK 4aCTh JIMHA~
mMudeckoil cucrembl. Konnenrpanus ¢(X,t) yIoBaeTBopsieT TaKOMY YPaBHEHHIO TIEPEHOCA!
dg - ~

gr = —0,=—— — A(N. — ny)g — A\pnig — Ry, (4)
823
Pemmenne 3agaunm wimercs B BHe PasIoKeHUH Oe3pasMepHBIX KOHIEHTPAIM 1Mo Ma-
JIOMY TapaMeTpy € BHA:

=~
=
i
=
2
I
:A
=
=
\‘ﬂ
P

1) +uD(t, X, T)e + O(2). (5)

—

k) 3aBHcAT OT MeIEHHBIX KOOPAMHAT X = VET u

Kosddurmentst pasnoxenns ul
MeJIJIeHHOTO BpeMmeHn 1’ = et.

“PaboTa BbImoIHEHA B pamKax mpoekTa 0777-2020-0018, ¢pumancupyemMoro u3 CpeJicTB TOCYJAPCTBEHHOTO 3a-
maHus 1nobeauTensM KOHKYDPCAa HAYYHBIX JrabopaTopwil 00pa30BaTEIbHBIX OPraHU3annil BBICIIEr0 0Opa30BAHMUS,
noBefoMCTBeHHBIX MuHoO6pHayku Poccun.
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Mauiblit mrapaMeTp € uMeeT CJIe LYo BU/I:

o _DoANe Dy 1 (@abs _ () () (39)ans

O',,Q, Oy OrTq ]/Jr B OUT <lz> Girr

< 1.

Baech 74 — xapakreproe Bpemst uddy3un B He0OIydeHHOM KpUCTAJLTe, (V) — CpeHssI
«TeIIOBas» CKOPOCTh YACTHI] BEIECTBA, €y — YUCJIOBOH KOI(DMDUIMEHT, 3aBUCAIIANA OT
TUITA KPUCTAJLIHYECKON pernieTku, ([) — ajnHa ¢BOOGOJHOrO Npobera YacTull BENecTBa B
HeobJIydeHHOM KpucTasiie, (I;) = 0,7, — pACCTOSHUE, KOTOPOE MPOXOAST 6€3 CTOJTKHOBEHHUSI
YACTHUIBl U3IYyIEHHS 38 TO K€ BpeMs.

PaB,ZLeJIeHI/Ie IIPOCTPAHCTBEHHbBIX U BPECMEHHBIX MaCLHTa6OB npuBOoAUT K TOMY, 4TO UC-
XO/IHASI CHCTEMa YPaBHEHHI PACIIaIaeTcs Ha JIBe — YPABHEHHUSA PEIAKCAIMN U YPABHEHUSI,
OIIHCHIBAIOIINE POCT KPYIHOMACIITAOHON CTPYKTYPHI.

B acumnroruke npu t — 00 pacrpe/ieieHne KOHIEHTPAIUIT OIpeiesiseTcst dyuximneit
Me yTeHHBIX TepeMeHHbIX A(X, T), yA0BIeTBOPSIOIIeil YPABHEHHIO TAKOIO BUJIA:

2 2
rie S(A) = p, A+ piv? /le + Aty , a apdexkruHblil K03bduiuent guddys3un nmeer
BUJT;:
Njawr® :
'D_V(.A)— AED .,4 —/\/]Ozooy ,./\/JO!/—}-./\/’JO[OO.A + (7)

S
+Dc (Ma—jy — Njasr, N, +MaooA) :

90
IIpn HEKOTOPBIX 3HAYEHUAX IapaMerpa v = ,[— (MHTEHCUBHOCTH MAJIAIOIIETO H3-

aydenns), Gysxnus D (A) MokeT IPHHEMATH OTPHIATEIbHbIE 3HATEHNS, ITO COOTBET-
CTBYET POCTY YIOPAAOYEHHONW CTPYKTYPHI.
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Model of growth of coherent structures in a medium
with fast relaxation and slow diffusion

V.M. Morozov!?, V.M. Zhuravlev?

Samara National Research University?,
Ulyanovsk instrument manufacturing design bureau?,
Ulyanovsk State University>

Abstract: The paper proposes a model of radiation-stimulated growth of coherent
structures in a crystalline medium based on the equations of nonlinear diffusion of
point defects. Possible modes of growth of superlattices are revealed, and concentration
distributions and concentration profiles over the depth of the material are obtained.

Keywords: nonlinear diffusion, coherent structures, multiscale expansion method.
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VIIK 517.925

O Bo3myImeHngx aBTOHOMHBIX cuctem OJ1Y,
COXPAHAKMINX HEKOTOPBIE CBOMCTBA PEIIeHU

Mycadupor 9.B.

I'popnenckuit rocynapcreennbiii yauusepcurer uMmenu fAnku Kymasbt

Annomayua: PaccmarpuBaercss HEaBTOHOMHOE BO3MYIIEHWE ABTOHOMHOW CHCTEMBI
OOBIKHOBEHHBIX IudDepeHITnaMbHBIX YPABHEHUM, KOTOPOE MPEICTABISIET CO00M mpa-
BYIO 9aCTh ABTOHOMHOI CUCTEMBI, YMHOXKEHHYTO HA, CKAJISAPHYIO (DYHKITHIO, 3ABUCAIITY IO
ot Bpemenu. JlokazaHo, 9TO 3TO BO3MYINEHHE COXPAHIET KA4eCTBEHHbIE CBOICTBA pe-
IIEHU aBTOHOMHOM CUCTEMbl, TaKMEe KaK HaJIM4ue [IePUOJUYCCKUX PELICHUNA U yCTOii-
YUBOCTDL perennit mo JIsamynony. IlogydeHube TeOPEMBI TTO3BOIAIOT OMPEIETUTD BUT
BO3MYIIIEHNU, HE BIUAIONINX HA KAUECTBEHHOE MIOBE/IEHNE PEITeHN TPU MOJIEJINpOBa-
HUU pPeajIbHbIX MPOIECCOB.

Kaouesnie caosa: orpazxkaromas pyuknusa MupoHeHKo, TepHOINTIEeCKOe pelleHne, TO9-
K& DaBHOBECHUS, PABHOMEPHAs ACHUMIITOTUYECKAS YCTONIMBOCTDL 110 JIsmyHOBY, mpe-
JEeNbHBIA ITUKJI.

1. BBenenue

B kauecTtBeHHo#t Teopunm OOBIKHOBEHHBLIX Iu(MDMEPEeHIINATbHBIX YPaBHEHHH OO0JIbIIOEe
BHUMAHIE VAEJSeTCs BOIPOCY O CYIECTBOBAHWE, UYHCIE U MECTOIOIOKEHUHN IT€PUOIN-
yeckux periedunii. MlHOrga #Ha 9TOT BOIPOC MOYKHO OTBETHTH, HCIIOJB3Ys OTPAKAIOILYIO
dbyuxuuio Muponenko (ODPM) [113].

[Ipu u3ydennn Ka4ecTBEHHOT'O IMOBEJICHUS PeIeHnil HeKOTOPO# cucTeMbl OOBIKHOBEH-
HbIX JudpepennuaibHbX YpaBHEHUH 9Ta cucTeMa MOZXKET ObITh 3aMeHeHA SKBUBAJICHTHOM
B cmbicsie copuagenna O®M. Muorma 3ro MoxKHO craenarhb, gaxke ecaum OPM cucrembr
HemsBecTHa (cM., Hanpumep, [4-6]). B yacTrHOCTH, 5T0 MOKHO CJIEIAThH ¢ TIOMOIIIBIO CJIeTy-
fornedi Teopemst [7].

Teopema 1. ITycmo a(t) — npouseosvHas CKAAAPHAA HENPEPHEHAA HEYEMHAA PYHKYUA,
moz0a 410004 G6MOHOMHAA CUCTIEMA

t=X(x), teR, zeDCR" (1)
akeusasenmua (6 cmuicae cosnadernus OPM) neasmonomnol cucmeme
= (14 at)) X(z). (2)

Teopema 1 siBisiercs 9acTHBIM cirydaem Teopembl 1 u3 [5], ¢ moMorbo KOTOPOil 6b1I0
MOJIYI€HO MHOTO Pe3yJIbTaTOB, 00J1a/IaI0IINX TEOPETUIECKON W MPAKTUIECKON 3HATIMO-
CTBIO.

eJsibio TaHHOTO UCC/IEIOBAHUS SABJISETCS BHIICHEHNE CBSI3H MEXKJIY CBOMCTBAMU pelle-
HUI cucTeM u , riae «(t) — IpoU3BOJIbHAS CKAJSIpHAS HelpepbiBHast byHKIus (He
obsi3aTenbHO HevdeTHas). OTIHIUTETHHONR 0COBEHHOCTDIO SIBJISIETCS TO, YTO MBI HE TpeQy-
eM, 4r00bl (pyHKIMs «t) Oblia HeueTHOl, a 910 o3Havaer, uro ODM cucrem u
MOI'YT HE COBIIAIATh.
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2. OcHOBHOIT pe3ybTaT

Jlemma 1. Ecau n(t) — pewenue cucmemv, (1)), mo n(t + f — pewenue cucme-
ML 7 2de a(t) — npouseosvHaA CKANAPHAA HENPEPBLEHAA ﬁym@uua.

JoxaszarTeabcTso. TaK Kak 7)(t) aBaserca pemernem cucrembr (1)), To 7(t) =

X (n(t)). duddepennmpyst n(t + f s)ds) 1o t, moaygaem

t t

& e+ [atis) | =+ a@yite+ [atsas)

0 0
Orciona, yaursiBas, uro 7(t) = X (n(t)), caenyer

t t

& e+ [as) | =+ a) X+ [ a(s)as)

0 0

t
Do o3zmagaer, ato 7t + f s)ds) sBisieTcs perenneM cucTeMbl ((2)).

ILOKa3aTeJIBCTBO 3aBepIIeHo.
Teopema 2. [lycmv pewenue n(t) cucmemol U HENPEPLIBHAA CKAAAPHAA PYHKUUA
a(t) w-nepuoduunn. Ecau donosnumenrvro [ os)ds = 0, mo pewenue n(t + [ a(s)ds)
cucmemol ABAACTNCA W-NEPUOOULECKUM (%epuod W HE 00A3GMEAVLHO Munumc(z)ﬂbnbm).

JlokazaTeabcT B 0. BameTnm, 9TO 1O JemMe 1, ecnu 1)(t) ABISIETCS PeIeH-

em cucrembr (1), To n(t + f s)ds) ssasiercst pemennem cucremst (2). Iycrs a(t) —
t+kw
CKaJIsIpHAsl HempepbiBHAst w-nepuogndeckast pynkmms. OGosnaunm A(t) = [ a(s)ds,

t
rie k € Z. Iockosbky at) — nenpepbiBHast GyHKIust, TO (110 CBOHCTBAM HHTErPaJia ¢ Ie-

PEMEHHBIM BePXHHM Ipejesom unrerpuposanns) A(t) — nuddepenmupyemas bynkims
u A(t) = ot + kw) — a(t) vVt € R. Tax kax dynkmus a(t) apagercs w-TepHoIHIecKoii,
to A(t) =0Vt € R, 1. e. A(t) = const V¢t € R. B wacrnocru, A(t) = A(0) Vt € R, T e.

t+kw kw
/ a(s)ds = /a(s)ds, VteR ke Z. (3)
t 0

w

IIycrs pemtenne 7)(t) cucremsr (1)) sBasercs w-nepuoaniecknm u [ a(s)ds = 0. [Tockoabky
0

n(t) siBjsiercst w-1epuouueckoii GyHkimeii, 1o

t+w t+w t t+w

n(t+w+ / a(s)ds) =n(t+ /a(s)ds) =n(t + /a(s)ds + /a(s)ds).

0 0 0 t
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Ucnonb3ys , MBI IMeeM

t+w w t
t+/a ds+/ a(s)ds) = t+/a ds+/a(s)ds) :n(t—l—/a(s)ds),
0 t 0 0 0
t+w t
T. e. n(t+w+ f (s)ds) = n(t+ [ a(s)ds). B cBoio 0uepep 910 0O3HATACT W-IIEPUOANTHOCTD
0

dbyukmum 7(t + fa s)ds
0

JJokaszaTealbcTBO 3aBepillieHo.

BaMeanHe 6. Ecau at) — ckaAApHaA HENPEPLIBHAA HEYEMHAA W-NEPUOOUECKAR PYHTK-

YuA, mo f s)ds = 0. Caedosamenvho, meopema 2 ocmaemca cnpasediueot, ecau npeo-

noAodHCenUE f s)ds = 0 samenums npednoaosiceruem o newemmocmuy ot).

HoxkasateanbctTso. [lockoabKy t) — cKamsipHast HETPEPBIBHAS W-TIEPHOTHIECKAST

BYHKIMS, TO BBIIOJHAETCH TOXKIECTBO . N3 roxpecrsa gt = —wu k =1 cie-
0 w 0

ayer, uro [ a(s)ds = [a(s)ds. lockonbky «(t) newernas dyukuns, 1o — [ as)ds =
—w 0 —w

w
s)ds u, cneposarensro, [ a(s)ds = 0.
0
,HOKa3aTeJIbCTBO 3aBepIllIeHo.

O%E

Teopema 3. ITycmv X (x) aokasvno aunwuyesa u X (0) = 0. Kpome mozo, nycms aft)
— NPOUSBONLHAA HENPEPVLEHAA CKAAAPHAA PYHKUUA MAKAA, “4IMO

t

/a(s)ds > —t Vt>0. (4)

0
1. Ecau mouka pasnosecus x = 0 cucmemoi yemotiuuea no Jlanynosy, mo mowka
pasnosecus © = 0 cucmemov (2) pasrwomepro yemotwuea no Janyrosy.
[e.e]
2. Ecau [ (a(s)+1)ds = +oo u mouka pasnosecus © = 0 cucmemv Heycmoti-
0
wuea no Jlanynosy, mo mouka pasnosecus r = 0 cucmemo Heyemotnuea no
Jlanynosy.
o0
3. Ecou [ (a(s)+1)ds = +00 u mouka pasnosecus © = 0 cucmem acumn-
0

momu4ecru ycmoa%uea no ﬂﬂnyﬁoey, mo movka pasHOGECUA T — 0 cucmemnt
PABHOMEPHO ACUMNIMOTMIUYECKU ycmoﬁ%uea no ﬂﬂnynoey.

HJoxazarennctso. [Iycrs X(0) =0, rorna x = 0 gaBageTcs TOYKONH paBHOBE-
cust kak cucreMst (1)), Tak u cHeTeMBI ([2). 3amernm, uro mo nemme 1, ecom x(t) apasercs

pemenueM cucremsl (1), To z(t + f (s)ds) sBasiercs pemenuem cucreMsl (2)).
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1) Ilycrs Touka paBHOBecus © = 0 cucrembl ycroitunsa 1o JIgnyHoBy, Torja 1o
onpegenennio (cm. |8, c. 112]): ||z(0)]| < 01 = ||(t)|| < €1 V¢ > 0. ITo onpegenennio (cm. [8)
c. 149]) rouka paBHoBecusi © = 0 cucrembl paBHOMepHo ycroitumBa, 1o JIsimyHOBY, ecn

¢
to—i-f $(t+fozsds

m+f H<6

Veg > 0 39y = da(e2) > 0 Takoe, 9T0 ecJin < 0y =

g9 Vt >ty > 0. Paccmorpum nmpousBosibnoe € > 0, yeaosue Vig > 0

noapasymesnaet ||z (0)|| < 6 Vo > 0. OTCIO;La IO OIPEICJICHHIO yCTOI/I‘{I/IBOCTI/I o Jlsamynosy
TOYKH paBHOBecHsT © = () cHCTEMbI caenyer, 9o 30 = () > 0 Takoe, 4TO eC/IH

Hx(O)H<<5:>Hx()H<SVt>t0>OI/ITaKKaK (B cuny (4)) t+f s)ds > 0Vt > 0,

TO

x t—i—f ds)” < eVt >ty > 0. D10 (MO ONpeneseHNI0) 03HAYAET, YTO TOYKA

paBHOBeCI/IH x = 0 cucremsl (2) paBHOMePHO ycToiunBa 110 JIAIyHOBY.
2) Ilyctsb Touka pasuoBecus x = 0 cucremst (1) meycroiivusa o Jlsmynosy, Toraa 1o
onpenenennio: 3¢ > 0 Takoe, uro YV > 0 ||z(0)|| < J, mo It* > 0 Takoe, uro ||z (t*)|| > «.
t

Taxk KaK MHTErpaJ ¢ IEPEeMEHHBIM BEePXHHM HpejesoM unrerpuposanus [ (a(s) + 1)ds

0
0

HEIPePBIBEH, f s)+1)ds = 0 m f 1)ds = +oo, To It; > 0 Takoe, 9To

t1

[ (a(s) +1)ds = t* u, cienoBarensuo, ||z(t; + f
0

paBuoBecus xr = () cucTemMbl HEYCTOWYMBa, 110 ﬂHHyHOBy.

3) IycTe Touka pasHOBecust * = () cuCTEMBI ACUMITOTHYECKH yCTOWYMBA 110 JIstmy-
nosy. Lo ompegesnennto (cm. [8, ¢. 112]) sTo o3magaer, uro Touka paBHoBecus & = 0 cucre-
Mot (1) yeroiiuusa o Jlsmynosy u 30; > 0 takoe, aro ecau ||z(0)| < 6, = tEeroox(t) = 0.

> €. 9TO 03HAYAET, YTO TOUKA

ITo onpenenennto (cum. [8, . 150]) Touxa pasHoBecns x = 0 cucremnr (2) sBasiercs paBHO-
MEpHO aCHMITOTHYECKH YCTOH4nBOil no JISIyHOBY, eciu OHa paBHoMepHO ycToitumuBa 110

JlanynoBy u 305 > 0, He 3aBucsiiee or ty, Takoe, 4To st Beex ||zt + f H < 09

= hmx t+ f s)ds) = 0 paBHOMepHO 1O to. PaBHOMepHas ycroitanBocTs o JIsmyHoBy

TOYKH paBHOBeCI/IH x = 0 cucrempr cJieflyeT U3 MyHKTa 1) TeopeMmbl.
W3 onpenenenns acUMITOTHYECKOI YCTONYUBOCTH 1O JIAIyHOBY TO‘{KI/I paBHOBeCUd

xr = 0 cucrembl caepyer, yro 30 = §; > 0 rakoe, uro upu ||x(ty + f s)ds)|| < 6

+oo
Vio > 0= [|z(0)|| < 6 = h+m z(t) = 0, a Tax xak 10 ycaosuio reopemsr [ (af(s) + 1) ds =
o 0

~+00, TO hm x t+f s)ds) = 0. Yro, 1o onpeneseHnio, 03HAYAET, YTO TOUYKA DABHOBECHSI

r = 0 cuctembl paBHOMepHO ACUMIITOTHYECKH ycToHUmBa 10 JIATyHOBY.
,HOKa3aTeﬂbCTBo 3aBepIlIeHo.

Bameuanue 7. Yeaosue sunoanaemes, ecau oft) > —1 Vit > 0.
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3. Ilpumepsr

HpI/IBe,HeHHbIe BbIIlI€ PE3yJbTaTbl MOI'YT OBITD HMCIOJIb30BAHDI AJId U3YYICHUA Kade-
CTBCHHOI'O IIOBEACHUA peH_[eHI/IIU/I BOBMYIIEHHbBIX CUCTEM.

IIpumep 1. Paccmompum cucmemy [9, c. 138]

b= —yta(l-22— ),
y:$+y(1_x2_y2)a t7x7y€R

U BOSMYUWEHHYIO CUCTEMY
- ¢ 2,2
t=|1+cos= | (—y+ax(l—2*—-y%),
/ (6)

t
Y= 1+COS§ (r+y(1—2*—9%), tz,yeR
Cormacuo [9, c. 139], cucrema (5) mmveer (opbuUTANBHO) YCTONIUBBINH MpEAETbHBII

ka1 2 + y?> = 1. DTOT TUKJI COOTBETCTBYET 27-TIEPHOAMIECKOMY (& 3HAYHT, U 47-
nepuonuaeckomy) pemenuio (z(t), y(t)) = (cost,sint) cucrems (b)) ¢ HAYATHHBIME YCIOBU-

svu (2(0),y(0)) = (1,0). Hockonbky dynknus «(t) = cos 5 ApaAeTcs 47-TIepHOTNIECKOM

4
u f a(s)ds = 0, To U3 TeOpeMbl 2 CJEIYeT, 9TO CUCTEMA @ nMeeT 4m-IepruoamIecKoe
0

((b), y(1)) = (cos (t + 2sin %) sin (t +2sin %)) ,

4TO COOTBETCTBYET HpeeqbHOMY MUKy 22 + 2 = 1.

pelreHne

ITpumep 2. Paccmompum cucmemy Jonedopda (em. [10,11])
t=(a—1)x—y+zz,
g=z+(a—1y+yz, (7)
Z=az— (*+y*+2%), a,t,r,y,2z€R.

Cucrema ([7) umeer ase touku pasuoBecusi O1(0,0,0), O2(0,0,a) u ouens Goratoe
oudyprarmmonnoe noseaenue. Hapsy ¢ cucremoii (7)) paccMOTprM BO3MYIIEHHYIO CHCTEMY

t=(1+a@)((e-1z—y+z2),
y=Q1+a(t)(z+(a—1y+yz2), (8)
i=0+al)(az— (22 +y*+2%), a,t, z,y,2z€R,

rie «(t) — ckaingpHas HempepbiBHAs (DYHKIMS TAKAsl, ITO

t +o0

/a(s)ds >—tVt>0m / (as) +1)ds = +oc.
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[Tpumepom takoit dbyukimu Moxker 66iTh at) = cost. Coruacuo [11], as cucrembr
rouka paaopecust 01(0,0,0) acuvnrornaecku ycroitausa mo JlsnysoBy npun a < 0 u
Heycroiiausa 1o JlsmysoBy npu a > 0, a Touka pasroBecust Oz(0,0,a) acumnToTHnyecKn
yeroitaupa mo JlsnywoBy mpu 0 < a < 1/2 m meycroitunba 1o JlamyrnoBy mpu a < 0
wia a > 1/2. VI3 Teopembl 3 cjiejyer, 9To il BO3MYIIEHHOI CHCTEMBI TOYKa PaB-
rosecust O1(0,0,0) paBHOMEPHO ACHUMITOTHYECKH ycToilunmBa mo JIsnyHoBy mpu a < 0
u Heycroitumsa mo JlsmynoBy mpu a > 0, a Touka pasnoBecust Oy(0,0,a) paBHOMEPHO
ACUMITOTHYECKN yeToiunBa 1o JIsmynoBy npu 0 < a < 1/2 u Heycroituusa 1o JIamyHnoBy
npu a < 0w a > 1/2.

4. 3akKJII0YeHue

Jokaszano, 1ro HeasroHoMHOEe Bo3Mmyrnenne «(t)X (x) asronomuoii cucremsr (1)) co-
XpaHdeT KadeCTBEHHBLIC CBOIICTBA peHleHHﬁ ABTOHOMHOM CUCTEeMbI, TaKHe€ KaK HaJIn4due
NePUOIUIECKUX PEIIeHnil U YyCTONINBOCTh perennii o JIamyHoBy. DTu pe3yabTarsl M03-
BOJISIIOT y3HATH, KAKOE BO3MYIIEHHE He IIOBJIHsIeT Ha KAYeCTBEHHOE [OBEeJIEeHHE DelleHuit
M MOJIEJTHPOBAHUE PEATBHBIX MPOIECCOB.
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On perturbations of autonomous ODE systems
preserving some properties of solutions

E.V. Musafirov
Yanka Kupala State University of Grodno

Abstract: A non-autonomous perturbation of an autonomous system of ordinary dif-
ferential equations is considered, which is the right part of an autonomous system
multiplied by a scalar function depending on time. It is proved that this perturbation
preserves the qualitative properties of solutions of an autonomous system, such as the
presence of periodic solutions and the Lyapunov stability of solutions. These results
allow us to find out which perturbation will not affect the qualitative behavior of
solutions when modeling real processes.

Keywords: Mironenko reflecting function, periodic solution, equilibrium point, uniform
asymptotic Lyapunov stability, limit cycle.
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VIIK 517.91

MoaenaupoBaHue CTOXaCTUIYECKN O0YCJIOBJIEHHBIX
MOMYJIATIMOHHBIX MHBAa3Uil B yPAaBHEHUHAX C
3aIa3/bIBAIOIINM MIPOTUBOAEHCTBUEM |

Iepesapioxa A.FO.!, Tpodumosa 11.B.2, Muxaiinos B.B.!

. . . 1
Cankr-Ilerepbyprekmit PenepasibHblil nccaegoBaTe bckuii meaTp PAH,
Canxt-Ilerepdyprekuit I'ocynapcTBeHHbIiI VHusepcuTer?

Annomayua: ArpeccuBHBIE MHBA3HOHHBIE IIPOLECCHI BCE MHTEHCHBHEE HAOIIOIAIOTCH
B CE€BEPHDLIX 9KOCHUCTEMaAX H3-3a KJINMATHICCKUX U3MeHEHHn. IO}KHBIQ BH/JbI AKTUBHO
BBITECHAOT aBTOXTOHHyIO cbayHy Hpoueccm IPU WHBA3UAX OKA3BIBAIOTCA YPE3BBLI-
4JaiiHO pPa3HOOOPA3HbBI JayKe IJIs OJHOrO TEPECEISIIONIerocs BUIA B PA3HBIX CPEIax.
AkTyasIbHBI ClIeHAPUU U3MEHEHUs OHOPa3HO00pa3ws COOOIIECTB B MOIEIAX ¢ PA3INY-
HO 33JaHHBIM BO3zeicTBreM. HaMu mpesio:KeHbl MaTeMATHIECKIEe MO/ CIIEHAPUER
MPOTUBOOOPCTBA BCEJICHIIEB W OMOTUIECKOM CPEIbl, ONMMCAHHBIE YPABHEHUSIMH C BO3-
MYIIEHHBIM 3aIIa3/IbIBAIONIMM BO3IeHCTBAEM, HMUTAPYIOMUM ajanTtamnuio. [losryden
IPOTHO3 CI/ITyaL[I/II/I JJIUTETBHBIX KOJIe6aHHfI YUCJIEHHOCTU B MOJEJIN C UTOIOBBIM CO-
CTOAHHUEM KPUTHUYECKOI'O MI/IHI/IMyMa TII0CJIEe HepBI/I‘{HOﬁ BCIBIIITKA I/I36BITOLIHO arpec-
CHUBHOI'O UHBAa3MOHHOI'O BHUIA.

Karouesvie cao6a: MoIeIMpPOBAHAE NWHBA3UOHHDBIX ITPOIECCOB, CTOXACTUYECKOE BO3MY-
lieHue, ypaBHeHus C 3alla3/iblBaHueM.

1. BBenenue

JIluHaMuKa MHBA3UOHHBIX IPOLECCOB OTJIMYAELTCH 3HAYUTEbHBIM KAYeCTBEHHbIM pa3-
noobpaszueMm. [locrpoenue o0IIeil MOJEIN MHBA3UU HE LPEJICTABIACTCH BO3MOXKKHBIM, I10-
CKOJIBKY JIJIsl OUCAHNS BO3HUKAIONIUX SKOJOTHICCKUX CUTYAIUil CO CTPEMUTETbHBIMHA 13-
MEHEHHSAMHU TPEOYIOTCH pa3/ndHble HeJnHeilnbie 3pMeKThl, KOTOPhie He OYIyT COBMECTHU-
MBI B OJIHOI cxeme pa3BuUTHd Tporiecca. Maremarudeckuii anmapar 1e1ecoobpa3no BeIOU-
paTh MCXOId U3 aKTyaJdbHOH 3amadn. OmpeiesieHne HYKHBIX CBONCTB pelleHns TMUTHDY-
olIell moBeJieHne OMOCUCTEMBI TUHAMIYECKOH MO HeoOXOJUMO MPOBOIUTH HA OCHOBE
aHaJIM3a KOHKPEeTHOW UccJielyeMoil CHTyaln. BapuaHToB cUTyaluii MHOXKECTBO, HEKOTO-
pble — YHUKAJBHBI, PYTHE MOAJAI0TCI TUIH3AMUE. AKTYATBHO CO3aHue OOIIenpUHsITOMH
KJIAaCCU(PUKAIIUU THUIIOB PA3BUTUS MHBA3UOHHBIX IIPOIECCOB B KPATKOW U JIOJTIOCPOYHOM
nepcrekTuBax. MHOro BHUMaHUS YIEA9€TCH MOJIEJTMPOBAHUIO 3PYIITUBHON CTaun BCejie-
HUS 9y2KePOJHOTO OPraHu3Ma — NePBLIM (pa3aM pPa3BUTHSA WHBA3UOHHOTO MIPOIECCaA, KOTO-
pbl€ 9acTO COMPOBOXKIAIOTCH CTPEMUTETbHBIMU BCIBITITKAME ¢ YTPO30ii JIJIsi CPeJibl, TOTIa
KaK Ha caMOM Jlefie JJid KOAWHAMUKH HamOoJee WHTepeCHa JNTesbHAsd acHuMITOTHYe-
cKag AuHAMUKA. [IJIs MOJeMpoBaHus PAa3IMIHBIX CUTYaIlnil MOXKHO BBIOMDATH JUCKDET-
Hble WJTM HeIPePBhIBHBIE CHCTEMBI, KOTOPBIE JIYUIe COOTBETCTBYIOT AWHAMHIECKAM CBOMU-
cTBaM OOCTAHOBKH B OHMOCHCTeMe, OTparKeHHO# Ha rpadurax Hadmogennit. C aHamnsa
rpaduKoB U HaKTOPOB U3MEHEHUS YHCICHHOCTH HEOOXOIUMO HAUMHATH CUCTEMHBIH aHa-
JIU3 CUTYAIUU U Jlajiee BBIOUPATH MOIAXOALANINI METO/ MATEeMaTUiecKoi (popmMam3aluy Ha
OCHOBe Kputepuen coorBerTcTBudA. Henuneitnbie 3ddekTsl hopMupyioT Hair HAOOp onu-

“Pabora BbIIONIHEHA pu noanep:xkke PHO® (mpoext PHD Ne 23-21-00339) & CIIB ®UIT PAH.
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caTeJbHBIX CpeJCcTB. i Moje/impoBanus BapUAHTOB PA3BUTUS CUTYAIMH C HEPEXOI0M
WHBA3UKU OT CTPEMUTE/JIHHON BCHBINIKK K TIVTyOOKOM Jierpeccuu HaMU BbIOpaHbI ypaBHE-
HHUS C OTKJIOHSIIOIIUMCSI apryMeHTOM B KadeCTBE MaTeMaTHYeCKOr'0 CPeCcTBa ONHUCAHUS
nporeccoB. B GpyHKIIMOHATIBHBIE COCTABSIONINE PETY/ISIINNA AKTYaJIbHO BHECTH CTOXACTHU-
JecKoe BO3MYIIEHNe /)T UMUATAINN BAapUATUBHOCTU PA3BUTHA. /[OTOTHUTETHHO MBI VTN
¢daKkTOp HENMOJHOH peaonpee e HHOCTH P (DOPMUPOBAHUHN 3aIIa3/IbIBAIOIIET0 OTBeTa. B
MOJIes T T0OABJIEH acleKT 3apaHee HeHM3BECTHOI'O BPEMEHH BBIPAOOTKHU MPOTHBOICHCTBHS
CO CTOPOHBI ABTOXTOHHOT'O OMOTHYECKOTO OKPYKEHHSI.

2. YpaBHeHUE O CIleHApUs WHBAa3MOHHOTO KPU3UCA

C nebio BIOOPa HCKYCCTBEHHOTO MIPOTHBOIECHCTBHSA PACCEIEHUIO arPeCCUBHOIO HHBA~
3MOHHOT'O BHU/Ia HACEKOMBIX MM MOJLIIOCKOB ITPOBOANTCS CIIEIHAIbHAS HHTPOLYKITHS €Ille
OJIHOTO BHjIa-aHTaroHucra. lIpuMepoB BKJIIOUEHHS OHMOJIOTHYIECKO OOPHOBI JOCTATOYHO
MHOT0, HO 3(pPEeKTUBHOCTH TAKOTO METO/1a MO/IaBJICHUS Ha PAKTHKE HEMOCTOSHHA. Takoe
HOIIY/IsIpHOE HAIllpaBJIeHUE KaK «OMOXaKHUHT» Pa3BUBACT METOIUKHA AKTHUBHOT'O BMEIIATE Ihb-
CTBa U IOJABJICHHA MHBA3HOHHLIX ITPOIECCOB, HAIIPUMED, C UCIIOJIb30BAHUEM MaTOICHHBIX
MHUKPOOPIaHU3MOB: BUPYCOB U MEKPOMHUIIETOB, CIIOCOOHBIX MTOPAXKATh JUIUHOUHDBIE CTAIHH
HaceKOMbIX. Paspaboranbl MaTeMaTwdeckue MomIu B AuddepeHnualbHbIX YPaBHEHUSIX
JIIsi crienupuuecKux ClieHapueB MONYJISIIUOHHON JIMHAMUKK, OIUCHIBAIONINE aAKTUBHOCTD
BHU/Ia-QHTArOHUCTA HPOTHUB Uy>KEPOIHON IMOIy/IdAnuu. Y paBHEHUS BKJIOYAIOT JBa MeXa-
HU3Ma OOpbOBI: C BpeMEeHHOI OT/JIOXKeHHON ajanTarueil u ¢ 3ama3/biBaionieil ak TnBalmeit
BO3/IeficTBUsA. B BRIYNCIUTEIHLHOM SKCIIEPUMEHTE MOJIYYeH ClieHapUil TpeooieHust Ty0o-
KOU JIeNIPEeCCUn JI/isd aTaKyeMOoro BUJA C BBICOKHUM PEIPOJIYKTUBHBIM KOI(MDMOUIHMEHTOM H
¢ JAJbHEHIIIM yCTaHOBIEHUEM PAaBHOBECHOIO cocTogHus. IIlpumepom omnucannoit curya-
UK CJAYKHAT JUHAMUAKA PACTYIIeH KOJOHUH OaKTepuil KUIeYHOi NaJI0UKH, 3a1eficTBOBAB-
IUX JIANTAIMOHHBIN MeXaHU3M 3alllUThl MOCJe BCeJIeHUs HOBOTO BHpyca-OakTepuodara.
[Ipeogonenue Kpu3uca Mpu B3auMoaeicTBUE caydaercd, ecan PHK-6enkoBbIit KoMILiekc
CRISPR/Cas—9 y BbIKHUBIIMX KUIIEYHBIX HAJ0YEK Yepe3 HEOOJIBIION IPOMEZKYTOK Bpe-
MeHHU 00ydJaeTcst paciio3HaBaTh BHIOpAHHBIE YHUKAJIbHBIE KpaTKue (pparMeHThbl F€HOMa, B
20 ocuoBanmii, npucyTcTByoINero Tojbko B PHK gannoro mramma Bupyca, U pa3pbiBaTh
B 3TOM MecTe MeNoYKy HyKJIeoTu10B. Bupycsl MyTupyooT B oTeT. [lo npuunne ajanranmmn
1 pa3HOoOOpa3us BUPUOHOB Tepanusd ¢ bakrepuodaramMu repser 3(H@OeKTUBHOCTD.

MmuTannonnoe MoJAeIMpoOBaHue JJIg JTUMATHPOBAHHOTO CPEJOH pocTa HMPOIOJIZKAET
Pa3BUBATLCA B COBPEMEHHBIX Momudukammsax ¢ kosddumuentamm ¢ N = rF(N(t))®:

IN (1= N@®)/(K +9IN)®
@~ NN Ea )

rae N(t) — 9UCAeHHOCTH BHJIA, T — PENPOAYKTHBHBIN moTeHIman, K — eMKOCTh 3KOJIO0-
IUYeCKO HUIMHU, Y — PABHOMEDHO paclpejie/ieHHas CaydaiiHas BeandnHa, U — YUCTIO-
Boit mapamerp. Perrennst (1) ommcwiBaior ypasHoBermmBatomyecst mporeccel YN (0) > 0.
He Bce ypaBHeHus MOXKHO JIONOJHATH BKJIodenueMm ¢t — 7. OCHOBHOE OTJIHYHE Y MO/Ie-
Jeil OrpaHNYeHHOrO POCTa B IOJOXKEHUN TO4YKH Iepernba N, # 0 Ha rpaduke pemeHusa
N (t). [lonoxkenue opiuHATE TOUKM Neperuba [V, Ba)KHO Jist BBIGOpa OHTHMAJIBHON IKC-

(1)

. K
mayaranun u pacdera BertoBa N = rf(N(t)) — Q. Ourumansro: N, = 5 abcrcca
In(K — N(0
t, = Tl$. ITpupocr uncaennocrn B N, MaKCUMAaJeH, HONYJIAINAd JeMOH-

CTPUPYET JIUIIyio TPOAYKTUBHOCTE |1]. Mmest, aro uzauinek npupocra MOKHO M3bIMAThH
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4PEe3BLIYAINHO ONACHA JI/Id IIPOMbIC/IA IOMY/IANUI ¢ KDUTHICCKIMU HOPOIOBBIME COCTOSHI-
amu. Mogesns N = rf(N(t — 7)) — F(N) ¢ 3ana3apiBatomeit peryssiueii 6e3 mapamerpa
mumn K ¢ f(x) = roe™" npeanowxena ama ombrros A. Hukomcona ¢ sabopaTopHbIMuT
HACEKOMbBIMH:

dN
dt
rjie 0 — rubesib 0T PAKTOPOB Cpejbl, b — YPOBEHDb BHYTPEHHE KOHKYPEHIINH 338 PECyPCHI.

=rN(t—7)exp(—=bN(t — 7)) — IN(t), (2)

T .
Ipu r7 >> 5 Moziesh (2) memoHCTpHUpYeT pejakcanuoHHbie Kosmebanust min N, (t) — €.

CpaBHEM IUHAMUKY pa3paboTaHHON HAME JAeTepMUHHPOBAHHON MOIEIN HHBAZHOHHO-
r0 mpomecca JIIs arpecCuBHOrO Beesnenna ¢ N(t — 7) u Momesnb uuBasun B HGopMe ypas-
HEeHUsl ¢ OTKJIOHSIIONIMMCS apPIyMEHTOM, TJe BeJIUYMHA 3ala3/blBAHUd T BO3MYLICHA PaB-
HOMEPHO pacIpe/ie/ieHHOM cirydaiinoii Beamaunoii v € [—0.5,0.5], 410 oTpaxkaer BiusHue
caydaiineix (baKTOPOB Ha HEOOJIBIIYIO HCXOMHYIO TPYIMY ocobeii-Beeaennes. [Insa BKIoYe-
HHUS CTOXACTHYECKOH KOMIIOHEHTBI JIyYIle BO3MYINATH HMEHHO BEJHYUHY 3al1a3/blBaHKIA
~T, 9TO Ka4eCTBEHHO OTPA3HTCS HA CIEHAPUAX 3aBeplIeH0Md MHBAZHOHHOIO IMPOIECCA.
Bosmyimenue penpoayKTHBHOIO NapaMeTpa I He HeCeT CYIIEeCTBEHHOIO CMBIC/IA, HO CTOXa-
CTHKA 3ala3JbIBAHMA T II03BOJISET PACCMATPUBATL CIHEHAPUU — CPABHUBATDL PA3JIAYHBIC
BAPUAHTLI, aKTYAIbHBIC NI PA3PYIIAIOIIUX CPEIY BPeInTeIei.

Brio/ineno mogeauposanue crenupuyeckux 3KCTPeMaJIbHBIX KPU3UCHLIX IPOLECCOB
NOIIYIANUil BHE PABHOBECHOIO COCTOSIHUS MOMYJIAIMH CO cpenoii . Mccnemyempie 3KCTpe-
MaJbHble OHO(MHU3NYECKHIe MTPOLECChl IIPOUCXOAAT P UHBA3UAX arPECCHBHBIX UyrKepOJl-
HBIX BHJIOB B aJalTUPYIONIYIOCA Cpejy. BpeMd ajalnTaluid HOBOIO OMOTHYIECKOTO OKPY-
JKCHUS U BOCCTAHOBJICHHE MCYEPHAHHBIX AKTUBHBIM BCEJICHIEM PECYPCOB CPEIbl BasKHBIC
XapaKTePUCTUKH YPABHEHHMH € BO3MYIICHHBIM 3ala3JbIBAHHEM H C IIOPOTOBBIMU TPHUI-
repapIMi QYHKIHUAMEA HOLMYJIANAOHHOIO Iporecca. s oTpaskKeHus 3ala3IblBaHui pas-
JTIHOTO (PEHOMEHOJIOTHYECKOrO THIIA 3PPEKTH 3aNa3AbIBAHUA PA3IEIeHb HA TPU TH-
na 1Mo OMOJOrMYECKOMY TeHE3MCY M POJIM B Pa3BUTHUU IPOIECCOB. IHBa3sHOHHBIE MPO-
LECChl IPOXOJAT dran Kpu3ucHoil junamuku N(t) — 0 4 € u COnpoBOKJIAIOTCH JIJIH-
TeJLHBIMU OCHIJLIANUAMU. BrocucreMa ImOIyYUT HECKOILKO CHEHAPHEB IUHAMUKK KPH-
suca, Bkaouag rudenb N(t,,) = 0. 3azamum 10poroBoe pa3BUTHE WHBA3MOHHOTO T10-
My/IAIIOHHOTO MPOIECCA ¢ KPU3UCOM B ypaBHeHnn ¢ (yHKIueil CONPOTHBICHHUS CPe/bl
N=F(N(t—1))—V(N(t—v)). Iloporosiii 3¢bdbeKT peakiuu arpecCUBHOMY POCTY YHC-
JIEHHOCTH BCEJIeHIIA BBIpA3uM Ing-peryssiueii B byukiun nporusogeiicrsust V(N (t — v))
unpu Q >q, m>2, N0) < J <K rak:

dN K N™(t —v)

E:TN(IS)IH m —Qm_q]v(t)' (3)

Paszpaborantoii HamMu Mojien (3) Ha HAYATBLHOM STalle HJET YBeTUIeHNe YUCIEeHHOCTH
uebosbmoit rpymnmnsl N(0) < J. dasnee pocr ocranosiaen. Bvecro crabumusanuu N (t) —
K, N(ts) < K wm mpeBbiliieHHsI paBHOBecHsi [ HaYWHAeTCsl CTaansl PE3KOro KPH3HCa,
¢ Bozpacranuem F(N?; J7') upu N — J, morennuaj pocra erie He HUBEJIUPOBAH Injy-
peryadanuei.

[lpu ananmse cTpeMUTETbHBIX WHBa3Wi u WHMEKU aKTyaaeH clieHapuil, Korjaa mo-
crurayrasi auciaeHHoctb N(t) — K ve Gyaer yeroiiaupoit. CToxacTuveckoe BO3MYIIEHHEe
JUHAMUKI 3HAYUMO TIPU aKTUBAIIMY TPOTUBOOOPCTBA B COCTOTHUN KPUTHIECKOM JIJIsl Cpe-
bl [Ipn nmpubsmzkeHun K MOPOTry pa3pyllieHnus Cpelbl HAOTIOTAeTCs YCUIeHue TPOTUBO-
JIERCTBUSI, 9TO THIMYHO JIjIsi UMMYHHOI'O OTBETa Opranm3Ma. Bpemsi akTHUBAIlMH Bapua-
TUBHO, HO He MeHnee 7. [lycTh 77 Bapbupyercs ciydailHON BeJMYUHON Y B OrPAHUYEHHOM
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nuarazone. [IpejyioxKumM Mojie/ b NHBA3UKM C BO3MYIIEHHBIM PABHOMEPHOI CIy4ailHON Be-
JMYIHON 3ama3apiBanueM (t — 717):

dN K CON*(t—my) w
X om () AR ACRE SR (L AT

[Mpubauzxkenne N(t) kK moporosomy 3uadenuto J, N(0) < J < K Bieuer pe3kuii nepe-
X071, B Taybokuit nomyasanuonubiiit kpusuc N (t) — 0+ e. Cuenapuii mpeooieHns KPU3UCa
¢ obpaszoBanueM Kosebanuit N(t) — N, (t), max N.(t) < J 3aBHCHT OT CTOXACTHIECKHX
7-baxTopos. Coracto (4) MOmyJIsus TADAHTUPOBAHHO MOTUGAET MPU YBEJIUIEHUH PEpo-
NyKTUBHOTO HOTeHIHANa 7. MOKHO MOKA3aTh, 9TO CYIIECTBYeT I = 7, 9TO JJId COOBITHS

lim N(t;77) =0

t—t

A

BepodgTHOCTL P > 0 m Ir > 7, t < oo peanusdyercs Jias JaHHOro cobeitud P = 1. 7
KPUTUYECKUH TMOPOT PEHpOAyKTHBHONR AaKTHBHOCTH, BEAYIIHH K MHBA3HOHHOMY KDPH3HUCY
[OCJI€ BCIBIIIKH.
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MSC 34D20

Modeling stochastically driven population invasions in
equations by delayed counteraction

A.Yu. Perevaryukha!, I.V. Trofimova?, V.V. Mikchailov'

St. Petersburg Federal Research Center RAS!,
St. Petersburg State University?

Abstract: Aggressive invasive processes are increasingly observed in the northern
ecosystems due to climate change, southern species are actively crowding out the
autochthonous fauna. Processes during invasions turn out to be extremely diverse
even for one migratory species in different environments. It is important to consider
scenarios for changing the biodiversity of communities in models with variously speci-
fied impacts. To describe scenarios of confrontation between invaders and the biotic
environment, the paper proposes equations with a perturbed delayed action that
simulates adaptation. A description of the situation of long-term fluctuations in
abundance with the final state of a critical minimum after the primary outbreak
of an overly aggressive invasive species is obtained.

Keywords: Modeling of invasion processes, stochastic perturbation, equations with
delay.
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VIIK 519.63

O nmpuMeHeHUN ABHO-UTEpPAIMOHHOI cxembl JIV-M
K MOJIEJIMPOBAHUIO JIO3BYKOBBIX pearupyroniux
ra30BbIX IOTOKOB

[Ieckosa E.E., fA3oBnesa O.C., Makaposa E.FO.

HammonassHbI nccaenoBaTebecknit Mop/10BCKUil ToCy1apCTBEHHBIN YHUBEPCUTET

Annomayus: B pabore paspaboraH aaropuTM Ha OCHOBE SIBHO-UTEDPAIMOHHOI cxe-
bl JIN-M wHTErprpOBaHUsA MUCCHIATUBHBIX ICHOB JJIsi MATEMATHIECKOH MOJIE/H
JO3BYKOBOTO Te€YeHUA MHOTOKOMTOHEHTHBIX PEATUPYIONINX Tra30BBIX TMOTOKOB, B OC-
HOBY KOTOpPO#i mojioxkeHbl ypaBuenus Hasbe-Crokca. Momens mocTpoeHa € yIeToM
B3auMHOM udPy3un ra30B, WX BSI3KOCTH, TEILTOMPOBOIHOCTH W XUMHIECKUX PEaK-
nuit. BeraucanTeabHBIA aIrOPUTM B CHTY BBICOKOH KECTKOCTH CHCTEMBI DA3UPyeTCcs
HA IPUHIKIIE PACIIEIIEHAS 10 (PU3NIECKHAM IIPOIECCAM: PA3TUIHBIE METOIbI PEIICHUS
UCIIOJIB30BAaHBI OJIA UHTETPUPOBAHUA ypaBHeHI/Iﬁ XUMHUIECKOM KNHETUKN, KOHBEKTUB-
HBIX ITOTOKOB, TUCCUIIATUBHBIX YJICHOB U JABJICHUA. CpaBHHTeJ’IbeIﬁ AaHaJIN3 IIOKa3aJI
3P PEKTUBHOCTH Pa3pabOTAHHOIO AJTOPUTMA MO CPABHEHUIO C aJITOPUTMOM, OCHOBAH-
HBbIM Ha UHTEI'PO-MHTEPIIOIAITNOHHOM METOOe, B KOTOPOM JUCCHIIATHBHBIE 9JIEHBI pac-
CHUTDBIBAIOTCA II0 CXeMe C INEHTPAJbHbIMU PAa3HOCTAMH.

Karuesvie cao6a: MaTeMaTnieckoe MomenupoBanne, ypapuennss Hasre-Crokca, pac-
HIenJIeHue Mo (hU3NIECKUM IPOIECCaM, YeOBIIEBCKAS SBHO-UTEPAIIMOHHAS CXEMa,, KOH-
BepCHUs MeTaHa.

B mHacrosimee BpeMsl aKTYaJIbHBIM BOIIPOCOM SIBJISETCS Pa3padOTKa KOIOB sl HCC/Ie-
JIOBAHUST ITPOMBIIIJIEHHBIX XUMHIECKUX POIeccoB. CymecTByonne KOMILIEKCH TPOMO3/1-
KH ¥ JIOPOTOCTOSIIIH, KPOME TOTO, B HACTOLAIIEH TeONOJUTUIECKON CHTYAIMH HCIIOIB30-
BaHNE WHOCTPAHHOTO MPOTrPAMMHOTO ODeCredeHusl 3a9acTyI0 HEBO3MOXKHO. Pa3zpabarsi-
BaeMble KOJIbI JIOJIXKHBI OTBEYATH OMPEIEIeHHBIM TPeOOBAHUAM: JIJIsi TPOBEIEHUS CEePHii-
HBIX PACYeTOB PE3YJIbTAT JIOJKEeH OBITh IOJYyUeH 32 KOPOTKOe BpeMs, /I MPaKTHIeCKOi
3HAYUMOCTH BBIYMCJIEHHS JTOJKHBI OTBEYATH 33 IaHHONW TOYHOCTH, IPH ITOM IIPOIPAMMAa,
JIOJI?KHA YIOBJIETBOPIATH OTPAHMYEHHAM II0 00bEeMY U 3aHMMAaeMO# mamMsiT. s BBIOJI-
HeHUs TPeOOBAHUI B OCHOBY HPOI'PAMMBI JOJIKEH OBITH MOJI0KEH YD (DEeKTUBHBIA BHIYUHC-
JINTENLHBIH aaropuT™. V3BecTHONH MpobeMoil YUCIEHHOIO MOAETHPOBAHUS XUMIIECKHX
HPOIECCOB SIBJISIETCS MTOTPEOHOCTH B yU€Te PA3HOMACIITAOHBIX sIBJICHUI B PaMKaX OJHOMN
MOJIEJTH, 9TO MPUBOJAUT K HEOOXOJAMMOCTH PEIIEeHUsT KECTKUX CHCTeM ypaBHeHUH. Bbict-
poJieiicTBIE aJIrOpUTMa MOZKET OBITH JOCTUTHYTO 33 CUET WCIOJb30BAHUS CIEIHAJN3H-
POBAHHBIX METO/OB PACYeTa I KaXKJA0H J9acTH MaTeMaTUIeCKONH MOIe/H, OTBeYaoneit
Pa3IHIHBIM (bU3UIECKHM mporeccaM. 11o100HbIH T0IX01 HOCUT HA3BaHUE «IIPUHIIUII PAC-
menJieHus mo pu3ndeckuM mporeccam» |1].

Hacrosmmas pabora moCBsIIEeHa TOCTPOSHUIO BBHIYHUCIHTEIBHOIO AJTOPHTMA IS MO-
JeJIAPOBAHMS MHOTOKOMIIOHEHTHBIX JTO3BYKOBBIX T'a30JMHAMUIECKHX MOTOKOB C YUE6TOM
auddy3un, BI3KOCTH, TEIJIONPOBOIHOCTU U XUMUYECKUX peakiuii. BeraucjurebHbii aji-
TOPUTM MOCTPOEH HA OCHOBE PACIIEILIeHUs 10 (PU3MIECKUM POMECCaM: Pa3/JndHbIe Me-
TOJIBI PEITeHUsT UCIMOJIb30BAaHbI JJIsi MHTETPUPOBAHUS YPABHEHUH XUMUIECKON KUHETHKH,

*UccnemoBaHvie  BBITOJIHEHO 3a cYeT TpaHTta Poccmiickoro wHaywnoro ¢omma Ne  23-21-00202,
https://rscf.ru/project/23-21-00202/.
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KOHBEKTHBHBIX OTOKOB, JMCCUIIATHUBHBIX YJEHOB U jaBjeHusd. B KadecrBe o0bekTa uc-
cJeJIOBAHNS BLIOpAH TIPOIECC BBICOKOTEMIEPATYPHOI KOHBEPCHHM MeTaHa ¢ PaJinKaIbHO-
MEMHLIMA PEAKINAMI W YIETOM SHEPTOMOT/IONIeHNs BCAEICTBUE IHIOTEPMHIECKOTO Xa-
pakTepa peaknuii [2].

Jng mHTerpupoOBaHUs YpaBHEHUM XUMHUYECKOH KHMHETWKN MPUMeHEeH TpeXcTa uiHbIN
MeTos; Py#re-KyTThl IATOr0 MOPSIKA TOUHOCTH, W3BECTHBIH TakKe Kak Metox PAJIO [3].
DTOT METOJ, XOPOIIO 3apPeKOMEH,I0BaJI ceOsl I PellleHusl CHCTeM yPaBHEHU, OIMMChIBAIO-
MIUX JETATH3NPOBAHHBIE XUMIUYeCKHe mpespanienus [3]|. Pacyer npomeccoB KOHBEKTUBHOTO
IIePEHOCA IIPOBEJEH ¢ HCIOIb30BaHneM HOTOKOB Pycanosa [5)].

HauboJibiine 3aTpyHeHNs ¢ TOYKU 3PEHUS BbIYUCIUTEIHLHOTO aJITOPUTMa BBI3bIBAIOT
pacydeThl, CBA3aHHbIE ¢ JIMCCUTIATUBHBIMY TIpoTieccaMu. JluccumaTuBHbIE YJIEHBl U TUHAMU-
Ka JABJIEHUS PACCYNTAHBI C UCMOIH30BAHNEM MeTO/1a JOKAIbHBIX UTepaIliii, OCHOBAHHOTO
Ha 9BHOM HTEPAIMOHHOM ITPOTIECCE ¢ TTapaMeTpaMi, OTBEYAONNMEA KOPHIM MHOTOYJIEHOB
YeObimeBa [6]. Boraucienns mpoBoJATCs B TPU JTAlA: OTIAETHHO BHIYUCAAOTCs Tudbdy-
3WOHHBIE TIOTOKHW, BA3KOCTH M MPOIECCH TelIonpoBogHOCTH. Ha mociemnem sTame ocy-
IIECTBJIEH TEPEPACYET BEKTOPA CKOPOCTH, CBA3AHHBIA € JUHAMHUYECKON COCTaBJIAIONIEN
JTaBJICHUSI.

Mg onenku 3pdekTUBHOCTH AJITrOpUTMa ObLJIO TTPOBEJIEHO CpaBHEHUE HOBOI'O pa3pa-
O0TAHHOTO AJTOPUTMA C MOCTPOCHHBIM Ha OCHOBE MHTEI'PO-UHTEPHOJAIMOHHOIO METO/IA,
B KOTOPOM JINCCHUTIATHUBHBIE MOTOKHW BBIYUCIAIOTCA O CXEMe C TMEeHTPATbHBIMA PAa3HOCTS-
v [7]. CpaBauTeIBHBI aHAIN3 TTOKA3AT 3HAYUTEIHHOE YCKOPEHHEe PACUETOR. DTO CBI3aHO
€O CHATHEM OTPaHWYEHHS Ha Al HHTeI'PUPOBAHUS JUCCUTIATUBHBIX IPOIECCOB.

[ToMrMO 0YEBHIHOIO MPEUMYIIECTBA BO BpeMEHH pacdeTa HpeiaraeMblii Moaxor 00-
JIaTaeT ere OTHAM JJOCTOMHCTBOM — B CHJIY HCTIOJIB30BAHUS IBHON CXeMBI aJITOPUTM J0CTa~
TOYHO IPOCTO AJANTUPOBATH O PACHpeIe/eHHbIe BHIUUCICHHS, YTO HECOMHEHHO OyIeT
BOCTPeOOBAHO 1IPU PENIEHUU TPEXMEPHbBIX 33/1a4.

[Tony4ennblii pe3y/ibTaT CBUJAETEJILCTBYET O TPABOMEPHOCTH IPUMEHEHUS TTPETOZKEH-
HOTO TO/IXO/a /I 33a7a9 MOJEJIUPOBAHNS TO3BYKOBBIX PEArmpyIONAX Ta30BBIX MOTOKOB,
B TOM YHCJI€ W € yIeTOM JOTMOJHUTETbHBIX UCTOYHUKOB HEPIUU, HAIIPUMeEp, JIA3ePHOTO
U3y IeHu .
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MSC 65120

On the application of the explicit-iterative LI-M
scheme to the modeling of subsonic reacting gas flows

E.E. Peskova, O.S. Yazovtseva, E.Yu. Makarova

National Research Mordovia State University

Abstract: The paper develops an algorithm based on the explicit iterative scheme of
the Li-M integration of dissipative terms for a mathematical model of the subsonic
multicomponent reacting gas flow. It is based on the Navier-Stokes equations. The
model is constructed taking into account the mutual diffusion of gases, their viscosity,
thermal conductivity and chemical reactions. The computational algorithm is based on
the principle of splitting by physical processes due to the high stiffness of the system:
various solution methods are used to integrate the equations of chemical kinetics,
convective flows, dissipative terms and pressure. Comparative analysis has shown the
effectiveness of the developed algorithm in comparison with the algorithm based on the
integro-interpolation method, in which the dissipative terms are calculated according
to the scheme with central differences.

Keywords: mathematical modeling, Navier-Stokes equations, splitting by physical
processes, Chebyshev explicit-iterative scheme, methane conversion.
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VIIK 519.635.1

MaTtemaTunieckoe MoaeJIMPOBaHUE
HaIIPSI2KEeHHO-1e(POPMUPOBAHHOTO COCTOSHUA TOHKOIA
M30TPOITHON ILJIACTUHBI

[Tonos B.H., I'epmuaep O.B.

Cesepubiii (Apkruuecknii) dbegepanbubiii yausepcuter umenn M.B. JlomoHocoBa

Annomayua: Tlpemoxkena u peann3oBaHa HOBas MOAUMDUKAIMS METOJA KOJJIOKA-
WA JJI HOCTPOEHUS PEIIEHUs HEOIHOPOHOIO OUrapMOHUYECKOIO YPABHEHUS B PAM-
KaX MOJIEJIMPOBAHNS HAMPSIKEHHO-Te(DOPMUPOBAHHOTO COCTOSHUS TOHKOW HM30TPOII-
HO#l mmactwabl. [Ipemmoxkenuas MommduKalusi OCHOBBIBAETCS HA MOJIUHOMUAIBHON
ammporcuManun UeObIeBa CMeIaHHOi 9acTHON IPOU3BOIHON NCKOMO# dyHKINNI. B
KadecTBe 0a3MCHBIX (PYHKIUI HUCIOIB30BAHBI MHOTOUWIEHBI eObleBa mepBoro poja.
IIpenmozkennblit METO, IPUMEHEH [JIsi MOAETUPOBAHUS U3ruOa yIpPyroil m30TPOIHOM
TITACTUHBI, HAXOMAAIIEHCS o/, AeficTBUeM momnepevHoit Harpy3ku. IlpoBenen amaan3
Pe3yJIbTATOB, MOy YeHHBIX METOJIOM KOJIJIOKAIIUY C IPUMEHEeHNEeM WHTErpAJIbHOTO TO/I-
XOJIa U B €r0 OTCYTCTBUH [IPU UCIOIb30BAHUY HYJIeH MHOTOUIEHOB UebbIeBa mepBoro
pPoZla B Ka4eCcTBe TOYEK KOJIJIOKAIUU.

Karouesnie caro6a:; MHOrOUIEHbI UeObIIEBa IEPBOrO PO, METOJ, KOJJIOKAIIUN, W30~
TPOIMHAS MJIACTUHA, HAMPSIKEHHO-1e(POPMUPOBAHHOE COCTOSTHUE

1. BBeagenue

MHuorue KOHCTPYKTUBHBIE 3JIEMEHTHI IPEJICTABISIOT OO0 MIaCTUHBI Pa3/IMIHON (hop-
MBI W CTPYKTYPBI C NEPEMEHHBIMU T€OMETPUIECKUMU U (PUBUKO-MEXaHUIECKUMU Tapa-
merpamun [1]. [Tpu onucanun HanpsizKeHHO-TeOPMUPOBAHHOTO COCTOSTHUST ITUX MIACTHH
BO3HUKAET HEOOXOIMMOCTH PellleH sl HEOTHOPOIHOTO GUrapMOHIYECKOro ypasHeHus [1HS].
[locTpoenne pereHnst 3TOTO ypaBHEHUS BBI3BIBAET PsJ TPYIHOCTEH, OKA3BIBAIOIINX CY-
IMECTBEHHOE BJIUSHUE HAa 0OYCIOBIEHHOCTH KPAEBBIX 33/1a4 B MeXaHUKe J1edopMupyeMoro
TBEPJIOTO Teja W TeOPUH YIPYTOCTH M CBSI3aHHBIX, B YaCTHOCTH, HOPSJIKOM ypaBHEHUs
B 4acTHBIX npousBogubiX [8]. Tlpm srom mocruzkeHue Tpebyemoil CTeleHn meTajn3ain
00/1aCTH MHTEIPUPOBAHUS TPEJIOIAraeT PeIleHne CUCTEeM JUHEHHBIX ypaBHEHUH OYeHD
BBICOKOI'O TIOPSIJIKA ¢ Hepa3pezkeHHoil Marputeii |[7]. OaauM u3 mepeineKTHBHBIX MOAX0I0B
K PeNIeHuI0 MPOo0IeMbl IBJIAeTCd Pa3BUTHE METOI0B MOJHHOMAATBHON AIIPOKCHMAIINN.

[IpencraBinennas paboTa MOCBAIIEHA MOCTPOEHUIO PeIlleHnsT HeOTHOPOIHOTO ODUTrapMOo-
HUYECKOTO YPAaBHEHHS € UCIOJb30BaHWEM CHCTEMbl OPTOTOHAJIBHBIX MHOTOUYJIEHOB “eObI-
ImeBa MepBOro poJia B paMKax MOJIETUPOBAHUS HANPIKeHHO-1e(DOPMUPOBAHHOTO COCTOSI-
HUS TOHKON M30TPOMHO# TIacTHHBI. BBIOOP B KadecTBe 6a3UCHBIX (DYHKIIUNH MHOTOUJICHOB
YeOwbimesa 00yCJIOBJIEH T€M, YTO TaKoe NPUO/IMKeHHe MUHUMU3UPYET KOJMYECTBO 4IEHOB
YCEYEeHHOTO Psifia, HeoOXoMuMbIX Jist annpokcnmarnuu perternst [9,10]. B npeacrasiennoit
paboTe IpeIOyKeHa U peaIn30BaHa HOBasg MoAmpuKannug MeTo1a KOJIOKAIMN Ha OCHOBE
AIMTPOKCUMAIINY CMETTaHHOf TTPOU3BOAHON UCKOMON (DYHKIIUU ¢ HCIOJIH30BAHIEM MHOTO-
4yneHoB eObIlIeBa 1 BIOOpa B KadecTBe TOUYEK KOJJIOKAIMH HYJIEH 3TUX MHOTOUJIEHOB.
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2. IlocranoBka 3a1a4un

PacemorpuM 3a1ady Moae TupoBaHust HAIPSzKEHHO-1e(DOPMUAPOBAHHOTO COCTOSTHIST H30-
TPONHOW NJIACTHHBI, 3ameMaeHHol 1m0 kpasm © = 0, x = d; u y = 0 u cB0OOAHOI HA KPae
y = dy, KOTOpas HAXOAUTCs MO AeficTBueM monepednoii Harpy3ku ¢(z,y). [lpeanonara-
eM, 4TO IIACTUHA dABJdeTcd TOHKO. /Ing onmucanusa m3runbda ee CpeJIMHHON MOBEPXHOCTH
w(z,y) ucnonb3yem Gurapmonmdeckoe ypasraerne Codu ZKepmen-Jlarpanzxa, KoTopoe
sanumeM B Buje [11):

w 0w 0w
T T 25 st = i’ (1)
ox 0x20y dy D
Eh3
re D = m ~ MUINHIPUYecKas KeCTKOCTh TUIACTHHBI, h — TOJIWHA TIJIACTHHE,

E — monyns FOnra, v — koadduruent [lyaccona m30TporHoro Marepuasia, IjaacTUHBI.

3. IlocTpoeHue pemeHunss KpaeBoii 3aJa9n

1 mocTpoeHns peleHns KpaeBo# 3a/1a49u MpeIcTaBIsgeM CMelTaHHYI0 TPOU3BOTHYIO
dbyuKIME W(x,y) B BUE YyCEUYEHHOTO psijia mo moauHoMam Hebbinesa neporo pojaa [9)

{T;,(z;) = cos(j; arccos x;), j; = 0,n;} (2)
110 KaxKJ0i BBeJeHHOI HOBOiT mepemennoit x; € [—1, 1] (n; € N, ¢ = 1,2):

2
I =

2

da

Bamuceiaem ypashenue (1) B HOBBIX I€pEMEHBIX T U Tp. 110CAEI0BATETHHO HHTE-
IpUpPys O TEPEMEHHBIM X1 U Ty KOHEUHYI0 CYMMY psijia 10 nojimHoMam ebbiiesa cme-
MTAHHOW TPOM3BOAHON (bYHKIMN w(x,y), BOCCTaHABINBaeM HCKOMY® dyHKINO w(z,y)
METOJIOM KOJLTOKAIIUH C HCIIOJb30BaHUEM HyJell MHOIOUIeHOB YeObIeBa mepBoro pojia
Th.+1(x;) |9] B KaUwecTBE TOUEK KOLTOKAIINH

2n; — 25; + 1 . .
Zi,j; = COS <7T( - Ji % ))7 Ji=0,n; 1 =12 (4)

YpaBHeHus KOJUIOKAIAN PU 9TOM IIpeJICTaBIdeM B MaTpudHoi dpopme. g npuseie-
HUS MATPHUILI CHCTEMBI JTHHEHHBIX aJre0pandecKuX yPaBHeHUH K paspe:KeHHON U yMeHb-
NICHUS YMACIA BLIYUCICHHN IPH €€ 3allOJHCHUM IIPUMEHSEM CBOMCTBO KOHEYHBIX CYMM
MHOrO4YJICHOB JeObleBa B TOYKaX [9]:

ﬂi(xiyji)TQi (‘ri:jz’> = %iéli,qz" 1=1,2,
0

Ji=

1
rae 0,4 — cuMBoa Kponekepa, koaddunmenr v, = 5 ecim [; = 0, unage v, = L.

[Tpu mpoBe/IeHNH BBIYUCIEHHN UCIIOIb3yeM 3HaYeHusT (PU3MIECKUX napaMerpos u3 [12]:
di=dy =10M, h=0.1 m, £ =200 I'la, v = 0.28.
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4. 3akKJII04YeHue

B pa6ote nosiyueno pelrenue 3a1a9u MOJAEINPOBAHNS HAIIPAXKEHHO-1ehOPMUPOBAHHOTO

COCTOAHUA TOHKON M30TPOIHON IJIACTUHDL 11O/ JAeHCTBUEeM 3aJaHHOHA 11onepednoil narpys-
KU JUIS cJIydas 3alieMIeHns KpaeB 3TOi JIACTHHBI B CBOOOHOTO Kpask METOIOM KOJJIOKa-
UM B MATPUYHON HOTAUUU C UCHOJAb30BAHUEM IIPEIJIOKEHHOIO U PeaJIM30BaHHOI0 UHTEe-
rpajibHOTO No/x0/a. JL1g BepuduKaiuy moydeHubIX pe3y/IbTaToB MPOBE/ICH PsiJl BHIYUC-
JINTEJIbHBIX SKCIIEPUMEHTOB MPH PA3JIUIHBIX BHIaX 3aKPeIlJIeHns, CIIoco0ax HArPYZKeHUs
U OTHOCUTEJILHBIX pa3Mepax U30TPOHHON IJIaCTUHBI.
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Mathematical modeling of the stress-strain state of a
thin isotropic plate

V.N. Popov, O.V. Germider

Northern (Arctic) Federal University named after M.V. Lomonosov

Abstract: A new modification of the collocation method is proposed and implemented
for constructing a solution to an inhomogeneous biharmonic equation in the framework
of modeling the stress-strain state of a thin isotropic plate. The proposed modification
is based on the Chebyshev polynomial approximation of the mixed partial derivative
of the desired function. Chebyshev polynomials of the first kind are used as basis
functions. The proposed method is used to simulate the bending of an elastic isotropic
plate under the action of a transverse load. An analysis is made of the results obtained
by the collocation method using the integral approach and in its absence when using
the zeros of Chebyshev polynomials of the first kind as collocation points.

Keywords: Chebyshev polynomials of the first kind, collocation method, isotropic
plate, stress-strain state.
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VIIK 517.956.4

JIByCTOpOHHIE OIEHKN PelieHns OJJHOMEPHOTO
YPaBHEHUd TeIJIOIIPOBOAHOCTH

Paccamun A.9.

Hanumonaibublii nccie1oBaTe/IbCKUil YHUBEPCUTET «BhIcIas 1Mko/ia 3KOHOMUKI »

Annomayua: B crathe mya penienus 3amaun Kormm Ha mpsaMoii 1151 TUHERHOTO ypas-
Henust 1 y3un-TEI0NPOBOIHOCTH ¢ HAYAIBHBIMY YCJIOBUSIMU CIIENNATHFHOTO BUIA
TTOJIy9€HBI OIIEHKH PeIieHns CHI3y U ¢BepXy. C mOMOIIbI0 BEIYUCIUTETBHOIO YKCIIEPHU-
MEHTA TOKA3aHO, YTO MO MPOIIECTBHH HEKOTOPOTO MPOMEXKYTKA BPEMEHU B KAYECTBE
NpHUOIMKEHHOTO PEIIeHus ITOH 3a0a4dd MOXKHO OpaTh JI0OYI0 U3 ITUX OIEHOK.

Karwuesvie caosa: narerpan Ilyaccona, nmpsimoe m obparHoe HepaBeHCTBa ['éabaepa,
dyHKIMs OMMUOOK, KOMIAKTHBIN HOCUTEb, PYHKINS X€EBUCAIIa, OTHOCUTEIHHAS 110~
TPENTHOCTb.

1. BBenenue

Bamada Ko ast muneitnoro nudpepeHnnaIbHoro ypaBHeHns B YaCTHBIX TTPOU3BO/I-
HbIX 11apabO/IMYecKoro TUIa Ha HPaMOil:

ou 0%u

ER u(z,0) =U(z), =eR, (1)

HAXO/UT MHOIOYHC/ICHHbIE LDUMEHEHUs! B 3aJa4ax TemoMaccoodmena |1, reopun ciiy-
qaiHBIX Oporeccos 2] m. T. m.

Kak Xx0polIo u3BecTHO, [/Is1 OTPAHHYEHHOTO HAYAILHOro yeaosus U(x) TodHoe pelie-
nne u(x,t) 3agaan Kommn (1)) Borparkaercs unrerpaaom Ilyaccomna [1):

wat) = 57= [ e - e ae. @)

OueBHHO, YTO WHTETrpaJ BBIUUCJISIETCS TOYHO JAJeKO He s KaxKIod (DyHK-
muu U(x). OjgHako 4acTo BO3ZHMKAET HEOOXOJAMMOCTH 3HATH JEeTajJd IIPOCTPAHCTBEHHO-
BPeMeHHOTrO noBejiernst GyHKuu u(z,t). fcHo, 910 1 T0oro, 9rodbl MOAYYHTH 9Ty HH-
dbopmarmo, kpome yeaoBust orpanndeHHocTH (yuKiun U(r) HY:KHO HAJOKATH HA Heé
HeKWe TONOJIHUTENbHBIE YCI0BHUA. B JaHHOil paboTe STUMH yCJIOBHSAMHA SIBIAIOTCS Tpebo-
BaHWs HeoTpunareabHocTn u dburntHocTn Gynkunun U(z).

aee cTaThd UMeeT CIeYIONYI0 CTPYKTYPY: B pa3jese 2 BbIBEeIEeHBI JBYCTOPOHHUE
omeHKH Jist Toanoro pemtenus (2)). Pasaen 3 HOCBAMIEH OMUCAHUIO BHIIUCIATEILHOTO IKC-
HepUMeHTa, WITIOCTPUPYIONIEro MOJIyUYeHHbIe B pa3fese 2 cooTHomenns. B 3akmouennn
CYMMUPOBAHBI TTOJTYYeHHBIE Pe3YJIbTATHl U 00CYZKIEHBI TTePCIEeKTUBD JTAThHEHTIINX HCCIe-
JIOBAHUM.
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2. BbIiBOJ OCHOBHBIX COOTHOIIIEHU

[TycTs HavabHOE yesosue B 3agade Komn (1) mmeer coemyrommuit Bu:
n
U@) =Y elUfe), neN, (3)
i=1

riae byukun U;(z) > 0 n obiagaror KoMmakTHBIM HocuTeaeM: supp U; = [a; , b;], mpuaém
b; < a;11,1=1,n—1, a nocroguusie ¢; > 0.
Ioxcrasus cymmy (3) B umrerpas Ilyaccona (2)), momyamm:

u(z,t) = Z ¢ ui(,t), (4)

1€ BBEICHbI HOBbIC HECHU3BECTHDLIC beHKI_[I/II/I

b;
1 (z—¢)* }
ui(x,t) = exp | — ——=— | U;(&) d€ . 5
0.0 = 5= fow |- U1 ne ae o)
Janee, BeIOEpEM 21 BEIIECTBEHHBIX YHCE] pfc TaK, YTOOBl A1 KasKJIOro i = 1,1

BBIIOIHAIACH HepabeHcTBa 0 < p; < 1 < pf, 1, KPOMe TOro, 4ToOBl CXOIUINCH Bce 2N
HHTEIPAJIOB 110 OTPe3KaM [a; , b;] B Besmdnnax:

b; 1/‘1?:

+ +
v fur@a) g P (6)

@

Ecyin Bce Bestmanub @ KOHEYHBI, TO KarK/Iblil N3 WHTETPAJIOB MOYKeT OBITH OIEHEH
U CBEPXY — C MOMOIIBIO MPSIMOT0 MHTETIPAJIHHOTO HepaBeHCTBa ['€nbjiepa, n CHU3Y — C
IIOMOIIIBbI0 0OPATHOTO WHTErPAIBHOrO HepaBeHcTBa ['énbiaepa [3| — caemyromum obpasom:

N, v (2, t) <wug(z,t) < Nfof(z,t), i=1,n, (7)

rie
1/pf

o) = 7= 7exp [—pf%] | 3)

JIerko BUJIeTDh, 9TO C MOMOIIBIO U3BECTHON (DYHKIMH BEPOSTHOCTH ONMIMOOK (DYHKITUN
MOT'YT OBITH BBIPAYKEHBI CJIEIYIONUM 00pa30M:

aq

o . gyt
) = 5 ) ) (eng [V | VI W) g

Hakonen, ymHOXKasg KaxKa0e U3 HEPABEHCTB Ha KOHCTAHTHI ¢; U3 (DOPMYJIBI u
CYMMUDY$ UX 110 2, [OJyYUM JIBYCTOPOHHUE OICHKU Jijisd (DYyHKIIUK :

u (z,t) <wulz,t) <ut(z,t), (10)
e i
ut(x,t) = Z ci NFvt(x,t). (11)
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3. BeruncanTeabHbBIN 3KCIEPUMEHT

Ouenku (9)-(11) manb must pasanaHBIX MOMEHTOB BpeMeHH ¢ > (), IO9TOMY ISl TO-
ro, 4T00bl HOHHATH, KAK BeJIET cebd HepaBeHCTBO C TeYeHueM BPEeMeHU, HeOOXOMMO
IIpoBeCTHU BBIYUCJIUTEJIbHBIT IKCIIEPUMEHT.

IMonoxxum n = 2, a] = —2, b1 = —1, a9 — —05, bg = 3, UZ(Jj) = 0(1‘ — Cli) - 9(1’ - bl)
(1 =1, 2; 0(x) — dbyuxmus Xepucaiiga), c; = 3, ca = 1, u chopmupyem no dbopmyae (3) mo
STHM JIAaHHBIM HadaJbHOE ycaoBue K 3a1ade Komn . ['pacduk 310l PyHKIUU IPUBEIEH
Ha puc. [I]

Hasee, BoiOEpeM pf = p; =2mu p; =p, = 0.5. 'pacdukn oneHok pemenus 3aja9n
Komm (1)), noctpoennsie mo dbopmytam (L1), npusegenst na puc. 215

Puc. 1. 'paduk HaA9aIBHOTO YCIOBUS

i -t

i ~.

Puc. 3. I'paduku onefgn pewenus upu t = 0.5
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..... )
—_— )

=)

Puc. 5. 'padukn omnenok perrenust mpu ¢ = 2.0

Ha pwuc. CIJIOIITHON JIMHWEH TOKa3aHO TOYHOe pelleHuWe 3ajadu Komnm , COO0T-
BETCTBYIOIIEe HAYAJIHLHOMY VCIOBHIO, IpadUK KOTOPOTO HPUBEIEH HA pHc. 1L DTO TouHOE
pelieHne paBHO:

3 x4+ 2 r+1 1 x+1/2 xr—4
u(z,t) = = |erf —erf —— lerf| —~%) —erf
(1) 2 2/t 2/t 2 2/t 24/t
W3 puc. BHIHO, YTO C TeYeHHeM BPeMEHH BePXHsd W HHXKHSAS OINEHKH TOYHOTO
pemenus ((12]) reorpanmaento cOIMKAIOTC APYT € APYTOM, CJIEIOBATEIBHO, IPU 33 TAHHO
OTHOCHUTEJIBHON IIOIPEIHOCTH NPUOIUKEHHS 0 CYIIeCTBYeT TaKoe 3HAUYeHHe BPEeMeHH i,
q9TO NMpU ¢ > 1

Hpyrumu cioBamu, dopmysa (13) osnauaer, 4ro npu ¢ > t, BMECTO TOTHOTO PEIICHHS
(12)) mMoxKHO TOMTB30BATHCs JT11060§t U3 ero omenok (|11)).
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4. 3akKJII04YeHue

st maganbHOro yeiaosus Buga (3) B pabore moaydensl aBycropornue omneHku (|11)
rounoro pewennst (2) sazaun Komm (1. dist nocTpoeHust 9TuX OLEHOK CyLIECTBEHHSL
BeJINMHBL HHTErPAIbHOrO Xapakrepa (0) 1 3HAUEHHSI KOODAMHAT JIEBBIX @; U HPABbIX b;
KoHNOB HocuTeseil dyuxuuii U;(x), Ho He Bea dynknus (3) B memom.

B pesysibrare BEITHCIUTEIHHOTO SKCIIEPUMEHTA BBISICHEHO, YTO PU BO3PACTAHIH Bpe-
MEHU 3THU ONEHKHU CTPeMATCA APYT K JAPYTY B KaxK10il Touke € R, 3HAYNT, HA OOIBITUX
BpeMeHaxX JIJIsl JOCTUKEHUsT WHKEeHEePHO TOYHOCTH BMecTo uHTerpasa [lyaccona (2) MoxK-
HO Gpath J00y10 u3 ornenok ((L1).

[lepcnekTrBoOil pa3BUTHSA JTAHHONW PAOOTHI ABISETCH CO3MAHUE BBIUYUCIUTETHHOTO KOM-
IJIEKCA B CHCTeMe KOMIbIoTepHOU MaremMaTnku MATLAB ¢ mo/b30BaTenbCcKUM HHTep(deii-
coM, HammcaHHbIM B cpeie GUIDE [4], na ocHoBe passuroit Bbie Teopun. Kpome toro,
peJCTaB/IgeT 3HAYNTEIbHBIN HHTePeC MUHNMHI3AIUs (DYHKINN OTHOCHTEIHLHON TTOrPer-
nocru nputGmmkenus (13) mo napamerpam pi (i = 1,2,...,n) B 06JaCTH TPHMEHIMO-
CTH TIPSAMOTO U 0OpaTHOrO HepaBeHCTB [€nbaepa mpu GUKCHPOBAHHOM 3HAYECHUU BPEMEHU
t > 0 Kak 3aja9a MHOrOMepHoii ontuMusanuu (cM. [4] u cebuiku Tam).

Hpycroponmme onenku ((11)) MoryT GbIThH MpUMEHEHDI K OICHKE pertenuii 3a1a4 Kormn
NI HeTnHeHHBIX nuddepeHTnaIbHbIX YPABHEHU I B YaACTHBIX TPOM3BOIHBIX, CBOJASIIIXCS
K 3agade Kormu 3aMeHOM TepeMeHHbIX, peaau3yIoneiicss CTporo MOHOTOHHON (DYHKITH-
elt.

Hampumep, poct npuBeméHHON BBICOTHI MOBEPXHOCTH TBEPJOrO TeIA ¢ IUJIUHIPHU-
deckoii obpasytoreii h(z,t) omuceiBaeTcst oHOMEDHBIM ypaBHeHneM Kapmpapa-Ilapusu-
ZKanra (cm. [5| n cepuakn Tam):

oh 1 (9h\® 9%h ”
at_z(ax)+ax2' (14)

BameHoit B B¢ MOHOTOHHO Bo3pacTaorieit dbyuknuun h = 2 In(1+ u) ypasuenue ((14)
CBOJHUTCA K OJHOMEPHOMY YPaBHEHUIO TU(DY3UU-TEIIONPOBOTHOCTI .

Hakomner, moje3no pacmpocTpaHuTh MOJIYyYeHHbIEe Pe3yIbTaThl HA MHOTOMEPHOE ypaB-
HEHHEe TeILIoNpoBoAHOCTH. OTHAKO B 3TOM CJIyYae aHAJIOTU (DYHKITHI @D OYIyT ropaso
boJiee pa3zHOOOpaA3HBIMU U3-3a TOT'O, YTO KOMIIAKTHbIe HOcuTeu dpyHkmuit U; OyuayT 3a-
MKHYTBIME 00J1acTaMu B npoctpancrsax R™ ¢ m > 2.
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MSC 35K05

Double-sided bounds for solution of
one-dimensional heat equation

A E. Rassadin
HSE University

Abstract: In the article, to solve the Cauchy problem on a straight line for a linear
diffusion-thermal conductivity equation with initial conditions of a special type, estimates
of this solution are obtained from below and from above. Using a numerical test, it is
shown that after a certain period of time, any of these estimates can be taken as an
approximate solution of this problem.

Keywords: Poisson integral, direct and reverse Holder inequalities, error function,
compact support, Heaviside step function, relative error.
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VIIK 517.95

JImHeiinble oOpaTHBIE 3ada4N JJIs
IICEBJIOTUIIEPOOJINIECKOrO0 YPaBHEHNS TPEThero IMopsaaKa
C MMEPUOINYECKIM W MHTErPaJIbHbIM yCJIOBUSIMUA

Canpixzage P.II., Merpanues 4.T.

bakunckuit ['ocynapcTBeHHBIN Y HUBEPCUTET

Annomayus: B pabore uccienyercs ooparnas Kpaesas 3a/1a4a ¢ HEH3BECTHOM IIpaBoi
4aCcThIO, 3aBUCAIIEI OT BPEMEHHU, JJjis [ICEBIOIUIIePO0INYeCKOr0 yPABHEHUA TPETHErO
TMOPSAIKA C IEPUOIUIECKUM W WHTETPAIbHBIM yCJIOBUsIMU. Perrasi HCXOIHy 0 00paTHY IO
KPAEeBYIO 33/1a4y OCYIIECTBJISIETCS TTEPEXO ] OT MCXOHON 0OpaTHOM 3a71a4M K HEKOTO-
poit BcromoraTenbHOM 3amade. I[Ipu mOMOIMM TPHUHIUIA CXKATBIX OTOOPAKEHHH T0-
Ka3bIBAIOTCs CYIIECTBOBAHUE U €IMHCTBEHHOCTH PENI€HUs BCIIOMOIATEHHON 3a1a9H.
Hastee nepexo/r K uCxo/HOM 0OpaTHOI 3a/1a4€e MO3BOJISET CIAEJIATh BBIBOJ, O €e pa3pe-
MMAMOCTH Ha OCHOBE JOKA3AHHOW PA3PEITNMOCTH BCIIOMOTATAIBHON 3a1a9n.

Karuesvie crosa: oOpaTHasi KpaeBas 33a4a, ICEBIOTUIEPOOINIECKOE yPABHEHNE TPe-
THEro MOpsiaka, MeTon @ypbe, KIacCHIecKoe pelleHne.

1. BBenenue

Baga4un, B KOTOPBIX BMECTE ¢ PelreHneM TOTO WM WHOTO JubdepeHInaIbHOTO YPaB-
HEHUSI HAJIO ONPE/IEINTh TaKKe KOIPPUIneHTs caMmoro ypaBuenus, in0o Ke ero npaByio
4aCTh, B MaTEeMATUKe HA3BIBAIOT OOpATHBIMHU 33jadaMu. Kcan B 00paTHON 3a/ade Hems-
BECTHBIMH SIBJISIIOTCSI PEIeHre W IIpaBasi 9acTh, TO Takas oOpaTHas 3ajada HA3bIBAETCS
JINHEHHO; eC/TN yKe HeM3BECTHBIMU ABJISIIOTCS PEIeHNe U XOTsi Obl OJINH U3 KoM DUImen-
TOB, TO obpaTHas 3aaa4a OyaeT HeJInHeHHOi.

B mactosIee BpeMst oOpaTHbIe 33129l aKTHBHO PA3BHBAIOTCA U SBJISIOTCA IEPCIIEK-
THBHBIM Pa31e/I0M COBPEMEHHOH MaTeMaTHKH. B mocJieiHee BpeMsi OHE ITHPOKO ITPHMEHSI-
I0TCA B pa3JadudHbIX obyacTax Hayku. OOpaTHbIe 3aJa4u JIIs Pas3JIHIHbIX THIIOB Audde-
PEHINAJIbHBIX YPABHEHUN B YaCTHBIX IPOM3BOMNHBIX M3YYaJIACh BO MHOrUX padorax. Ot-
merum paborer A.H. Tuxonosa [1], M.M. Jlaspenrbesa |2, 3|, A.M. denucosa 4], M.I.
Upanuosa [5| u ux nocsesoBaresei.

[ceBmorumepbosinaeckne ypaBHEHNST BO3HUKAIOT B TEOPUN HECTATMOHAPHOTO TEICHUS
BSI3KOTO Ta3a MPH PACPOCTPAHEHHH HAYATHHBIX YIIOTHEHUIT B BA3KOM Tase [6], B Teopun
COJIATOHOB |7] mpu onucanuu mpotecca JBUKEHUsT SJIEKTPOHOB B CUCTEME «CBEPXIPOBOIHHUK-
JIM3JIEKTPHUK C TYHHEJIBHOHM IMPOBOIUMOCTBIO-CBEPXIIPOBOIHIK ». Pa3penmmocts 00paTHBIX
3a/1a9 B PA3JHYHBIX IIOCTAHOBKAX C T€MH WJIM MHBIMH YCJIOBHSMHE II€PEOIIPeIe/IeHAsT I/Is1
ICEeBIOrUIEePOOTMIECKUX YPaBHEeHHI ObLIa MTPeIMeTOM UCcieoBanus B paborax [8-13].

2. IlocTtanoBKa 3aga4m U CBeJleHNE €€ K YKBUBAJEHTHOI 3a/ade.

Paccmorpum Jyist ypaBHenus

Ut (T, 1) — Qg (T, 1) — Buge(x,t) = a(t)g(x, t) + f(x,1) (1)
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B obnactu Dy = {(z,t) : 0 <z <1, 0 <t < T} obparHyio KpaeByIo 3aJady ¢ Hada bHbI-
MH YyCJOBUAMU

w(@,0) = ¢(x), w(r,0) =¢(z) (0<z<1), (2)
NEPHOJUIECKUAM YCJIOBUEM
u(0,t) =u(l,t) (0<t<T), (3)

HEJIOKAJIbHBIM HHTEI'paJIbHBIM YCJIOBHUEM

1
/u(x, tyde=0 (0<t<T) (4)
0
M JIOHOJIHUTEJbHBIM YCJI0BUEM
u(zo,t) = h(t) (0<t<T), (5)
rae xg € (0,1),a > 0,8 > 0 —3amaunsie uncaa, f(z,t), g(x,t), (), ¥(z), h(t) — 3aganmse
dbynkmun, a u(r,t) n a(t) — nckoMble DYHKITHH.
BeegeMm cnemymee obosnauenue C?(Dr) = {u(x,t) : u(z,t) € C*(Dr) , Uie(x,t) € C(Dr)}.
Onpegemnenne 1. [Tapy pynruut {u(z,t), at)} , u(z,t) € C*(Dr), a(t) € C[0,T], ydo-

saemeopaowux ypaswernuto (1) 6 Dy, yearosuam (2) 6 [0,1], yeaosuam (3)-(5) ¢ [0,T7],
HA306EM KAACCUMECKUM peulenuem obpamnot kpaesot sadawy (1)-(5).

Teopema 1. IIycmov f(x,t) € C(Dr), jf(x,t)dx =00<t<T), g(z,t) € C(Dr),
0

jg(x,t)dx =0,(0<t<T), ¢(x),v(x) € C[0,1], h(t) € C?[0,T], g(xg, t) A0 (0 <t <T),

HBINOAHANOMCA YCAOBUA CO2AGCOBAHUAS

/gb(x)dx:O, /@D(m)dmzo, (6)
¢ (w9) = h(0), ¥ (x0) = h'(0), (7)

Taxum obpasom 3adava nazosicdenus waaccuveckoeo pewenus sadawu (1)-(5) sxeu-
sanenmua sadaue onpedesenus Gynryud u(z,t) € C*(Dr) u a(t) € C[0,T], us coommo-
wenut (1)-(3) u

uz(0,8) = u,(1,t) (0<t<T), (8)
() = Qigae (0, t) = Buas (0, 1) == a(t)g(wo,t) + f(wo,t) (0 <t <T). (9)

3. O paspemmuMocT oO6paTHOI KpaeBoii 3aJad4n.
OdeBuiHO, YTO cucTeMa (byHKIMit

1, cosAz, sinAz, .., cosAgx, sinAgz, .. (10)
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obpasyer 6aszuc B Ly(0, 1), rae A\, = 2km (k =0, 1, ...). 113 31010 Caegyer, 90 JJist KazK10ro
pemmernsi{u(x,t), a(t)} zanaqau (1)-(3), (8), (9) nepBasi KomnounenTa u(x,t) UMeeT BU:

u(z,t) = Z uyk(t) cos A\gx + Z Uor (t) sin A\gx (\g = 27k) (11)
k=0 k=1
e
1 1
uo(t) = /u(m,t)dx, uk(t) = 2/u(x,t) cos \prdr (k=1,2,...),
0 0

1
Uk (t) = Q/u(:c,t) sin \grdr (k=1,2,...).
0
Takum o6pazom, npumensist popMaabayto cxemy Dypoe, u3 (1) u (2) umeem:
Wn(t) = Fultia) (0<t<T),
ul (1) + aAiul, (1) + BAiui(t) = F(t;a) (i =1,2k = 1,2,..; 0 < t < T),
u10(0) = d10, u1(0) = 1o,

rjie

Fip(t,u) = a(t)gi(t) + fie(t), (E=0,1,...), fio(t) = /f(x,t)dw ,

1

1 1
gio(t) = /g(a:,t)dx, fik(t) = Q/f(x,t) cos \gzdr  ¢pr9 = /¢(x)dx, 10 = 2/¢(m)dm,
0 0 0

0

1

1 1
O1x = 2/¢(:E) cos \pxdr, Yy = Q/w(x) cos \prdr  (k=1,2,...),
0 0
1
Fo(t,a) = a(t)gax(t) + far(t), far(t) = Q/f(x, t) sin \pxdr,
1 0
gar(t) = 2/9(3:,75) sin \gzdr (k=1,2,...),
0

1 1
Gk, = Q/QS(x) sin \gzdr (k=1,2,...), gy = 2/¢(m) sin \gzdr (kK =1,2,...).
0 0

27'('2

—-5>0.
Pemas 3amaay (12)-(13), naxoxnm:

Tenepnb npeanooKuM, 4To

t

wio(t) = bro+ ¢ 1o + / (t— 1) Fyo(ria)dr (0 <t <T), (16)
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1
Uzk:(t) — /y_ [(Nleulkt _ ,Ulk@”%t)@k + (eﬂzkt _ eulkt)@z)ik +
k

¢
+/Fz~k(7; a)(e“zk(t—ﬂ — e’“’“(t_T))dT (1=1,2k=1,2,...), (17)
0
a\: . a’)\? , a’)\?
e ﬂzk—_7+( 1) Ag 4k—5(121;2)7 Ve = Mok — Hik = 2Mk 4k
(k=1,2,...).

[ToncraBnss Boipazkenus u3 (16), (17) B (11), ana onpeaenenns KoMIoHeHTsl u(z, t)
pemenust 3agaqu (1)-(3), (8), (9) momyuaem:

—p

t

u(x7t)_¢10+t¢10+/(t—T)F10<T;CL)dT +

0

+ Z { [ M2keﬂlkt _ Mlkemkt)éblk + (euzkt _ e'ulkt)wlk +
—
—I—/ (7;a) (et =) — emk(E=qr | % cos A+

0
= (1
+ Z - M%eulkt _ Mlkeﬂzkt)¢2k + (6M2kt _ eMlkt)ka +
P

t

—l—/ng(T; a)(e“%(t’T) —e“l’“(t’T))dT sin Agz. (18)

0
3 (9), ¢ yaerom (17), umeem:
o —1 " Pkt Mokt
a(t) = [g (zo,1)] {h (t) — f (zo,t Z 5 /Lucuzk paket ™t — popet )t
k
=

t

+ (o™ — pipe ™ by + / Fo(;a) (p2,eM2 = — 12, et dr | cos Mo+

0
Z [k pon (k€™ — piog €2) do ot (3" — plpe ™ )hoy,
e

t

—l—/FQk(T;a)(ugke“%(tT) —u%ke’“’“t T))dT sin A\gzo. (19)
0

(8), (9) cBeneno k pemrennio cucrembr (18),
z, t() a(t).

Taxum o6paszom, pemenne 3a1a4au (1)-(3),
uii u(
8), (9) yIOBIETBOPAIOT CJIEIYIONHM YCIOBH-

(19) oTHOCHTEIHHO HEM3BECTHBIX (DYHKIL
Honycrnwm, aro gaunbre 3amaqn (1)-(3
M

3)
)

208



XVI Meowcdynapodnas nayuwras xongeperyua
«Judpeperyuarvroe YpasHeRUA U UT NPUAOAHCEHUA 6 MATMEMATNUNECKOM MOJEAUDOBAHUL>

Capanck, 17-20 aseycma 2023 20da

a2
a>0, >0, §_5>0'

¢(x) € C?[0,1], ¢"(x) € L2(0,1),6(0) = (1), ¢'(0) = ¢'(1), ¢"(0) = ¢"(1).

(z) € C?[0,1], ¥"(x) € L2(0,1) , (0) = (1), ¥'(0) = ¢'(1), ¥"(0) ="(1).
f(l’,t), fz(xat)afza:(x7t) S O( T>7 fmm:(xﬂt) S LQ(DT)J f(07t) = f(lat)7 fz(07t) =
fx(lat)v fxw(oat) = f;m(Lt) (O <t< T)'

5. g(l’,t), gx<x7t)vgzx(xat) S C(DT)7 gmxw(xvt> € LQ(DT)J g(ovt) = g(1>t)’ gx<0’t) =
gx(Lt)v ga::c(ovt) = gxx(Lt) (O <t< T)'
6. h(t) € C2[0.T], g(w0,1) #0 (0< 1 <T).

1.
2.
3.
4.

Teopema 2. Ilyemo svnosnsomes yeaosua 1-6. Tozda 3adawa (1)-(3), (8), (9) umeem
eduHCMBERHOE Pewerue.

13 Teopembl 2 BEITEKAET OAHO3HAYHAS PA3PEIINMOCTD 3aaa4u (1)-(5) B cury TeopeMsl
1.

Teopema 3. [lycmv 6binoanAOMCA 6CE YCAOBUA TMEOPEMDBL 2,

/f(x,t)dxzo,/g(x,t)dx:() (0<t<T)
0 0

U 6uNOAHEHDL Yeaosua coeaacosanud (6),(7). Toeda sadaqa (1)-(5) umeem eduncmsenmoe
KAGCCUMECKOE DEUeHUe.
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MSC 34D20

Linear inverse problems for third-order

pseudo-hyperbolic equation with periodic and integral

conditions

R.Sh. Sadikhzada, Y.T. Mehraliyev
Baku State University

Abstract: In this paper we study an inverse boundary value problem with an unknown
time-depended right hand side for a third-order pseudo-hyperbolic equation with
periodic and integral conditions.When solving the original inverse boundary value
problem, the transition from the original inverse problem to some auxiliary inverse
problem is carried out. The existence and uniqueness of a solution to an auxiliary
problem are proved with the help of contracted mappings. Then the transition to the
original inverse problem is again made, as a result, a conclusion is made about the
solvability of the original inverse problem.

Keywords: inverse boundary value problem, third-order hyperbolic equation, Fourier
method, classical solution.
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VIIK 517.93

CTpyKTypHO yCTOIiYnBbIE€ JUHEIHBIE PACIINPEHN
KBAa3UIIEPUOANIECKNX IIOTOKOB HA TOpPE

Caxapos A.H.

Hwukeropojckuii rocy1apcTBeHHBIN arpapHOTEXHOJIOINYECKHH YHUBEPCUTET

Annomayua: B crarbe paccMaTpuBaeTcs 3aIa4Ya O TeOMeTpUU 0bIacTell yeToRInBo-
cru (HEYCTOHYUBOCTH) JIMHEHHBIX KAHOHUYECKUX CHCTEM 2-T'0 TOPSAIKA C KBA3UIEDH-
OMUIECKUME KOI(DPUITHEHTAMA, 3ABUCIIITAMA OT MapamMeTpos. JIiobas Takas cucrema
MMOPOXKIAET TIOTOK, KOTOPBIN MPUHATO HA3BIBATH JIMHEHHBIM DACIITHPEHNEM KBa3WIIe-
PUOAMYECKOro MOToKa Ha Tope. OCHOBOI j1Jisi pelliennst ITOM 33/1a49u ABJISETCA TePEXO/]
K CHCTeMe Ha WHIYIMPYEeMOM TPOeKTHBHOM paccioenun. Ecam 6a3za Top T2, To mpo-
eKTHBHOE pacCIoeHre TpexMepHbIi Top T2 x S'. B mepmogmdecKoM ciydae TaKoif
epexo 1, MPUBOAUT K CHCTEME Ha, TOpEe, He MMEMIIel 0CoObIX TOUeK u siaeek Pubda,
9TO MO3BOJISIET UCIOIb30BaTh Kaaccudeckyio teopuio Ilyamkape-/lamxkya. IIpn u3me-
HEHUU [TaMeTPOB ODJIACTH YCTOWYMBOCTH YePEeyIOTCd C O0DJIACTAMU HEYCTONIMBOCTH,
KOTOPBIM COOTBETCTBYIOT I[E€JI0YUCIEHHbIE 3HAYEHNUS YUCJIa BpameHusd. ['panumbt stux
obJtacTeil mpeCTaBIIIOT COO0i KPUBBIE B MPOCTPAHCTBE MTAPAMETPOB, TIIKOCTh KOTO-
PBIX 3aBUCHT OT TVIAJIKOCTH M3y9IaeMOil CHCTEeMBbI. B KBa3UmepmoaniecKoM Caydae TaK-
JKe CYIIECTBYET XapaKTepUCTUKA, aHATOrnYHas aucay Bpamenus A. [lyankape, — quc-
J10 Bpamieaus cyios. QHAKO, TOJHONW AHAJIOTHHU € MEPUOMUICCKUM CIydaeM 3/1eCh M0~
JIy9UTh HEBO3MOXKHO, O Y€M CBH/IETEJIbCTBYET, HAIIPUMED, CYIIECTBOBAHUE HEIIPABUIIb-
HBIX TIO JIAMyHOBY KaHOHWYECKUX cucTeM. IloKa3bIBaeTCs, YTO CTPYKTYPHO YCTONIN-
BBIM JIMHEHTHBIM PACIIUPEHUSM COOTBETCTBYIOT MPOEKTUBHBIE TIOTOKH, UMEIOIIHAE TBA
UHBAPUAHTHBIX HOPMAaJIbHO TUIEPOOIMYECKUX TOpa (yCTORYUBBIA U HEYCTOWYIUBBII).
Kpowme Toro, B cucremax, 3aBucAmux OT MapaMerpa, MHTEPBAJIBI MOCTOSHCTBA IHUCIIA
BPAIIEHHUS CJIOsi COOTBETCTBYIOT CTPYKTYPHO yCTONYUBBIM JIMHEHHBIM DACIIHPEHHUSIM.

Karouesnie caosa: mTuHEHOE pacimpenune, mokazaTean JIamyHoBa, TpOEeKTUBHBIN MTO-
TOK, 9UCJIO BPAIIEHHUS CJI0sI, HOPMAJIBHO TUIEPOOJINIeCKOe HHBAPUAHTHOE MHOTO00Pa-
3ue.

1. BBeaenue

Cucrema
p=w,  L=Ap)r, (1)
e ¢ = (1, ) — yIuIoBble KoopauHaThl Ha Tope T2, r € R? a marpuna A(yp) asisercs
dbyuKumeit Ha Tope, onpenenser moTok Ha T2 x R2, KOTOPHIil HABLIBACTCS JHHEHHLIM Pac-
MIUPEHreM MOTOKA Ha TOpe. Byaem cautarh, 9To ciael mMaTpuibl A(p) paBeH HYIO, T.e.
OHA TMpeJICTaBUMa B BHUJE

A(p) = a(p) + b(p) + c(p) : (2)

Ecnn kommonenTsl BekTopa w = (1,7) paluoHajbHO HE3aBUCHMBI, TO MOTOK HA TOPE —
KBAa3UNEPUOTUICKCKHNA.

Pacemorpum 3ajia1y 06 yeaoBusiX CTPYKTYPHO# ycrofiduoctu (rpybocru) suHeiino-
r'0 PACIIUPEHUs KBA3UIIEPUOJMIECKOTIO MOTOKA. 110/ cTPpyKTYPHOIT yCTORYMBOCTU UMEeTCs
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BBHLY CJeaytoniee: npu (GpUKCHPOBAHHOM MOTOKE Ha TOPE CYIECTBYET OKPECTHOCTH MaT-
purpl A(p) Takasi, 9T0 BCe JUHEHbIE PACIIMPEHHs] ¢ MATPHIAME H3 3TOH OKPECTHOCTH
MOCJONHO TOIIOJIOTUYECKHN SKBUBAJIEHTHHI.

s kaxioit Touxu (¢, x) € T2 x R? x # 0, MOKHO ONpe/Ie/IUTh YeThipe oKa3aTe, s
Jlsanynosa Tpaekropun (1)), mpoxoxgmeii depes 3Ty TOUKY:

Neya) = Tmsupt X g)al,  M(pra) = Iminft [ X (@l (3)
t—+oo t—doo

Cormacuo cnekrpasbaoit Teopeme ( [1], Teopema 3) MHOKeCTBO Beex mokazareseit JIs-
IyHOBA JTHHEHHOTO PACIIHPEHHs — cnekmp nokasamenet Jlanynosa, upencrapiser coboii
00beJINHEHNE HENePeceKAIUXCsl 3aMKHYTBIX HHTEPBAJIOB, IPAYEM YeThipe MOKa3aTeJIsl
(B) comepxarcst B omHOM M TOM ¥Ke CIEKTPAIbHOM MHTEpBase. B HalmeMm ciyuae CIEKTD
mu6o {—pf, 8}, smbo [, 5], mu6o {0} [2]. Dru cpoiicTBa crekTpa MO3BOJISIOT BBECTH
CJIEJYIONLY IO KJIACCUDUKAIMIO JBYMEPHBIX JIMHEHHBIX DACHIUPEHUT KBASUIIEPUOIAUTECKUX
II0TOKOB HA TODe.

Onpenenenune 1. Jlunetinoe pacuupenue Hasv6aemes

1) pasromepro zunepboaruueckum, ecau ezo cnexmp {—03, B};

2) annunmuueckum, ecau cnekmp {0} u ece pewenus (1)) ozparuuenoi;

3) napabosuueckum, ecau cnekmp {0} u ecmov Kak ozpanuvennvie, MAK U HEOZPAHU-
YEHHDIE PEUWEHUA ;

4) HEPABHOMEDHO 2UNEPOOAUNECKUM, ECAL CNREKMD HeBbPoHcIeHtbl unmepsan [— 3, B].

HepaBnomepno rumepGoinveckue KBa3UIEPUOINIECKHE CHCTEeMbI (HEeNPABHIbHbIE 110
JIsmyuoBy) 6bLtu oTKpBITH B.M. Mummonmukossim [3]. Takum o6pazom, TuHAMEHKA JTH-
HelHBIX pacCIIUpPeHuil HaJ KBA3UIEPUOAUYCCKUM I[OTOKOM CYIIECTBEHHO OTJIMYAETCS OT
HepHOANYIECKOro ciaydasd. lIpenmonoxkenue o ToM, 4TO CTPYKTYPHO YCTOMYHBOCTH 3KBU-
BaJIEHTHA PABHOMEPHO runepboIndHOCTH TpedyeT JONOTHUTETbHOTO obocHoBanus. /s
3TOTO CBeJIeM 33/1a9y K H3y4YeHHIO TUHAMHUKH WHIYIIIPYEMOro IMPOEKTUBHOIO MOTOKA. 1le-

. X2
peiijieM OT OJHOPOJHBIX KOOPAMHAT K adPUHHBIM: W = —, B Pe3yJAbTaTe Uero MmoJayunM
x

1
CUCTEMY

p=w, = (alp) = bly))w’ - 2c(p)w + a(y) + b(w). (4)
DTa cHcTeMa ONpeIeIdeT NPoekmusHvlll nomox, UHIYIAPYEMbI JTUHEHHOR CHCTEMOI.

Komvnaktudukanus ¢ha3zoBoro mnpocTpaHCTBA CHCTEMbI ¢ TIOMOTIHIO 3aMeHbl W = tg 3

(—7 < 0 < 7) npeoGpasyer ee B cHCTeMy Ha TpexMepHOM Tope T3:1
© = w, 0 = 2a(p) + 2b(p) cos O — 2¢(p) sin 6, (5)

rae (¢, 0) — yrmosbie KoopauuaThl Ha Tope T2, [TpOeKTHBHBIN MOTOK OMACHIBACT YTIOBYIO
9BOJIIONMIO PEIIeHuit CUCTEeMbl . Ero moxHO paccMarpuBarb Kak HOTOK Ha Paccjoe-
nun T? x S! ¢ xpasunepumogndecknm HoToKOM Ha Oaze T2. Takske 09EBHIHO, 9TO MEMKIY
CUCTEMAaMH BHUJIA " CYIIECTBYET B3aUMHO OJHO3HAYHOE COOTBETCTBUE.
Konndecrso mybymkarumii, MOCBAIIEHHBIX JUHAMUKE JIMTHEHHBIX pacliupeHuii Ha1 KBa-
3UNEPUOIUICCKUMHE ITOTOKaMHU, Heobo3pumo. Mbl oOpaTuM BHUMaHWe Ha padOTHI, HEIO-
CPEeJCTBEHHO Kacalonuecs obJiacTeil yCTOMIUBOCTH CUCTEMBI . Hanpuwmep, B padbore X.
Bpypa u K. Cumo [4] pacemarpusaercst ypaBHenne Xulia ¢ IBYMs TapaMeTpamMu « u 3

i+ (o + Bpt)z =0
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+1
U KBazunepuoanveckoii pyuximeii p(t) = cost + cosvt, rae v = . 9T0 ypaBHeHHE
9KBHBAJICHTHO CHCTEMe 2
0 1
¢=(L7), = x. (6)
—a® = Bp(p) 0

COOTBETCTBEHHO CHCTEMA HA TPEXMEPHOM TOPE BBIIISIIAT TAK
© = (1,7), 0 =1+ a®+ B(cosp; + cos py) + (a® + B(cos gy + cospy) — 1) cos (7)

sBectro, uro cucrema (1)) Bcerga moxker ObITb IPUBENEHA JIMHEHHBIM 11PE0OPA30-
BaHMEM K TaK Ha3bIBAEMOW PE30HAHCHOW HOPMaJbHON dopme TaKkoil, 4TO MaTPHUIA KO-
3punIerToB He 3aBUCUT OT . ITO NMpeodpa3zoBaHme, MpPeaCTaBseT coboit psaa Pyphe,
KOTODBIl He Bcerja sipjsiercs cxopsiuMcst. B pabore [4] meron wHopmasbroit dbopmbl nc-
HOJIB3YETCS IPU MaJIbIX 3HaUYeHnsX napamerpa (. s 6onpmux [ B 9T0i paboTe CTpOUT-
csl MpUOIHUKEHHAsd MATPUIA MOHOJIPOMHH, COOCTBEHHBIE 3HAYCHHS KOTOPOI OIpeaessior
obJ1acTu I‘I/IHep6OJII/I‘IHOCTI/I|1-I CUCTEMBI B IPOCTPAHCTRBE MapaMeTpoB. Pe3yabraTom 1nc-
JIEHHOTO MOJICTUPOBAHUS SIBJSETCA TaKyKe THIOTE3a O TOM, YTO MPHU JOCTATOIHO MAJIBIX
3HAYEHUSX 3 00/IACTH HEYCTONINBOCTH OTJIEISIOTCS APYT OT APYyTra 00/1aCTIME, B KOTOPBIX
nokazaresb JIgnynoa pasen nyito. Mbl OyjieM uCIo/ib30BaTh cucremy (|7)) s uiocTpa-
IUU HEKOTOPBIX KOHCTPYKIIMI TEOPUH, U3JIaracMoil HuzkKe.

2. CBoiicTBa IIPOEKTUBHOIO IIOTOKA

CroiicTBa TOTOKA Ha Ha paccaoenun T2 x S! MOMHOCTBIO OMpeeId0T THHAMIKY JIH-
HEUHOTrO pPACIIUpPEeHUd.
[Iyctb O(t, o, 00) — pemenune ¢ HAYAJTbHBIMU 3HaYeHUAME (g, ). CymecTByer

npeen
0(t, po, O
o= lim —( Yo 0),
t—o00 t

KOTOPBIH HA3BIBACTCS “UCAOM BPAUEHUA CAOA. DTOT Tpeaes] He 3aBUCHT OT HAUYAJIbHBIX
JAHHBIX U sIBJISIETCSI HEIIPEPBIBHOM (yHKIMe mapamerpoB cucreMsl [5).

JI1060it MOTOK HA TOpe UMeeT MUHUMAJILHBIE MHOXKECTBA. B TaHHOM CJ1ydae ITPOeKTUB-
HBII IIOTOK COXpaHderT ,ZLBOfIHOG OTHOH_IGHI/IdE-I7 9TO MO3BOJIACT ONCHUTDH YHUCJIO MUHHUMAJIb-
HBIX MHOXKECTB: MOTOK, MOpoKaaeMbrit (D)) nmeer smbo 0JHO MHHUMAIBHOE MHOMKECTBO,
au60 1Ba, 6o Top T? mpencrasiasgeT coboit HecueTHOe 0Obe IMHeHAe MIHAMAIBHBIX MHO-
x&ecTs |1, Teopema 8|.

BeegeMm ele 01HO MOHATHE, UT'PAIOIIEE CYIIECTBEHHYIO POJIb IPH M3y YeHUH JTUHEHHBIX
paCIInpeHn.

Onpe,ue.neHI/Ie 2. Pesonarcom Ha3wvieaemcs paceHcmeo

(k,w)+1lo=0(mod 1), (k1)eZ

'Octposa meycroltumsocT o TepmuHoTOTHE cTaTHH [4].
Tycts z,y € R?, {z,y} MaTpwma, cocTapIeHHas U3 BEKTOP-CTOIONOB = i y. Torma, ecim x,y, z, w — 9eThipe
Pa3JIMIHBIX BEKTOPA, TO BEJIMYIMHA
det{z,y} det{z,w}
det{z,w} det{z,y}

Ha3bIBAECTCA ,II;BOI‘/JIHI)IM OTHOIIIEHUEM.
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0 0.2 0.4 0.6 0.8 1

Puc. 1. Ynco BpaleHus €I0gd CACTEMBI npu b= 0.3 u a € [0,1] creBa, ipu a € [0.1,0.4] crpara.

B mamewm cirydae pe30HAHCHI CyIIECTBYIOT TOJIBKO TIpH [ # (), MO3TOMY COOTBETCTBYIO-
mue 3uadenus o Oy/eM Ha3bIBaTh PE30HAHCHBIMHU. B pazjesne 3 Mbl MOKazKeM, 9TO Pe30-
HAHCHBIM 3HAYEHUSIM 0 MOTYT COOTBETCTBOBATH 00JIACTH HEYCTOWINBOCTU JIMHEHHBIX Pac-
mupennit. OOHAPYZKHUTD CYIIECTBOBAHUE PE30HAHCOB MOYKHO BBLIUHC/IALA YHUCJIO BpaIleHUs
caos (puc. 1). CTymeHbKH COOTBETCTBYIOT PE30HAHCHBIM 3HadeHusIM 0. OTHAKO, YHCJICH-
HBIE 3KCIIEPUMEHTHI TOKA3BIBAIOT, YTO He BCAKOMY PE30HAHCHOMY 3HAUYEHUIO COOTBETCTBYET
cTymeHbKa. BBemeM ciieytonee ompesie/ieHue.

Onpenenenne 3. Tosopam, wmo unmepsan (o, B) ABAAEMCA UNMEPEAAOM 36LEaMA Pa-
31>E| 0N NPOEKMUBHO20 NOMOKA, 3ABUCAULE20 OM NAPAMEMPOB, ECAU €20 YUCAO BPGULEHUS
NOCMOAHHO HG IMOM UHMEPBAAE.

J1a noroka na tope T? kpurepuem 3axpaTta asbl ABASETCH OTCYTCTBUE IIOCIOHHOIM
9KBHUBAJECHTHOCTH MOTOKA JIMHEHHOMY

(1'0:17 92@7

re 0 — PaluoOHATbHOE JUCI0 [6]. Mbl moKazkeM HUZKe, YTO B PACCMATPUBAEMON CHTYAITHH
KpUTepreM 3axXBaTa (a3bl SIBISETCS THIEePOOIHIHOCTD JTHHEHHOIO PACIITHPEHHSI.

[Tokazarenu JIgsnyHoBa JTHHEHHOTO pacHIUpeHHs], TOPOKIAEMOrO CHCTEMOIt , BbI-
YUCJISIIOTCS 110 POpMYyJIe

t

1
A+ (o, 6p) = lim i /(QC(wt + o) cos O(s, o, 0) + 2b(wt + o) sin O(s, o, 0p))ds, (8)

t—+o0
0

KOTOpas ABJISETCA CIeICTBAEM IPEICTABICHUS PEIICHUS HETPUBUAJIBLHOIO yPABHEHUS CH-
CTEMBI B BapUAIUSAX JJsT TpaeKTopuu 0(t, vg, 0).

13axBar da3bl — ABJIEHUE, COCTOSIIEE B TOM, YTO aBTOKOJ€0aTeIbHas CUCTEMa IIPU BO3AEHCTBAM Ha HEE Imepu-
OIMYECKY M3MEHSIONMENCST 10 BpEMEHM BHEITHEN CUJIBI COBEPITaeT KoJIe0aHus He ¢ 9acTOTOM aBTOKOJIe6AHMIA, a ¢
9JaCTOTOH BHENTHET0 BO3AEHCTBUA 1JI HEKOTOPOI'0 OTPAHWYIEHHOTO JMAIla30Ha JaCTOTHBIX PACCTPOEK, Ha3bIBA€MBbIX
IIOJIOCOM 3axBaTa.
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3. PopMyaIMPOBKA Pe3yJIbTaTOB

Mot cchopMyTupyeM TeOpeMy O CBOHCTBAX MPOEKTHBHOIO TIOTOKA HA TPEXMEPHOM TODE,
siBJistonieiics 0boomennem Tak Hasbiaemoit «Gap Labeling Theorem» P. /lxxoncona u FO.
Mosepa [7].

Teopema 1. Jlunetinoe pacwuperue £6a3unepuoduieckozo nOMoOKe Ha Mope CmpyxmypHo
ycmotivuso moz20a u moavko moeada, kozda

1) aunetinoe pacuuperue pasHOMEPHO 2UnepbosULHO;

2) HebayscOoaouee MHONCECTNEO NPOEKMUBHO20 NOMOKA COCTNOUM U3 08YT UHEAPU-
AHMHBLET TOPOS (IKCNOHEHUUAALHO YCMOTHUB020 U HEYCMOTUMUB020), ABAAIOUULCA KOHEYHO-
KPAMMHBLM HAKPOIMUEM 0a30L;

3) MUCAO 8PAULEHUA CAOA DEBOHGHCHOE U NPUHAOAEHCUMN HEKOMOPOMY UHMEPBAAY 3a-
reama paso.

JloKa3aTenbeTBO 9TOrO pe3yabTaTa ABIAeTCs MPUMEHEHIEeM OOIIMX Pe3YJIbTATOB TEO-
pun npoekTuBHbIX 110T0KOB JIK. Cesrpeiija [8).
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MSC 34D20

Structurally stable linear extensions quasi-periodic
flows on the torus

A.N. Sakharov
Nizhny Novgorod State Agrarian and Technological University

Abstract: The paper considers the problem of the geometry of the regions of stability
(instability) of linear canonical systems of the 2nd order with quasi-periodic coefficients
depending on the parameters. Any such system generates a flow, which is usually
called a linear extension of a quasi-periodic flow on a torus. The basis for solving
this problem is the transition to a system on an induced projective bundle. If the
base torus is T?, then the projective bundle three-dimensional torus T? x S'. In the
periodic case, such a transition leads to a system on the torus that does not have
singular points and Reeb cells, which makes it possible to use the classical theory
Poincaré-Denjoy. When changing the parameters, the stability regions alternate with
the instability regions, which correspond to integer rotation number values. The
boundaries of these regions are curves in the parameter space, the smoothness of which
depends on the smoothness the system under study. In the quasi-periodic case, there
is also a characteristic similar to A. Poincaré’s rotation number: fiber rotation number.
However, it is impossible to obtain a complete analogy with the periodic case here, as
evidenced, for example, by the existence of Lyapunov’s wrong canonical systems. It is
shown that structurally stable linear extensions correspond to projective flows having
two invariant normally hyperbolic torus (stable and unstable). Moreover, in systems
depending on the parameter, the intervals of constancy of the rotation number of the
layer correspond to structurally stable linear extensions.

Keywords: linear extension, Lyapunov exponents, projective flow, fiber rotation number,
normally hyperbolic invariant manifold.
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VIIK 517.91

IToaxoan! AJid NOBBIMICHUS MOPAIKA aANIPOKCUMAIMN
MeTOo/ia TUAPOANHAMUKA criakeHubix dactun (SPH) na
TJIAJKUX PEIIeHnsIX |

Crosinoeckas O.11., I'puropses B.B., CapBareeBa T.A.

WNucturyT rugpoaunavukyu uM. M.A. JlaBpentrea CO PAH

Annomayus: B pabore 00CyzKIaH0TCSA MOAXOIbI [1Jisl IOBBIIIEHUS IOPSAIKA AIIIPOKCH-
MAalyy MeTOo/a IUAPOAMHAMUKA, ClilazkeHHblx yacrul, (Smoothed Particle Hydrodyna-
mics, SPH) na riagkux pemenusax. [IpuBoauTCsa 9uCI€HHOE DEIIEHUE 331891 O JIBU-
JKEHUU TIOPIIHS B Ta3e, MOKa3bIBAIOTCs MpobeMbl mpu conpsikennn B SPH meromos
BTOPOrO u 00Jiee BHICOKUX TOPSAIKOB C TPAHUYHBIMA YCJIOBUSIMU Ta3-TBEPAAas CTEHKA.

Karoueswie caosa: rumaponumnamuka criaxkennbix dacrui, SPH, Smoothed Particle
Hydrodynamics, merompr 4 nopsiika, 3a/a49a O JBUKCHUHU IOPIIHS B Ta3e.

1. BBeagenue

['uapopnuamuka criaakenubx yactuil (Smoothed Particle Hydrodynamics, SPH) npen-
cTaB/ger cob0il YUCAECHHBIN MeTO/ alllPOKCUMAIUN HECTAIMOHAPHBIX YPaBHEHUN B 4acT-
HBIX TPpoU3BOAHBIX [6]. OcHOBY MeTosa cocTaBseT cnocod BHIYUCIEHHUs TPOCTPAHCTBEH-
HBIX ITPOM3BOIHBIX OT (PYHKIIUU, 3HAYEHUS KOTOPOI 3a/IaHbl B IMOABHKHBIX HEPEryIsapHO
PACIIOIOKEHHBIX B IPOCTPAHCTBE y371aX — JarpaH:KeBbIX JacTuax. /ljis anmpokcuMmanum
ypaBHEHUI 10 3HAYEeHUAM (DYHKIUU, U3BECTHOW B y3/1aX, CTPOUTCH IJIaJKas UHTEPIIO-
Jaupytorias (bYyHKIHs ¢ TOMOIbIO siipa (DyHKIUN paguajbHOro 6a3mca), HOCUTENb KO-
TOPOT'O OXBATHIBAET HECKOJIHLKO COCETHUX YacTUIll. Takoil criocod MHTEPHOIANNT 03HAYALT,
9TO HPOCTPAHCTBEHHOE Pa3perieHre MeToa (TOYHOCTh HHTePIOINPOBAHNSI U BHIYUCIEHHS
IIPOU3BO/IHBIX OT MHTEPIIOSTHTA) ONMPe/IeIAeTCsl He3aBUCUMBIMU [APAMETPAME — DA3MEPOM
sipa h U paccTosTHUEM MeXKIY MOJEJbHBIMHU dYacTUnaMu Az, a TaKKe BHIOM SIpa.

B Hacrosiee BpeMsi 9uCIeHHBIE MOJIEJM MEeXaHUKH CILIONIHBIX cpejn Ha ocHOoBe SPH
UHTEHCUBHO Pa3BUBaAIOTCA. OO 3TOM CBHUIETEIHCTBYET OOTBINTOE KOJUIECTBO HAYTHBIX My0-
JuKanuit, mocssamenusx SPH, a Tak:ke mosgpiaeHne HOBBIX CBOOOIHO-PACIPOCTPAHIEMBIX
KOIOB JJI HCCJICAOBATECAbCKUX U HHZAKCHEPHBIX PACYETOB Ha OCHOBE 3TOro MeToga SPHinXsys
[1], Phantom |2|, min HOBBIX Bepcuii 1aBHO pa3BuBaeMbix K0J0B DualPhysics [3], Gadget
[4]. O630p coBpemenubix gocruzkennit B SPH u HeperenHbx npobaem Juisi STOr0 MeToia
MOXKHO HaiiTh, Hampumep, B [5].

2. Iloaxoapl K moBBIMIEHUIO Topgaaka MmeToga SPH
2.1. Ilo paguycy cria*kmuBaHusd — NCIOJb30BAHNE HEMOHOTOHHBIX dAJEP

B [5] o6cyxmaerca mpobiema KOHCTPYHPOBaHUST METOOB BBICOKOTO MOPSIIKA HA OCHO-
Be SPH n qynresnnHOE BpeMs CyImecTBOBaBIN «bapbep BTOPOTO mopsiakay. CyTh «bapbe-
pa BTOPOTO MOPAIKAa» COCTOUT B HEBO3MOYKHOCTH 3aHYJIUThH UJEHBI MOI'PEITHOCTH METO/IA

*Uccnenosanue nposeneHo 3a cyer npoekra PH® 23-11-00142 https://rscf.ru/project/23-11-00142/
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cTapliiie BTOpOro Mmopsjka Ipu UCIOTb30BAHUN KJIACCUIECKUX 3HAKOOIPEIEICHHBIX S/1ep B
SPH. [ox kraccugecknmu sapavu Oyaem morumarh W (p) — monoxuTenbHy 0 GUHHTHY O
dbyukIHIO pajnaspbroro Gasuca (3HadeHne DYHKIUH 3aBUCHT TOJBKO OT PACCTOSTHUS 10
HYJIST), MOHOTOHHO YOBIBAOIIYI0 0T (), HODMHPOBAHHYIO, T. €.

/ W(o)dp = 1, 1)

1 TaKOBa, ITO ee npeodbpaszosanue Pypoe F(kH )W (p) nmeer cienyiomue cBoHCTBA

2
oVEH 0< F(kH)W(p) < ——,
(KH)W () Nor:

o lim F(kHYW (p) = \/%_ﬂ +o((kH)?).

[Ipu ucnmonn3oBannn Kaaccuuecknx saep SPH mmeer BTOpoit mopsiiok ammpokcnmMa-
UK Ha TVIAJIKUX pelleHusx 1no H-paguycy criaxkupanusd. /s MoBbIIIeHus TOpsaka 10 4
pazpaborunku Meroga SPH [6] npeaioxkwim cKOHCTpYHPOBATE HEMOHOTOHHY0 (DY HKITHIO
paguanbroro 6asuca W, (p) = (A+Bg?)W (¢), e A, B — KOHCTAHTHI, yJI0BIETBOPAIOIIHE
CUCTEMeE

/ (A+ BAW () = 1, / (A+ B W (p)dp = 0. 2)

Tak rpynmna B Yuuepcutere Mandecrepa, BeaukoOpuranus, 3aHIMAIONIAACT Pa3BH-
THEM HJeH 3HAKOIEePEMEHHBIX SJIeP BBICOKOTO IOPSIKA AIIPOKCUMAIAHA HPU MOJIEJHPO-
BAaHUH JUHAMUKH HECKUMAEMOl *KMIKOCTH Ha MPAKTHKE MOKA3aJH 4 MOPSI0K AIIIPOKCH-
manuu |7,8] 1ist siiep, CKOHCTPYUPOBAHHBIX HA OCHOBE 3TOH HIIEH.

[IpencTaBaeHHDIN MOAXOI MOKHO PACIIAPSTH HA MHOTOMEPHBIH CIydaii, a TaKKe HC-
KaTb 00Jiblllee KOJIMYECTBO KOHCTAHT, 3aHyJ/ids 00JIbllliee KOJMYECTBO HHTEIPAJIOB U3

+oo

/(Ao + Arp® + . Ao ®) "W (p)dp = 1, (3)
+o00 +oo
/(Ao + Asp® + .. Aoy 0™ )P W (0)dp = 0, ..., /(Ao + Asp® + . Ag 0" W (0)dip = 0.

(4)
[Ipeamosaraercs, 9To 3TO OY€Hb JEIIEBLIH U IMPOCTOM CIIOCOD MOBBICUTH IMOPSIOK All-
npokcumaruu SPH na rmaakux permenusx mytem 3amensl siapa W (y) Ha sapo

WHn(QO) = (A() + AQ(P2 + ...AgngD2n)g02nW(g0).

2.2. Ilo koIm4eCcTBY MOAENbHBIX YaCTHUIL — UCIIOJIb30BaHUE AAE€P, NUMEIOHINX 00-
Jee ABYX TJIaAKWUX ITPOU3BOIHBIX

B pa6ote [10] mokazaHo, 9TO HOPSIIOK AMMTPOKCHMAIINH PEITEHHsI TT0 KOJIUYIECTBY COCe-
Jielt ompeIesisIeTCst TIAJAKOCThIO (KOJINIeCTBOM HENPEPbIBHBIX TPOU3BOIHBIX ) APa METOJIA.
DTOT pe3ybTaT OBLI MOJYUYEH TEOPETUIECKU U IIPAKTUICCKH.
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JIiist Teopernyueckoro 000OCHOBAHMS TTPUMEHSLICS JTUCIIepCHOHHBIN anan3. [Tyrem unc-
JIEHHOT'O aHAaJIM3a JUCIEPCHOHHOTO COOTHOIIEHHS ITOKA3aHO, YTO MOTPEITHOCTDb BhIUNC/Ie-
Hust (Ha30Boit ckopoctu BojH B SPH HEMOHOTOHHO 3aBHCHT OT PACCTOSTHUS MEXKIY MO-
JeJIbHBIME YaCTHIAMHA. DTa 3aBUCAMOCTH UMEET OCIIMJLINPY O XapaKTep, Mputem av-
IJIATY/IA OCIUJLIAINA yOBIBAET MPOIOPIUOHAILHO BEJIUYUHE % , TIe v — TJIQJIKOCTD
sapa. HemMoHOTOHHAS 3aBUCUMOCTD MMOTPENTHOCTH 3aTPYAHSIET MPAKTHIECKOe UCC/IeT0Ba~
HHE CKOPOCTH CXOIMMOCTH METOA.

Ha npakrtuke cxomumocth Meroga SPH uzydena na 6eCKOHEUHO-TJIAIKOM PeIICHUN
3329l O PACHPOCTPAHEHUH MOHOXPOMATHYECKOH 3BYKOBOW BOJIHBI B Tase. B BuIramc/iu-
TeIbHBIX dKCIePUMEHTaX MOKA3aHO, YTO TEOPETHIECKasl MOIPEITHOCTEL (ha30BOi CKOPOCTH
JIBUZKEHUSI BOJIH IPOIOPITMOHAIBHA HOI'PEITHOCTH CKOPOCTH B 06a30BbIX (PUMYECKHUX IIe-
peMmennbix. st sijiep, npeiacraBisionux coboit mosmHombl Benjananaa riuajakoctn 2 u 4
MOKa3aHa, CXOJAMMOCTb UMCJIEHHOTO PeIeHns K aHAJNTHIECKOMY CO CKOpPOCThIO 2 u 4 co-
OTBETCTBEHHO.

3. BerauucanrenbHbIE IKCIIEPpMMEHTBI

B macrosiieit pabore MbI pacIiiupseM CUCTEMY TeCTOB JI/id U3y YeHUs MOP/IKa alllPOK-
cumanuu SPH. YTobbl uMeTh BO3MOXKHOCTD KOJHYECTBEHHO OIEHHUTH OIMMOKH, BO3HUKA-
IOIHe TIPH ANPOKCHMAIINE MPAHAYHBIX YCIOBHI Ta3-TBepias CTeHKa (B TOM YHCJIe MpU
HCIOJIb30BAHUH OCITILTUPYIONIHX sijiep), OYeM periaTh OMHOMEPHYIO 33/1a4y O JIBUKEHUN
LHOPIIHY B rase.

[Tycts GeckonedHast TpyOa MMeeT HEIPOHUIAEMYIO IePeropojiKy, ClipaBa OT Mepero-

POJIKH HAXOIHUTCsI MOKOSIIUICS MOJUTIPONHKIH ra3 ¢ 7 = —. [leperopoaka (mopurens)
JIBUTACTCS 10 3aIaHHOMY 3aKkoHy (cM. pemenne 3ama4au 4.8 crp. 90 B [11])
2

2¢q v+1 Co ,\ 741
—X(t) = -2y L (1 —t> —1), 5
= X(t) poa Lo +7 (5)

e g — CKOPOCTh 3BYKa B TIOKOsITEMCs Tasze, L > 0 — mocrosiHHas (XapaKTepHbIil JTHHel-
HBIT pa3mep), ¥ — mokasaresb HoJuTpolbl. Torma napaMerpsl ra3a B Tpy0e OIUChIBAIOTCS
C TeYeHNeM BPeMeHHU TaK:

c(x,t) =co+ 1= u(z,t), (6)
0, cot < T < 00,
t) = 2 — ot 7
u(z,t) L . X(t) <z <cot. (7)
v+ 1cogt + L
c(z,t) 2/(v-1) pc2 pOCQ'y/(fy—l)
R e R 0
Co ¥ ’}/Cg/(’y 1)

Yucsennoe penterne 3a1a4u (36), (43), (44) 3 [12] ¢ ncnonb3oBanneM CXeMbl IPHBE-
JICHO Ha PUC. CyeTHble TapaMeTpbl IPEJICTaBJIeHbl Ha CAMOM PUCYHKE.

['paHU9IHBIM YacTUIAM (OTCTOAT OT TOPINHA He Gosee, yeM Ha 2.1 H 3a mopinHem
u 2 H mepej MOPIITHEM) MPeIIHCHIBACTCA CKOPOCTh, TUIOTHOCTh U BHYTPEHHsIS SHEPIHs,
ompejiesisieMasl AHAJIMTHYECKUM DelleHrneM (JaHHBIH ¢ocob He MOXKeT ObITh MPUMEHUM
IpU pelleHny HeMOIEJbHBIX 33Ja4, HO BBHIOPAH /I MUHUMHU3AIUU OIMMOKU, BHOCHMO
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Time = 0.500

value
N
T
I

| | | | | | |
-1.5 -1 -0.5 0 0.5 1 15 2 25
x - coordinate

rho

Pressure s
cg analytics rho analytics

) Vgas
Pressure analytics v analytics

Puc. 1. Pemtenne 3a1a49u 0 BBIABUKEHWHU TOPIITHA W3 Tra3a: YUCICHHOE W aHAJUTUYECKOE perleHne
3as1aun B MoMeHT BpeMenu T=0.5. BeprukajibHasi CHHSS JTUHUSA — MOJIOYKEHUE TTOPIITHS.

Delta = value - value,; Init particles in [0:2.5]: 256; H = 0.05; dt = 1e-05; bc type is 1; Errors in[-0.647134 : 1]

0.03 [ T T T T T T T ]
0.02 |-
0.01 -

Error
o
T

-0.01 -
-0.02 L
-0.03 L

X - coordinate

Delta pressure (max error = 3.419e-02) ——— Delta rho (max error = 4.355e-03)
Delta ¢ (max error = 2.999e-03) Delta velocity (max error = 2.272e-02) —=—

Puc. 2. Pemenne 3a1a9u 0 BBbIABUKEHNN MOPIIHS U3 Ta3a: aOCOMIOTHAS MOTPEITHOCTD PeIleHus.
BeprukasibHast cuHsis JIMHUS — HOJIOKEHUE [TOPIITHS.

ANIPOKCHMAITe TPAHUYHBIX YCJIOBHI), epeMeleH st 9acTHI] PACCIUTHIBAIOTCS CONIACHO
HpeanuCaHHOl CKOPOCTH.

Buamo, 9To MakcuMyM MOTPENTHOCTH HAD/II0IaeTCd Ha IPAHUIE BOJIHBI PA3PEeKEHUs U
HEBO3MYIIEHHOI'O ra3a. JTO TOUYKA, B KOTOPO PellleHre TePIUT c1adblil pa3peiB. Mbr ybe-
JIMJTUCD, 9TO 10 MOTI'PEITHOCTAM B 9TOH TOUKe OYAET MOy YaThCs MEePBBIil TOPI0K AIlIIPOK-
cuManuu cxeMbl 1o H. Kpome Toro, BUaHO, 9T0 J1ayKe IIPH UCIIOJIH30BAHIT aHATATHICCKUAX
3HAYEHUI MaKpoIapaMeTpPOB I'PAHUYHBIX YACTHI], OT IPAHHUILI IIOPIIHA B CTOPOHY HEBO3-
MYIIEHHOI'O Ta3a WAYT KojieOanus nepuojia nopsijaka 2 H. Dtu kojaebanns HapacTaioT 110
aMIUINTYAe 7, TO-BUAUMOMY, HOCAT CUETHBINA XapakrTep.

4. IlpenBapurtesibHblie BbIBOJbI 1 MJaHbI

B pabore mpuBeneHbl MOAXOABI JJIs1 MOBBINIEHAS TOpsaka amnpokcumannun SPH Ha
[JIAJIKAX peleHusx. [IpuBegeHbl pe3yabTaThl YNCJIEHHOTO PEIIeHNs 3a/1a91 O JIBUKEHUH
nopirag MerojgoM SPH. Ilokazano, uro HepelreHHON# 1poO/ieMoil dBJsgeTcd crocob al-
HPOKCHUMAIIMU TPAHUYHBIX ycjIoBHi. MBbI mpeanosaraeM, 9ro ecjd YIACTCA ITPEOI0JeTh
CYETHYIO TeHePAIMIO KOPOTKUX BOJIH OT CTEHKH, TO B 00JIACTH BOJIHBI PA3PeyKeHUsT MOKHO
OyaeT HabIIOATh BRICOKM MOPSI0K anmpokcuMaruu SPH npu ucnonb3oBanuu HEMOHO-
TOHHBIX siJIep MOBBINTEHHON TIaaKocTh. B 3ToM ciyuae 3aja4da o ABUKEHUN MOPIITHS OyIeT
OJIHUM M3 0A30BBIX TECTOB OIPEJEJCHHSI OPsIJIKA allllPOKCUMAIMU MeTo1a. Kpome Toro,
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OTMETHM, 9TO PEIIeHHe O PA3JeTe HEM3IHTPOIUIECKOTO ra3a B BAKYyyM, HE COIEPIKAIICE
cJ1aboro pa3pbiBa BHYTPH DACYeTHOlN 06acTu (/i ra3onblIeBOi CPeIbl TaKOe DerreHine
npuseeHo B [12]), mo-Buaumomy, siBiasiercs oHUM U3 HanbGojiee TIPOCThIX pereHuii (Kpo-
Mée 3BYKOBBIX BOJIH), Ha KOTOPOM MOYKHO Oy/JeT HelOCPeJCTBeHHO HAGJII0IATh BBICOKHI
nop«iok anmnpoxkcumManuua SPH.
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MSC 34D20

Approaches for increasing the order of approximation

of the Smoothed Particle Hydrodynamics (SPH)
method on smooth solutions

O.P. Stoyanovskaya, V.V. Grigoryev, T.A. Savvateeva
Lavrentiev Institute of Hydrodynamics SB RAS

Abstract: The paper discusses approaches for increasing the order of approximation
of the Smoothed Particle Hydrodynamics (SPH) method on smooth solutions. A
numerical solution of the problem of piston motion in a gas is presented, problems
are shown when conjugating second and higher order methods in SPH with gas-solid
wall boundary conditions.

Keywords: smoothed particle hydrodynamics, high order method, piston in gas.
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YIK 517.958:536.2

3ajlaga 0 TePMOJIMHAMUYIECKOM B3aMMOJIeICTBUN CJIOS
qaCTHII C MapPaJjIeJIbHOI MI0CKOCTHIO

Cerpomsico A.O., Exenera [O.I1.

Hanumonabublii uccienosare/ibckuit MopoBeKuii rocy1apcTBeHHBIN YHUBEPCUTET

Annomayusa: CTaBuTCs 3371a9a 0 B3aMMO/IEHCTBUH CJIOST PEJIKO PACTIONOKEHHBIX UIIEH-
TUYIHBIX C(HEPUIECKAX FACTHI] C MJIOCKOCTHIO B MPUCYTCTBUM HEOJHOPOIHOTO TEMIIe-
parypuoro noJisi. Ocoboe BHUMaHUE y/I€JIsSI€TCsl CIy4alo, KOI/la HEBO3MYIIEHHBINA Ipa-
JIMEHT TEeMIIEPATYPbI NOCTOSHEH ¥ TEPIEHIUKYJIsIPeH ILIOCKOCTH, KOoTopas obiaia-
€T MOCTOsHHON TemuepaTypoit. OBCyKIaeTcs TOAX0/] K OIpe/IeaeHuio 3(pdeKTuBHOM
TETJIOMPOBOIHOCTH CJIOST YACTHUIL. Y KA3aHBI BAPUAHTHI YTOYHEHUST YCJIOBUM MCXOTHON
3a/1a4n.

Karwuesoie cao6a: TepMOAMHAMUYECKOE B3amMomelcTBue, 3 deKTuBHAS TEIOnpo-
BOJHOCTH, MYJIbTHIIOJIBHOE PA3JiozKeHne, (DUKTUBHAST JACTHUIIA.

1. O6mag mocTaHOBKA MPOOJIEMBI

B pabore paccmarpuBaeTcss HEMOJBUYKHAS CILJIONIHAS CPEJ/Ia € TEIJIOIPOBOIHOCTHIO
K f, 3aII0JIHAIONIAA IOTyIPOCTPAHCTBO, OrpaHiIenHoe 1maockocTbio W. /g yaobcTsa BBO-
JIATCA JTeKapToBa MPSMOYTOJbHAS cucTeMa KoopamHar OxiTox3, Tak 9To W coBmamaer
¢ TI0CKOCThIO 0122, a TOJYIPOCTPAHCTBO OMUCHIBAETCS HepaBeHCTBOM 3 > (; 37ech U
Janee BeKTop & = (1, Ta, T3) 337aeT TPOU3BOIBHYIO TOUKY CDEJIDI.

Ob6uacts S = {Z|h1 < z3 < hy} MoxKeT copepkarb HHOPOJHBIE chepudecKue Ya-
crunbl 21, (2o, . ... JIist IPOCTOTH CIUTAETCSI, 9TO CBOMCTBA BCEX YACTHI] OJIMHAKOBBI: UX
TeNIONPOBOAHOCTD PaBHA Ky, a paauyc — a. KoamdecTso gacTui, BooOIe roBOps, MOKET
OBITH OECKOHEUHBIM; MEHTP )i PACIOIOXKEH B TOYKE C PAIUYC-BEKTOPOM 7.

[TomoGHBIE cUCTEMBI MOTYT BO3HUKATH B PA3JIMIHBIX TEXHOJIOTMYECKUX IIPOIEcCcax, B
KOTOPBIX CJIOW YaCTHI] B3BECH BBITATHBAIOTCA BJOJb MOBEPXHOCTeH COCYJI0B WU TPYO,
COJIEPZKAINAX TUCTePCHYIO cpely. COOTBETCTBEHHO, MPAKTHIECKUN HHTEPeC MpeICTABIsIeT
CJeTYIONUN BOMPOC: KaK YIOMSHYTHIN CJIOW B3BECH MOXKET HCKA3UTh CYIIECTBYIONIEE B
CILTIONTHOM cpeJie pacrpeeneHue TeMmeparypbl? Jlamsee, MOXKHO JTU paccMaTpUBATH STOT
CJIOM He KaK JIMCHEPCHBIN, & KaK OJHOPO/IHbINA, IPUIIUCAB €My HEKOTOPYIO 3 (PeKTuBHYIO
TeIIOIPOBOIHOCTD !

[Tycts nosesenne Temmeparypsl cpeanl 1y na maockoctn W m B ornanenun ot S
U3BECTHO U SIBJISIETCS CTAIMOHAPHBIM:

Ti(%) = Too(Z), x5 — 0. (1)

I/ICXO,ZLH U3 BblIIECKA3aHHOI'O, MO2KHO C/i€J1aThb BbIBOJ, 4TO BHE€ YaCTUll TeMllepaTypa
YAO0BJIETBOpAECT JIHHGﬁHOMy CTallUOHAPHOMY YPaBHCHHIO TCILJIOIIPOBOJHOCTH:

3aeck A, — oneparop Jlamaaca, BEIYHCISIEMBIH 110 KOOPAHHATAM BEKTOPA, T. AHAJIOITIHO,
BHYTPH KayKJI0# U3 YACTHIL CIIPABEIIMBO YPaBHEHNE

AyTp =0, (3)
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rae 1), — Temueparypa BHYTPH (i, & BEKTOD ¥ = & — T, OTKJIJbIBaeTCs OT HeHTPA (1.
Ha mosepxuocTu cdep OS2y, BHITIOMHIIOTCS CTAHIAPTHBIE YCIOBUSI HEITPEPBIBHOCTH TEM-
nepaTyphl U TEIJIOBOrO moToka |1

or; T,

T =T K1y =ty

T € 0y, (4)
riae 0/0n ecTh IPOU3BOIHAS B HAIPABICHUH BHEITHEH HOPMAJIHN K TIOBEPXHOCTH.
[Tommmo sToro, T), He umeer 0COGEHHOCTEH BHYTPH TACTHIL:

Tp()| < o0, V§eE . (5)

2. CucreMa «IIJIOCKOCTH ILJIIOC OJMHOYHAS YaCTUIA»

Eciim uHOpOAHDbIE BKIIOUEHHS BHYTPH S PACIOIaraloTcs PejKo, TO JJIs ONPeIe/eHIs
O0OIIEro0 MCKasKeHUsT TEMIEPATYPHOTO TIOJIA CJACAYeT NMPEABAPUTENBHO PEIUTh 3a1a9y O
TEePMOIMHAMUIECKOM B3aUMOJICHCTBIU IJIOCKOCTH U €JIMHCTBEHHON 4aCTHUIBL.

3BecTHBI pas3/n9IHbIE OAXO0/bl K OIIMCAHMIO CHCTEM TAaKOTO POJa. B 4acTHOCTH, B3a-
uMoelicTre cpepbl U ILJIOCKOCTH MOYKET OBITh OIHMCAHO MEPEXOJ0M B HUJIMHIPUIECKYIO
cucremy koopauuat [2] wmm meromom orpazkenumit [3,/4]. B macrosimeii paGore mpume-
HSETCS METOJ[ MYJITUIIOJILHOTO Pas3jiozkenus [5]. Dror mojaxom coderaercs: ¢ BBeIEHUEM
¢pukTuBHOM yacTuns M, B3anMoieficTBIE ¢ KOTOPOil PABHOCUJIBHO B3auMoeicTBuio {2 u
miockoctu W.

Urak, Gyaem paccmarpubarh gactuity 2 ¢ nearpom B Touke i = (0,0, h), rie h > a.
[TpenmosoxKuM, 9T0 HEBO3MYIIEeHHAst TeMieparypa B (L) nmeer Bug

Too(f) = Tw + T3$37 (6)

T. €. B HOJLYLIPOCTPAHCTBE, 3aHATOM CIJIOUIHOA CPeol, HeBO3MYILICHHDBII I'PAJUEHT TeMIle-
paTypbl HEPHEHIUKY/ISPEH OrpAaHUYUBAIONIEH IIJIOCKOCTH U ocTosiHeH. Kpome Toro, mycThb
na W 3ajaHa mocTosiHHAST TeMIepaTypa

T, =T ™)

910 ycaosue cornacyercs ¢ ((6)).

Brenem B paccMmoTrpenue ccepy M, pacmonokeHHYIO CHMMETPUYIHO () OTHOCHTETHHO
W n maentuunyio () mo cBoiicTBaM; TeM caMbIM, TIepeiiieM OT TOJyIpocTpancTBa x3 > 0 K
upocrpancrsy Rs, B KOTopoM 3ajiana Ta ke HeBo3MmyleHHas remueparypa Tu (7). Ilycrs
Ha noBepxHocTH JM 3a/aHbl IPAHUYHBIE YCJIOBHsI, aHaornaHbe (4)).

Temmneparypy BHE 4acTHI] MOYXKHO IIPEJACTABUTE CJAELYIONUM 00pa30M:

TH@) = Told) + B OL(E 1)+ PO LpE =9 ok
+HS™ (M) Ls(Z + 7) + Fi53' (M) Lss(Z+7) + ...,
a BaHyTpu ) — B BUJIE

To(§) = Too(7) + A7 () Lo (171 + H" () Ls (@)1 + Fsz"( Q) Las (DI + ... (9)

3nech 5 5
7 - 1 7 i — 7
Ly(Z) = ek L;.;(%) = n o, Lo(Z),
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koaburmenrer H (), F55H(Q), ... me 3apucar or T u .
QyuKnun u @ YJIOBJIETBOPSIOT COOTHOIIIECHUSAM — u . [Ipu VT, nep-

nenukyasgpaom W, noabop cuenmanbabix coorHomennit mexiy HE(Q), FE5HQ), ..., ¢

onHoit cropoust, u H5™ (M), F$3* (M), . . ., ¢ Apyroii CrOPOHbI, TTO3BOJISIET BHITOJIHUTH YCJI0-

sue (7).
Ocraerca maiitn HS™(Q), F55H(Q), ... w AJH(Q), HM(Q), F33(QQ), .. .. lag 9T0ro BbI-
paxenus (8) u (9) nogcrasnsiores B rpanuunsie yeaosust (), a mosydennsie paBeHcTBa

PaCKJIaJbIBAIOTCS 10 TIAPAMETPY 7 < 1. Ilocuie onpenenernus Ko3pUIUEHTOB I3TOrO pas-

JIOZKEHU A 3aJa41y O TePpMOANMHaAMHUYIeCKOM B3aI/IMO,ZLeIU/ICTBI/H/I O,ZLI/IHO“IHOP‘I CCI)epr C IIJIOCKO-
CThIO MOZKHO CYUTATDb pemeHHoﬁ.

3. 9ddekTBHAA TEMJIONMPOBOJIHOCTD CJIOA YACTHIL

[l oTBeTa Ha OCHOBHOW BOMpOC HccienoBanus (06 3hDdEKTUBHBIX CBOMCTBAX CJI0s
YaCTUII) HEOOXOANMO BBIIOJHUTH OCPEIHEHHe IOy deHHoro noss 1y (Z) o 7, yIuThBasi,
YTO TOPU30HTAJIbHBIE KOMIIOHEHTHI STUX BEKTOPOB B OOIIEM CIy4ae OTJIUYHBI OT HYJIS.

Cy1ecTBeHHYIO POJIb B 9TOM JIOJI’KHA UTPATh JIONOJHUTEIbHAS HHMOPMAIUS O PaCIo-
JIOZKEHUHU YACTHUIL: WX MEHTPBI MOTYT OBITH PACIpeleIeHbl BHYTPU €0 S CIyIallHBIM 00-
pa3oM 1 00pa30BbIBATH IIEPUOJIMYECKYIO PelieTKy. B nepBoM ciyvae HeOOXOUMO 3HATD
IJIOTHOCTD PacIpeie/IeHus T, & BO BTOPOM — THII perreTKu (KyOudeckast, FeKCaroHaIbHas
M T. J.) U ee IIar.

Pesynbrarsr ocpeiHenus ciaeyeT CpaBHUTH C PEIeHueM 3a/1a49i O MPOXO0XKICHUN TeM-
[IepaTypHOro IoJs BHUIA @ gepes cJIoit S, 3amoHeHHBI OHOPOIHONW CPeloil ¢ TeILIo-
IPOBOJHOCTBIO K* # Ky. LITOrOM Takoro cpaBHeHHs OyaeT 3aBHCUMOCTB k*(¢), rae ¢ —
o0 beMHas /IO YaCTHUI] B3BECH B CJIOE.

4. BapuaHThl yTOYHEHUS yCJIOBUiI 33191

[TocTanoBKa paccMOTPEHHON BBIINIE 33JaUl MOXKET OBITH yTOUHEHA M JOMOJHEHa He-
CKOJIbKMMH CIIOCODaMHU.

Bo-nepBbix, MOKHO pacCMOTPETh CIy4ail, Korja HeBO3MYIIEHHBIH IPaUeHT TeMIlepa-
TYPBI HaIpaBjeH He nomepek mwrockoctu W u ciost S, a BAOIb HUX, T. €. T, ONUCBIBAETCSI
He ypaBHEHHEM @, a paBeHCTBOM BUJA 1T, = Tix1; Ipm 3TOM yCJIOBHUE TakzKe HeoO-
XOJIUMO Oy/IeT U3MEHUTb.

Bo-Bropsix, yeaosue (7)), B KOTOPOM TeMIeparypa IIOCKOCTH CUUTACTCS U3BECTHOI,
MOXKHO 3aMEHHTL Ha YCJOBUE BHUJA ; TeM CaMbIM, OVIET YYTEHO <«IIPOHHKHOBEHHE»
TEeMIIEPATYPHOTO IOJIsI 3a IPeIeibl OrpaHUIUBAIONIeH II0cKocTH W. DTo moTpedyeT npu-
MICATH HOJYIPOCTPAHCTBY T3 < () HEKYIO TEIIONPOBOAHOCTD, OTJIHIHYIO OT K¢ (B IPOTHB-
HOM CJIydae HOJIy9uTCs 33/1a9a 0 9aCTHIIAX B HeOrDAaHHIeHHOM IIpocTpancTse). O4eBuIHO,
ycaoBue Ha GECKOHEYHOCTH IIPU TOM IPHUJIETCH YTOYHUTH, & napaMmeTpbl (PUKTUBHOM Ya-
CTHIIBI — TIEPECMOTPETh.

Hakoner, B-TpeTbux, MOKHO y4Y€CTH TEPMOJIUHAMUYECKOE B3aUMOJICHCTBUE UHOPO/I-
HBIX YACTHUIl HE TOJIBKO € ILIOCKOCTBIO, HO U JIPYT C JIPYIOM. DTO MOTpedyeT HPOIOPIHO-
HAJIBHOT'O YBEJIMYCHUS KOJIUIECTBA (PUKTHBHBIX JacTHIl. KpoMe TOro, IpuieTcsd BBECTH B
paccMOTpeHHne IJIOTHOCTD YCJIOBHOIO HAPHOTO pacipeaeeHus YacTIl PsIoM JIPYT ¢ Ipy-
rOM, TIOJI0OHO TOMY, KaK 9T0 GbLI0 ¢enano B [6] npu Beruncaenun 3hHeKTHBHON BA3KOCTH
CYCIIeH3WH.
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On thermodynamic interaction of a particle stratum
with a parallel plane

A.O. Syromyasov, Yu.P. Edeleva

National Research Mordovia State University

Abstract: The paper examines interaction of a plane with a slab of rarely placed
identical spherical particles in presence of non-uniform temperature field. Special
attention is paid to the case when undisturbed temperature gradien is constant and
orthogonal to the plane and the plane itself has constant temperature. Approach to
calculation of slab’s effective thermal conductivity is discussed. Ways to refine initial
problem statement are listed.

Keywords: thermodynamic interaction, effective thermal conductivity, multipole expan-
sion, fictitious particle.
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VIIK 519.6

K Bompocy o npumenenun texuosioruu OpenMP gaga
4HUCJIEHHOTO PelleHns MHTEerPajJbHbIX ypaBHEHUIA

Tapacos JI.B., Jlankua B.B.

[lensenckuii rocy1apCTBEHHBI!I YHUBEPCUTET

Annomayua: B crarbe uccienoBana meaecoobpasHoCTh MTPUMEHEHUsT TeXHOJIOTHH Ta-
pastenbaoro nporpamvupoanus OpenMP misa peanusanny pasaHdHBIX CIIOCODOB
YUCJICEHHOI'O PEIEeHUA NHTETDAJIbHBIX ypaBHeHHﬁ. B Ka49eCTB€ METOJO0B DEIICHHuA WH-
TerpajbHBIX yPaBHEHUH ObLIM BHIOPAHBI METOIBI HMEIOIINE PA3HYI0 BHIYACIUTEILHYTO
CJTOZKHOCTB: METOJ, KOJJIOKAITMA U METOJ, KOHEYHBIX 3/7eMeHTOB. B pabore mpemcras-
JIEHbI PE3YJIbTAaThl 3aMepa BPEMEHU TIPU BBITTOJIHEHUUW TapaJljieJIn3Ma KaK OTACTIHHBIX
STANOB pemienus (BbIYUCIEHUE WHTErPAJIOB 110 KBAAPATYPHBIM (hOPMYJIaM, PEIEHUs
CHUCTEMbI JIMHEHHBIX a/Ire0panvdecKux ypaBHEeHUH), Tak U JJisd 3a7a9U B LEJIOM.

Karoueswie caosa: texuonorus OpenMP, unTEerpasibuble ypaBHEHUS, TapaIeTbHbIE
BBIYUCIICHUS.

1. BBeaenue

Peasmsarust 9uCI€HHBIX METOJ0B HEPEIKO Tpebyer 3a/1eflCTBOBATH JOCTATOYHO 6OJIb-
I0e KOJMYeCTBO pecypcoB DBM, 4To HeraTuBHO CKa3bIBA€TCs HA BPEMEHH BBIIOJIHEHUS
nporpamMel. Ec/n ke peaynsyeMblit aroput™ He TpeboBaTeseH K 00beMy OllepaTHBHOIM
MaMSATH, a IPEANOJAraeT JNNIh BLIIOTHEHNS GOMBIIOr0 YncIa apudMeTHIeCKIX Omepa-
]_[I/IIU/I, TO B 3TOH CUuTyanuunu y,ZLO6HO HCIIOJIb30BATh MHOI'OIIPOHECCOPHbIC BbIYUCJ/JIUTEC/IbHbBIC
cucreMbl ¢ oOIelt maMaThio. Ha cerogst mos JaHHbIEe MapaMeTphbl HOJAXOAST JarKe 10-
maraue [TK, ocHalénabie MHOTOSIEPHBIMHU MIPOIIECCOPAMH, B KOTOPHIX KaXK10€ W3 dA/1ep
npe/cTaBiIsger coboil HezaBuCHMOe QYHKIHOHUPYIOIIEEe BHIUUCIUTEILHOE YCTPOHCTRO.

B macrosinee BpeMs CyIIECTBYeT MHOIO TEXHOJIOIHIT KOTOPbIE ITO3BOJIAIOT H0CTATOYHO
JIETKO OPTaHU30BATH I1aPAJLIeJIbHbIE BBIUNCAECHNS, OJHA U3 CAMBIX IOIY/ISAPHBIX HA TEKY-
meit MoMmeHT 310 OpenMP — OTKpPBITBI cTaHAAPT JJIA pacHapasule/IMBaHUsd HPOrPaMM
Ha s3bikax C, C++ u @oprpan. [Jaér onucanue COBOKYIHOCTH JAUPEKTUB KOMIMIATO-
pa, OHOIMOTEYHBIX MPOIEAYD U MEPEMEHHBIX OKPYKEHHs, KOTOPbIE MPeIHA3HAUCHB JTs
IporpaMMHupOBaHud MHOTI'OIIOTOYHBIX HpI/IﬂO}KeHI/IIU/I Ha MHOI'OIIPpOLNECCOPHBIX CHUCTEMaX C
obmeit namarsio [1).

2. IIpumernmocth TexHoJiorun OpenMP asg pereHnss THTErpaJib-
HOTO YpPaBHEHUSHA

K paspaborke mapaJiie/ibHONU HPOrpaMMbl, PEAJU3YIONIEHl pellleHrne MHTErPAJIbHBIX
YPaBHEHU, CTOUT IMPUCTYNATH TOJBKO IIOCJE HAIIMCAHUS 11OCJIeJ0BaTe/bHOI TPOrpaMMBbl
JIJIS. OJTHOTIPOTIECCOPHOI BBIYUCIUTEILHOM cucTembl. U 3arem yike, B ciiydae, KOTJia Bpe-
M BBITIOJTHEHUS WJIW JPYyTHe BBIUYUCIUTEHHBIE PECYPCH OKA3BIBAIOTCHI TMPUOPUTETHBIMMU,
cJaelyeT IepexouTh K HapaJjuie/bHbiM BeruucaenusaM. [lpumenenne OpenMP na a3bikax
C/CH+ cBoauTes K 106ABIEHHUIO B YK€ B HAIIMCAHHYIO IPOrPAMMY JHPEKTHB TPOIECCopa,
KOTOpble 00pabaThIBAIOTCS JI0 HAYA I8 KOMIUIAIHHA IIPOrPAMMBI.
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Koneuno, pacmapa/uienTs MOXKHO He BCe aJTOPUTMBI, & JIUIIb Te, KOTOPbIE COIePKAT
MHOT'OIIOTOKOBBIE YIACTKH, HAIPUMED, Kb

Pertenne mHTErpasibHBIX ypPABHEHWI YHCJIEHHBIME METOJAMH IPE/INOIAraeT CBeIe-
HUE TOCJIeTHUX K AIMMPOKCUMUPYIONEl crcTeMe JIMHEHHBIX aareOpandeckux ypaBHEHUI
(CJIAY). Ilpu sTOoM HaXOXKJEHWe 3JIeMeHTOB pacumpeHHoil mMarpuisl sroii CJIAY, kak
HpaBuUIo, TpebyeT HaXOXKIECHUE MHTEIPAJIOB MM CyMM. Takum oOpa3oM, MOXKHO BbIjIe-
JINTDH CJEIYIONINAE STAIIBI JIJIsT MOCTAeYIONel TapaslIe/IbHON peaTn3aliu:

1) BBIYMCIUTETBHAS CXeMA PEIeHUsT MHTErPAIbHOTO ypaBHeHust, mpuBosamast K CJTAY.
B wacrHOCTH, BBIMHC/IEHHE MHTETPAJIOB WU CYMM, COCTAB/ISIONUX KOIDhUIuenTor 1an-
noit CJIAY;

2) pertenne annpokcumupyiorneii CJTAY.

Bce npescrasieHHbIe STANB PENEHUs] B TPOTPAMMHOM peasn3anun Oy/1yT CoaepKaTh
MUKJIBI, & 3HAYUT U MOTYT OBITH IOJBEPIHYTDH NapaJjuieu3My. PaccMoTpuM Bce yKa3aH-
HbIe ITAllbl HA MPUMepPe pelleHus] HHTerPAIbHOIO YPaBHEHUsT MEeTOJIOM KoJUToKanuil (Kak
GoJ1ee MPOCTON BBITUCIUTENBHOM CXeMe) U MeTOJOM KOHEYHBIX JIEeMEHTOB (KOTODBIi CO-
JIEPKAT 3aMETHO GOJIbIIee YUCJIO0 BBIYUCICHUIT ), ¥ TTPOAHATN3UPYEM BPEMEHHbBIE 3aTPATHI
npu ucnoab3oBanun oubdanorekn OpenMP.

Oran «Brruaucaenme koaddunuenros anmnpokcumupymorieit CJIAY ». B me-
Toge Kosutokamun Kosddunuentor CJIAY ompenensiiorcs Kak 3HAYEHHS OIPEIETeHHBIX
unrerpasios. [logdaepkaem, 4TO e€cjim OHU HE ABJAAETCSH OCOOBIMU, TO B OOJBITUHCTBE CJIy-
9AEeB JIJIS €10 BBIYUCAEHUS JOCTATOYHO IPUMeHeHUsT (hOPMYJIBI TPSAMOYTOIBHUKOB. [lapaJ-
JieJIbHAS peaju3anud pOpMYyJbl MPAMOYTOJbHUKOB ¢ IpuMeHenue Texnosorun OpenMP
K HaXOxKJIeHuo Koyhdunuentos annpokcumupytomieit CJIAY (Hanpumep, B MeToje KOJI-
JoKaImit) npejcrasieHa Ha puc. |1 [2], a pesyabrarel 3amepa Bpemenu — B Tab1.

float rect_integral(double (*f) (double), float a, float b, int n) {
float h = fabs((b - a) / n);
float sum = 8;
#pragma omp parallel reduction (+: sum)

1
# pragma omp for
for (int 1 = ©; i < n; ++i)
sum += f{a + 1 * h) * h;

¥

return sum;

Puc. 1. [Tapanienbuas peanu3aius METOIa NPAMOYTOJBHUKOB € HCOIb30BanueM texuosoruun OpenMP

Jl1s obo3HaYeHns MapaJIeJIbHBIX YIaCcTKOB KOJa HUCIOJIb3YeTcs JUPEKTHBA #pragma
omp parallel. /lupexkTnBa #pragma omp for CIyXKHT Jd pacupeeeHus NTepaIHH
IUKJIa MeXKJIy TMOTOKaMHU; mapaMerp JupeKTuBbl shared coobimaer moTokaM 4TO mepe-
MEHHBIE, ONMUCAHHBIE JIAHHON JUPEKTUBON SABJILIOTCA OOIIMMHU JIjI BCEX MOTOKOB. Kpowme
TOr0, MapaJljIe/In3M JJOCTUrAeTCH 38 CUeT KOJJIEKTUBHON Ollepalldi «+» U IPOUCXOJIUT IIPU
MoMoINA nmapaMerpa reduction JupekTuBbl for.

B ciyuae, Korma Berauciaenue Kodgduiuenton annpokcumupyomeir CJIAY cBomgut-
sl K BBIYUCJICHUIO JIBOUHBIX HHTEIPAJIOB (HATIPUMED, PElleHre HHTErPATbHBIX YPABHEHUH
METOJIOM KOHEYHBIX JIEMEHTOB), TO MX MOXKHO BBIYUCJIUTH ¢ MOMOIIBIO MeToga CumIiico-
Ha. st 3T0r0 06/1aCTH HHTErPUPOBAHUS JEJUTCHA HA 3/IEMEHTAPHBIE TPAMOYTOIbHUKH. A
napaJuie/in3M OyJeM CTPOUTDH O IUKJIY, BBITOJIHSIONIEMY CyMMHPOBaHHE BCEX 3HAYCHUI
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Tabummua 1. Bpems BuIaucienns HHTErpaJia, ¢ TOMOIIBIO (POPMYJIIBI MPSIMOYTOJIHHUKOB

V3unr pazbuenus n | Bpems pacuéra ma ognom siape, ¢ | Bpema pacuéra ma AByX d1pax, ¢
10 0.00015 0.0011
50 0.014 0.032
100 0.093 0.1
500 9.21 5.23
1000 73.35 54.39

10 KazK/IOMy TAKOMY 3JIEMEHTAPHOMY IIPSAMOYTOJbLHUKY, Ije paboraer popmyia:

b d
| [ fdndy ~ E=2

c+d a—+
)+ (5

o

(b—a)(d—c)

b,c) N f(a—Qk

COHA) MO KAaXKIOi U3 0ceil MOKa3aHbl B TabII.

Ta6umia 2. Bpems Boinonsenust Merona CUMIICOHA [/ BLIYUC/ICHHS ABOMHBIX MHTEIPAJIOB B OOBIYHOM

pexuMe u 1pu ucnosibzoBanuu rexuonorun OpenMP

(f(a,c) + f(a,d) + f(b,c) + f(b,d) +4f Ka, 5

b,d)} L 16/ <a—2i_b’c_|2—d)>' 1)

PesyapraTel 3aMepa BpeMeHH HapaJlieIbHBIX BBIYHUCACHUN B 3aBHCHMOCTH OT UHCJIO
Y3JI0B pa3OueHus n Ha moao6aactu (B KOTOPOH UCIOJIb3yercs JokaibHast dhopmyaa Cumir-

c+d

V3anl pazbuenus n | Bpems pacuéra wa ognom siape, ¢ | Bpema pacuéra Ha ABYyX dapax, €
10 0.26 0.48
30 4.89 4.54
50 20.3 16.28
100 156.6 78.2
150 460.2 312.76

)+

Oran «Pemmenne anmpokcumupyitomieit CJIAY». Paccvorpum emmé oaun 3Tar
pereHus Haleil 3a/1a4u, a UMEHHO, PellleHre CUCTEeMbl JTUHEHHBIX aJreOpandecKux ypas-
HeHUi OOJIBIION Pa3MepPHOCTH, KOTOPYIO TaK K€ BO3MOXKHO pacIIapaJlIe/InTh, TaK KakK B
JIAHHBIX AJITOPUTMAX HPUCYTCTBYIOT ITHKJIBI.

B rabur. [3| mpuBeeno BpeMsi periennst CHCTeMBbI IHHEHHBIX aareOpandecKuX ypaBHeHuit
MeToJI0M IK0Ou B ciydae Hcio/b3oBanus Texuoorun OpenMP u 6e3 nee mpu pasTmaHbIX
3HaQYCHUAX Pa3MEPHOCTU CUCTEMBIL. qI/ICJIO IIOTOKOB 6bLHO BbI6paHO PaBHbIM KOJIMYECTBY

sLiep TpOoIeccopa, B HalleM caydae jBa [3].
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Tabuinia 3. Bpems perierns CuCTeMbl JTUHEHHBIX aJreOpandecKuX ypaBHEHUH

Pasmeprocts CJTAY | Bpewms pacuéra mva omaOM siape, ¢ | Bpems pacaéra Ha AByX siapax, C
100 x 100 0.000873 0.00121
500 x 500 0.0214 0.0242
1000 x 1000 0.0915 0.0853
5000 x 5000 2.173 1.228
10000 x 10000 9.254 4.420

[Ipemourenne Meroay fKoOH OTIAHO MOCKOJILKY ANMMPOKCHMHUPYIOMAs Marpuna A
namreit CJIAY, moaydeHHas mocje MPUMEHEHNsT METOIa KOJLIOKAIUH WIH MeTOAa KOHEed-
HBIX JIEMEHTOB, 3a4acTyio OyJeT WMeTh BU OJN3KU K IHaroHaJbHOMY (C CHIBHO pas-
PsIZKEHHOM MaTpuIieil). A st KOppeKTHOi paboTel MeTona k06U Kak pa3 i He0OXOIUMO,
9T00BI THATOHAIBHBIE SJIEMEHTH MATPUIBl A OGbLin HenymesbiMu [4].

TakzKe aHAJIM3HPOBAINCH U ApyrHe ducjaeHHble MmeTonsl pemenns CJIAY. Hampumep,
HCCIeI0BATENb MOXKET OCTAHOBUTHLCS U Ha KjIaccudeckoMm Merose [aycca. OmHaKko JaHHBIH
METO/I, IIOKa3aJl CYIIEeCTBEHHO OoJibliiee obiee BpeMst pacdera [2].

3. AHaiu3 pe3y/IbTaToOB

Meton kosutokammu. Vmes pe3ysibrarhl pacnapasiie/IMBaHusd 4acTeil KyCKOB KO-
J1a, MOYKHO OObeJMHUTH HAPAOOTKHU IMapaJjiieu3Ma ¥ MPUMEHUTH WX pa3oM. B Taldr.
NpeJICTaBJIeHbl pe3yJbTaTaMi BpeMeHH BhioHerus (¢ ucnosab3opannem OpenMP u Ge3)
MeToj1a KoJutokanuu |5, ¢. 543-550] 1isi MOIeIbHOTO ypaBHEHHST:

2

x(t) + /cos(t) cos(T)x(7)dT = sin(t),

0

riae x(t) = sint — TOYHOE perieHue.

Tabaura 4. Bpems pelenns WHTErPAILHOTO YPABHEHHUS METOIOM KOJLIOKAITAN

Vaaer koamoKamnun | Bpemda pacuéra Ha ofHOM sd1pe, ¢ | Bpema pacuéra Ha ABYX dapax, ¢
10 0.0003 0.0013
50 0.017 0.029
100 0.1 0.18
500 11.25 6.69
1000 93.36 59.21
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N3 rab.a. [4| BujgHO, 9TO /10 ONPEIeIEHHOIO MOMEHTa Mbl HE TOJIBKO HE IOJIydaeM yCKO-
peHue, a CKopee 3aMe//IieM BBITIOJIHEHWE TPOTPAMMBI, XOTs M HE CYIIECTBEHHOE, TaK KakK
pedb WAET 0 J0sIX ceKyHJ. Ho Korga 3ajgada CTaHOBUTHCS Oojiee 00bEMHON M TpeboBa-
TeTBHON K pecypcam DBM, mapasienbHbI KO BBIMOJIHIETCS Ky/da ObICTpee KoIa, Hallu-
CAHHOI'O JIJIS OJIHOI'O IPOIECCOPHOrO dAJIpa.

MeToa, KOHEYHBIX 3JIE€MEHTOB. AHAJOTHYHO PACCMOTPUM Pe3yJIbTaThl MapaJiie-
JIN3Ma, METOJa KOHEUYHBIX d71eMeHTOB. B TabJ1. [b| npuBeseHbl pe3yabraTsl 3aMepa BpeMeHn
BBITIOJIHEHUST MeTOJIa KOHEUIHBIX 37eMeHTOB |6} (7], ¢ ogHOBpeMeHnHBIM TpuMeHeHHEM Tia-
paJiiesu3Ma Jiyist OOBIYHBIX U JABOHHBIX HHTErpaJioB [3|. B kadecTBe Mo/eabHOr0 Hpumepa,
OBLIIO BHIOPAHO ypaBHEHUE:

1
/ (3 + ) z(7)dt = —2cos(t?) + cos(t? + 1) + 2sin(t* + 1),

0

riae x(t) = sint — ToYHOe perieHue.

Kak Bugno u3 tabu. [dHb], memonp3oBanne mapasiebHbIX KOHCTPYKIUI ¢ TIOMOIIBHIO
nupekTuB OpenMP MoxkeT mpuBecTH K yBEJIUUEHUIO TPOU3BOAUTEILHOCTH MPOTPAMMBI,
0CODEHHO IpH padboTe ¢ DoAbIIIMU O0beMaMu JaHHBIX. OJIHAKO BO BCEX CJIydasdx HCCJIe-
JIOBATEI0 HEOOXOIMMO TTPABUJILHO BHIOUPATH apaMeTphbl JIUPEKTUB U 0a/IaHCHPOBATH Ha-
IPy3Ky MeKJy MOTOKaMH, 9TOObI n30ezxKaTh OJIOKUPOBOK WJIM MEPEKTI0YEHNi KOHTEKCTA,
KOTOPpbI€ MOT'YT OTpHIATE/JIbHO CKa3aThCA Ha TPOU3BOAUTEJIBHOCTH.

Tab6amuria 5. Bpems BoIoTHEHAS METOIA KOHEIHBIX 9JIEMEHTOB B OOBITHOM PEXKUME U IIPHU MCIOJTH30BAHII
rexunosiorun OpenMP

Pasmeprocts CJTAY | Bpewms pacuéra mva onaOM siape, ¢ | Bpems pacaéra Ha ABYX sapax, C
5 0.63 0.25
15 11.51 2.47
30 67.51 21.48
50 313.36 112.9

4. 3akJ/roueHue

B crarhe ucciemosana 1e/1ecoobpa3HocTh pacliapa/lieJuBaHusd ITPOIPAMMHOIO KOJA
¢ ucnob3opanneM TexHosorun OpenMP mpu dmc/ieHHOM peleHud WHTerPaIbHBIX ypPaB-
HeHuil. Eciin mporpaMMHast peatu3aiis YUCIEHHOIO MeTo1a TpeOyeT 3HaAYMTEeIbHBIX Bpe-
MEHHBIX PeCypCoOB, TO paclapa/LIeJHBaHAe KOIa aKTyaJbHO. B 9TOM ciydae mpuMeHeHHe
rexuostorun OpenMP nocraTouno mpocro. Tak marke Ha ABYXSIAEPHON MalllHe BPeMsI pe-
HIeHUud MHTEeI'PaJIbHOI'O YPpaBHECHUA METOJO0OM KOHEYHbIX 3/JICMEHTOB 6bIﬂO 3aME€THO CHUZKEHO
y2Ke npu paszMepuocru annpoxcumupyiomeii CJTAY pasroit 50, ais MeToaa KOJLIOKAIUu
— 500. Ognako napaanennsm pemteanss CJIAY cienyer BHEADATH /st 3aMETHO OOJIBIITHX
pasMepHOCTEel MaTPUILHI.
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On the application of OpenMP technology for the
numerical solution of integral equations

D.V. Tarasov, V.V. Lapkin

Penza State University

Abstract: The expediency of parallelization of program code using OpenMP technology

for numerical solution of integral equations is studied. Methods with different computational
complexity were chosen as methods for solving integral equations: the collocation
method and the finite element method. The paper presents the results of measuring

the time when parallelism is performed both for individual stages of the solution
(calculation of integrals by quadrature formulas, solving a system of linear algebraic
equations) and for the problem as a whole.

Keywords: OpenMP technology, integral equations, parallel computing.
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VIIK 517.91

Br1bop MeTo/I0B perieHus 3a1a91
barongoMHAMITYECKOTO MOIEJINPOBAHNAS B KOJIJIEKTOPE
TPEIMHOBATO-TIOPOBOTO THTIA|

Vaaubaes P.M.12, Bo6penésa }0.0.2, Iomsakos C.B.23, Tumkun B.®.23

YdumMckuii rocy1apcTBeHHbIN HePTAHON TeXHIIECKU yHI/IBepCI/ITeTl,

NucturyT Hedrexumun u karaauza Y PULL PAH?,
UIIM mv. M.B. Kenapinra PAH?

Annomayusa: Pabora mocBsIeHa YUCIEHHBIM METOIAM PENIeHus 3aIa9u MOIETUPO-
BAaHUS MACCOIEpeHoca ABYX(A3HON KUJAKOCTA B KapOOHATHOM KOJLIEKTOPE. 3312493
OCJIOZKHEHA HAJIMYMEM JIBYX CDEJ, BJIOXKEHHbIX APyl B Apyra (CHUcTeMa TPELiUH U 10~
pOBasi YaCTh KOJIJIEKTOPA), YTO YCJIOKHSIET €€ YMCICHHDIH anammu3. JlJid 4ucIenHoro
peleHnsa 3a/[a4u B OJHOMEPHOM CJIydae pPacCMOTDPEHBI M PeajIn30BaHbl B BUJIE IIPO-
TPaMMHOI'O MOJYJd fABHAsA W HedBHAad PA3HOCTHBIE CXeMbl HA HEPABHOMEDHOH CeTKe.
Brimosinensr BoraucanTeIbHbIE SKCIIEPUMEHTHI, HA OCHOBE KOTOPBIX IIPOBEIEH CPABHU-
TeJIbHBII aHAJIN3 PEAIN30BAHHBIX METO0B.

Karuesvie ca06a: MaTEMaTHIECKOE MOJIETMPOBAHNE, CUCTEMa, YPABHEHUN TBYX(MDA3HOM
dbunpTpanyn, KOJUIEKTOP TPEIMHOBATO-TOPOBOrO THUIIA, THE30IPOBOIHOCTh, TBOWHAS
TIOPUCTOCTD, SIBHBIE U HESIBHbIE PA3HOCTHBIE CXEMBbI.

1. IlocTanoBka 3aja4n

[IpumeHenne YUCIEHHBIX METOJIOB LI PACCMAaTPUBaEMOil B JaHHO# paboTe 3amadn
00yCJIABIMBACTCST HEBO3MOKHOCTBIO DEIlleHns 3aja49n aHajuTuaeckuM merogom [1]. Kax
NPABUJIO, TIPHU PEIIEeHUU 3329 C MPUMEHEHHEM YHCIeHHBIX METO0B PACCMATPUBAITCS
pa3Hble BBIYHCJAUTE/IBHBIE AJITOPUTMBI C IEAbI0 ompeseseHns naubdosee 3 EeKTUBHOrO
[2-5]. Bamaua, mpecraBieHHas B cTaThe, B AaJIbHERITEM OAPAa3yMeBaeT MPOCTPAHCTBEH-
HOe MOJIeJIMPOBAaHNE MAaCCOIEPEeHOca, MOITOMY Ha MEPBOM 3JTalle CTOUT IeJb IOA00PaTh
HAWTYUITAN aJTOPUTM JIJIs PellleHns B OJJTHOMEPHON MOCTAHOBKH.

B pabote paccmarpuBaercs dpuibTpanus AByXdasHoit ¢1abo cxkuMaeMoil XKHJIKOCTH B
paMKax MOJIEJN JBOHHON TOPUCTOCTH B TPEIIMHOBATO-IOPUCTOH cpeie [6, 7|. TpentunosaTo-
HOPUCTYIO Cpeay OyIeM MpeJICTaBIATh B BUJE MeOMETPUIECKONH MOJe/N, KOTOpas OIpe-
JIeJISIETCsT MHOZKECTBOM TIOPOBBIX OJIOKOB [8], 9T0 HEOOXOAMMO JIJIsi OIEHKH HapaMeTpoB
cucTemMbl. Pa3mMepsl TPeIuH MPeBITanT Pa3Mepsl MOP B MOPOBOI 9acTH KOJJIEKTOPa, HO
npu 3TOM 00bEM MX 3HAYUTEJIHLHO MeHbIe, deM B Oji0kax. B cBa3u ¢ 3rum Oyjiem mpe/-
noJiaraTh, 9YTO MPOHUIAEMOCTh TPEIUH MPEBHIIAET MPOHUIAEMOCTh TOPOBBIX OJIOKOB, a
HOPUCTOCTH B CHUCTeMe TPeIlnH, HaoOOpOT, MeHbIle, YeM B MOPOBOM KoJutekTope. [lepe-
HOC YKUJKOCTH TPOUCXOJUT IO TPEIHHAM, a TOPOBble OJIOKH TOJIBKO COJEPXKAT 3aIachl
daronmga. MaccoobMen MexKTy cucTeMaMy MPOUCXOIUT 38 CUeT PA3HOCTH JaBIEHUI.

MaremaTudeckoe ONuCaHTe M30TEPMUIECKOTO MPOIECCa MACCOTIEPEHOCA MTPEICTABICHO
nuddepeHnuajibHBIMU YPABHEHUSIMUA BTOPOI'O TOPSIIKA U COCTOUT U3 3AKOHOB COXPAHEHUS
Macchl 1 uMIysIbca (3axkon Jlapen).

“Pabora BbIIONIHEHA pu GuHaHCOBOI nonnepxke PHO® (rpanr 21-71-20047).
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a (0% aSDl o
OO 050) S eg) 4 ag =0, g = —af =~} (PP —P) (1)
% + v(pwa) — Gy = 07 dy = _qz{; = _pwg)\w (Pf - P )7 (2)
k™ ko (ST k™ Ky (ST
A = #, A= A7 (3)
Ho How
k%Ko (S k“k o
Us = —Mgrad])a, Us = —Mgrad}ja. (4)
Lo L

3nech o = f,m, tne f — cucrema TpemWH, M — CHCTEMa MATPHIL, i = 0, W, TJe 0 —
nedTs, w — Boma, P/ —mmacrosoe masienue B cern Tpemmu ([Ta), P™ — miactoBoe namp-
nenne B Marpune ([1a), ¢/ — mopucrocTs B Tpemuuax, ¢™ — HOPUCTOCTL B MATPHIE, p< —
naorHocTh Hedpi (r/M3), p — mwrorHOCTH Bompl (r/M?), S7 — mackrmennocTs HedyTH /BOIBI
B CHCTeMe TpernuH, S!™ — HaCHIIEeHHOCTh HedyTH /Bojibl B MaTpuile, UY — CKOPOCTH TeIeHHUST
nedpru/Bonpl, q; — nebur xugkocrn (M®/cyr), ¢ — GyHKIMA HEepeTOKa MexKy MaTpHIei
u Tpemunamu, o — ko3dduuuent Tpemunosaroii nopoasr (1/m?), k* — abcosorHas 1po-
HUIAEMOCThH (MQ), krw 1 k., — OTHOCHTEIbHBIE (PA3OBBIE TPOHUIAEMOCTH, [, — BAZKOCTD
nedru ([Ta-c), p, — Ba3kocrs Boxsr (Ila-c).

J1g mocTaBIeHHON 3a/JaYM PacCMAaTPUBAIOTCA CJIeIyoNiue Hada bHble U TPAHUYHBIE
YCJIOBHUS:

f
P™|i—o = Py, P'|i=g = Py, P!|o—0 = P, ortl (5)
Ox

JI1s1 9UCICHHOTO PEIIeHs PACCMATPUBAEMOI CUCTEMBI ypaBHEHUI By X(a3Hoil (huib-
TpaIlUi B KOJLUIEKTOPE TPENINHOBATO-TIOPOBOTO THIA MPUMEHSAINCH jgBa Mertoma IMPES
(HestBHBII IO JaBIeHUIO U ABHBII M0 Hachimennocth) 1 IMPIS (HegBmblii mo gaBienuio u
HeSBHBII 110 HACHITIEHHOCTH) |9)].

Ha mepBom 3Tame s peleHus TMOCTaBIEHHON 3a/1a9W MPOBOIUM PpAacIlellIeHne 1o
duznuecknM mporeccam, B pe3ysIbTaTe KOTOPOro MOTyYaeM CUCTeMY YPaBHEHU JITs mep-
BOro (pyHKIMOHAJILHOIO OJIOKA 110 1be30npoBoaHocTu. Jlajiee cucrema ypaBHeHUil JinHe-
apusyercd 1o meroxy xopua. llosrydennbie audepennuanbubie ypaBHEHUS, TPAHUIHBIE
1 HAYAJbHBIE YCIOBUS ANMPOKCUMUPYIOTCS WX CETOYHBIME AHAJOTAMH IO HESIBHON CXe-
me [10]. B pesyiabrare annmpoKcHMannu MOIydaeM CHCTeMY JHHERHBIX aaredpandecKux
yPaBHEHW, KOTOpPbIe CBOAATCS K OOIIeMYy BUIY:

=l

_Apképlil + Cpképlf - BpkéP,fH = Py, (6)
ko3 burpentsl st (6) BBIVISLAAT CIIeAYIOMHIM 00pa3OM:
m_Am S m_)\m S
q)pk:_Ffs_T (pwa w>~ (poo o)N o™ (7)
(ph) L= (ph)E1n=
T 1 FEIN® wps
Apk = *Yh ( wf ) krf)(k—l/Q) T
[(p,{u)(élf)] =172 \ M S o1y
k
1 TET\”
T (BE) e ©
[(p£>(61f)] k=12 \ o/ 1/

k
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1 LR\
Bpm e ()
[(p )(51f)} 12\ plo g

k
T 1 (P(ijf)s kups
|:<p )(51f)i| hk+1/2 /Lg br1/2 ro(k+1/2) (7

k

(ST~ (&7 f),s (1 — Sf)eLH=
= ~ Puw Py (pg)((glf)z

; : (iff) kupik#ﬁ 1 (iflff) kup?k—l) -

k

T 1 ngf ’ kups 1 gkf ’ k_ups
~ h, 1 f ro(k—l—%) + h. 1 f ro(k—%) +
[(pgj)(slf)} AN AN
k

1
2

— msu—w;;)} +{%<pyw>s<1—ﬁn>} . (10)
{(p 1yeLn” i (ph)@in .

g pemenust CJTAY (6) ucmosb3oBaicst METO/ CKaIsPHON POrOHKH. B pesyibrare
perennst CJIAY monydaem 3naderune gasaenns. [oaydeHHbIe 3HAYEHNS JaBICHAS TTO3BO-
JISIOT TEPefiTH K PENeHnI0 BTOPOro 0JI0Ka OTHOCHTEIBHO MEPEHOCA HACHIIIIEHHOCTH.

[IpuHATO, 9TO HACBHIMEHHOCTH BOJALI U HETH B CYMMe AT eIUHUILY, IOITOMY Ha-
CBIIIEHHOCTDh HePTH BBIPAXKAETCS Uepe3 HACHIIEHHOCTh BOJBI U BCE PACUYeThl MPOBOIATCS
OTHOCHUTEJIBHO BOIBI. [laiee, aHAJOIMYHO ypaBHEHHWIO IJIsI Hbe30IMPOBOIHOCTH, CHCTEMa
ypaBHEeHUI TuHeapu3yeTcs MeToaoM Xop. [loxydennnie nudpdpepeHInaIbHble ypaBHEHU
AIIIPOKCUMHUPYIOTCA HX CETOYHBIMH aHaJIO'aMW 110 SIBHOII 1 HESIBHOHN cXeMe. HOﬂy‘laeM
CJIAY s mepeHoca HACHITEHHOCTE:

_Agwkésfk—l + ngk(ssq{)k B ngkésfk—l-l + Eka(SSqu =0- sz7 (11)

w w

(608)7, +

rj1e KO3 UIUEHTHI BBITISIAT CASIYIONUIM 00pa30M:

A= {[pkf;] (PL = P [k | } (12)

k—1/2 Skt upink
ecJiu Pg < P,il, Agwk >0,
el 1715t / )
Bl = {{pw—ﬂ (Pl =P [y ]* } (13)
Mw k+1/2 whk+1d upink

ecjn Plf < P,fﬂ, ngk >0,

S

f of o f Vs kf 1 f fys+1 /
Cka = <¢ pw)k pw h (Pk+1 - P ) [(kTw)ka] .
% wkd upink

k+
s+1 s
{{ . fh] (PP [(k’”ws:zk]upmk}' "
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B cerounbix ammpokcumanusax a” 3HaUEHUs HA HESIBHOM CJIOE 10 BpeMeHHu t GepyTcs
Ha § + 1 yyKe BBIYHCJIEHHON UTepaluM, ecjii OHU CBA3aHLI ¢ gasjienuem (PS*1) u s-if
HTEPAINH, eCJIH OHH CBSI3aHBI ¢ BOJOHACKHIIIEHHOCTHIO (S5), d1 — Bec 1m0 BpeMeHH.

" " f f
37ech BRIpazKeHue B IepBoil KBaIpaTHOH CKOOKe paccMarpuBaerca ang Py > P, a

BBIpaKeHUE BO BTOPOil KBaJIpaTHON CKOOKe — JI7Ist P,f > P/ffr Od4eBUIHO, IPU JOCTATOIHO
MaJIBIX Tarax mo BpeMeH! ngk - A];wk — ngk > 0.

[Torydennoe ypaBHeHUEe aHAJOTUYHO YPABHEHUIO MHE30MPOBOIHOCTH PEIIAETCS C IO~
MOIIBIO CKaJIHpHOfI IPOrOHKM Ha KazKJIO0M BPEMEHHOM CJIOo€. HpﬂpameHI/Ie JaBJICHUA Ha
UTEPATIH MPEICTABISIETCA CAeLYIOMNUM 00pa3oM:

SP™ = gpmett — pms . §pl = §pistt . pls, (15)

[TpoBeieHbl BHIYHCANTEIbHBIE SKCIIEPUMEHTHI JIsi TecToBOH 3aja4du. Ha puc. 1 mpej-
CTaBJIEHbI KPUBBIE N3MEHEeHNEe BOJOHACHIIMEHHOCTH TI0 TPOCTPAHCTBY TPH PA3JUIHBIX 3Ha~
YeHUSIX MPOHUIIAEMOCTH, KOTOPbIE MOKAa3aJanl, UYTO YeM ITPOHUIIAEMOCTh BBITIE, TeM CKO-
POCTDb HACBIIIEHUE BOJION ObIcTpee.

03775
1.0E-12 m*

LOE-13m*
1.0E-15 m?

0.3750

0.3725

0.3700

0.3675

0.3650

0.3625

0.3600

02 04 06 08 10

Puc. 1. lI3amMenenne BOJOHACHINIEHHOCTH TIO MPOCTPAHCTBY TTPHU PA3JINIHBIX 3HAYEHUSIX TPOHUTIAEMOCTH.

2. CpaBHeHue peaJn30BaHHBIX MeTO/10B (DJIIONI0AMHAMUIECKOTO MO-
JeJMPOBaHNUS B KOJIJIEKTOPE TPENIMHOBATO-IIOPOBOTO THUIIA

HegBublit MeTO/1 110 CpaBHEHHUIO C SBHBIM TpPeOyeT JIOMOJTHUTEIbHBIX BBIYHCICHUN U
peausyercsd cioxkuee. Ha KaxKjoM cjioe cxeMa IpejcTapisgeT coOoif cucTeMy JIMHEHHBIX
ypaBuenunii. IlpaBbie 9acTu 9TUX ypaBHEHUH WU3BECTHBI, IOCKOJIBKY COJEpKAT 3HAUCHUS
peleHust ¢ npeaplaymei urepanun. B meroze IMPIS npu ero peasmsanum urepamnuoH-
HBIIl MPOIECC MPOIOIKAETCA 0 TeX TOoP, IMOKA He JTOCTHTAETCS 3aJaHHAsT TOYHOCTH IO
HACBIeHHOCTH. [Tpr 9TOM TpebyeTcst MeHbIIe BBIYHCJINTEIbHOIO BpEMEHN (PacdeT BeJer-
st ¢ GOJIBITUME BPEMEHHBIMH TITATaMHK ), J1azKe ¢ Y9eTOM TOTO, 9TO yPABHEHHs DEraroTcs
Ha KayK/IOM BPEMEHHOM IIare.

[Tpu peannsanun 3amaun sBHbIM MeTogoM (IMPES) Tpebyercst BecTu pacder ¢ Mabm
IIArOM II0 BpEMEHH, YTOOBI IOIPENIHOCTh Pe3y/ibTaTa OCTaBaJach OrPAHUYCHHOM.

Takum obpazom, peann3oBaB 06a METO/A JIJId PACCMATPUBAECMON 33141, aBTOPHI IIPH-
IILJIA K BBIBOJLY, UTO HESIBHBIN U SIBHBIA METOJIBI PA3JIHYAIOTCS B IOJIX0/Ie K BHIOOPY BpeMeH-
noro mara. B IMPIS merone peannsamust KaKJa0ro BpeMEHHOTO IIara TpedyeT UTepallu-
OHHO CXOJIMMOCTH, HO MBI IIPH 9TOM MOXKEM 33/laBaTh 00Jiee KPYIIHbIE Iard 110 BPEMEHH.
C apyroit cropons, B IMPES anaropurMe Kazkplit BpeMeHHO mIar He 00s13aH CXOIUThCH,
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HO JIJIs TOr0, YTOOBI pelienue ObLIO TOYHBIM, TPUXOJAUTCH BbIOUpaATh OOJiee MEJKuil mar
10 BPEMEHU.

B paMKaX HUCCJICA0BaHUA paCHeThl AJId ABHOU M HESIBHOW CXEMBbI IpOBOANJINCH C OO~

HAKOBBIM TITaroM MO BpeMeHU. B pesyibTare pacyeToB MOTyJYeHHBIE DETIeHNs TP IBHOM
M HESBHOM METOJaX OTJIHYAJINCH HECYIIeCTBEHHO (puc. 2).

0.3605 -

0.3604

03603

03602

0.3601

HacrnieHHOCTE [0 Bolle

0.3600

0.2 04 06 08 10
PaccTofHNe, M

Puc. 2. I3menenne HACBIMIEHHOCTH, PACCINTAHHON IO CXEMAaM:
1 — HesaABHAdA, 2 — ABHAd, 2C — CUMMETPUIHASI.

Jasnee ObLIN MTPOBEJEHBI PACUETHI TI0 CUMMETPHYHON (IBHO-HESIBHOM) cxeme. Pe3yiib-

TaThl CUMMETPHAYHON CXEMBbI OJIHOCTBIO COBLAJIM C PE3y/JIbTaTaMU ABHON CXEMbL (pI/IC. 2).
Jis janpHelmmx pacdeToB Oy/eT MpUuMeHeHa CHMMEeTPUYHAs CXeMa, MOCKOJIbKY JIJIsI Hee
06J1acTh BBIYUCIUTEIHHON YCTONYMBOCTH 10 CPABHEHWIO C sIBHOI CxeMOil 3HAaYMTE/IbHO
upe.

JIuteparypa

1.

lond-Paxt T.. OcHoBbl HeTEIPOMBICJIOBON I'€0JIOTUU U Pa3pabOTKH
TPEIIUHOBATHIX KOTeKTOpoB. [pes.| Kosasesa A.I'. [mepes.| [osoBanosa I1.K.,
Biacenosa B.B., Ilokposckuit B.B. bBapmura H.A. M.: Hexpa, 1986. 608 c.

. bopucos B.E., Kpurckuit B.B., CaBenkos E.B. {IBubie cxembr s 3a1a4q

dbuabrpanun MHOrohazHOro MHOrOKOMIIOHEHTHOTO (BJIIonIa B MOPHCTOil cpese //
[Tpempunter UTIM um. M.B.Keaapima. 2013. Ne 92. 27 ¢

Jlroma A.A., Casenkop E.B. Mogenas aByxdasHoil buabrpanun ¢ peaakcanmeit

OTOKa 1 aHam3 bdexruBHocTr npumenenus siBubix cxem // Ipenpunrer MTIM
M. M.B.Kespima. 2016. Ne 129. 16 c. doi:10.20948 /prepr-2016-129

2Kamuaun P.B., Macarun B.®., IleckoBa E. E., Tumkun B. ®@. [Ipumenenne metona
lanepkuna ¢ paspbIBHBIME Oa3UCHBIMHU (DYHKIMSIMHU K KCCJEOBAHHIO JTUHAMUKA
U3MeHeHHusT TeMIepaTyphl U JIaBJIEeHUS B IJIacTe ¢ HarHeTaTeTbHOW CKBayKHMHOW W
TPeIuHO ruapopaspbiBa // MHKeHepHbIe TeXHOIOrH U cucteMbl. — 2021, — T. 31,
Ne 1. — ¢. 161-174. DOI 10.15507/2658-4123.031.202101.161-174.

. Bimonckmit A. B., Capenkos E. B., MogenupoBanne aByX(}ha3HBIX TedeHHil B

TPeIUHOBATO cpejie ¢ KaBepHamu, Marem. momenupoBanue, 31:2 (2019), 78-94;
Math. Models Comput. Simul., 11:5, 2019, 778-788

244



XVI Meowcdynapodnas nayuwras xongeperyua
«Judpeperyuarvroe YpasHeRUA U UT NPUAOAHCEHUA 6 MATMEMATNUNECKOM MOJEAUDOBAHUL>

Capanck, 17-20 aseycma 2023 20da

10.

Tyraposa M.A. [Topoasr-komnexropsr: CpoiicrBa, merporpadpudecKkne IPU3HAKH,
kaaccudpuranmm: yaebuo-meroanaeckoe mocobue. CII6.: C.-Tlerepbyprekuii roc.
yauBepcuteT, 2004. 36 c.

Yepaunkuit A.B. ['eosornueckoe MojenpoBanne He(PTAHBIX 3aJIexKeil MAaCCHBHOTO
THIIA B KapOOHATHBIX TPEIIMHOBATHIX KoJtekTopax. M.: OAO «PMHTK
Hedreorpauasy, 2002. 254 c.

Warren, J.E., Root, P.J.: The behaviour of naturally fractured reservoirs. J. Soc.
Petrol. Eng. 3(03), 245-255 (1963)

Aziz, H.: Mathematical Modeling of Reservoir Systems. Institute for Computer
Research, Moscow-Izhevsk (2004)

Uzyanbaev, R.; Bobreneva, Yu.; Poveshchenko, Yu.; Podryga, V.; Polyakov, S.
Modeling of two-phase fluid flow processes in a fractured-porous type reservoir using
parallel computations. Communications in Computer and Information Science.
Springer, Cham. 2022, 1618, 276-292.

245



XVI Meowcdynapodnas nayuwras xongeperyua
«Judpeperyuarvroe YpasHeRUA U UT NPUAOAHCEHUA 6 MATMEMATNUNECKOM MOJEAUDOBAHUL>

Capanck, 17-20 aseycma 2023 20da

MSC 34D20

Choice of Methods for Solving the Problem of Fluid
Dynamic Modeling in a Fractured-Porous Reservoir

R.M. Uzyanbaev!?, Y.O. Bobreneva?, S.V. Polyakov?3, V.F. Tishkin?3

Ufa State Petroleum Technological University!, Institute of Petrochemistry and

Catalysis of the Ufa Federal Research Center of the Russian Academy of Sciences?,

Keldysh Institute of Applied Mathematics of RAS3

Abstract: The work is devoted to numerical methods for solving the problem of
modeling the mass transfer of a two-phase fluid in a carbonate reservoir. The problem
is complicated by the presence of two media embedded in each other (a system of
fractures and a pore part of the reservoir), which complicates its numerical analysis.
For the numerical solution of the problem in the one-dimensional case, explicit and
implicit difference schemes on a non-uniform grid are considered and implemented as
a software module. Computational experiments were performed, on the basis of which
a comparative analysis of the implemented methods was carried out.

Keywords: mathematical modeling, system of equations for two-phase filtration, frac-
tured porous reservoir, piezoconductivity and double porosity, explicit and implicit
difference schemes.
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VIIK 519.63

MaTteMmaTniyecKkasg MOJ€eJb KaTaJUTUYIEeCKOTO CTHTE3a
MeTH/I-TpeT-0yTuiaoBoro 3dupal’]

Vemanosa A.AL, Koaemuna K.@. 152

Mucruryr nedrexuvun n karainsa PAH,

Vbumeknii rocynaperBeHubiii HedTAHOIl TeXHIICCKHIl yHIBEPCHTET?

Annomayus: B crarbe Ha OCHOBE 9KCIEPUMEHTAJIBHO PA3PAbOTAHHON CXeMbl XUMUYE-
CKUX MTPEBPAIIEHNI TOCTPOEHA MATEMATHIECKAS MOIEh CHHTE3d, METU/I-TPET-0y THIO-
Boro 3dupa MeKMOJIEKYISIPHOH Jleruaparaiyeii TpeT-0yTaHoaa ¢ MEeTaHOJIOM C HC-
TOJIb30BaHUEM IeoTuTHOrO Karamu3aropa HY ¢ mepapxmdeckoit crpykTypoit. Mare-
MaTHYecKas MOJEJIb OCHOBAHA HA 3aKOHE JeHCTBYIONUX MOBEPXHOCTEH ¢ yIeTOM TIPO-
IECCOB AICOPOIMH U JIeCOPOIUU Ha MMOBEPXHOCTH KaTaum3aropa. Pemenmne obpaTHOit
33739 B BUIIE 331a49W IJI00ATBHON ONTHMHU3AINN TTO3BOJIUIO OMPEIEINTh KHHETHYIE-
CKHE KOHCTAHTBHI.

Karouesvie cro6a: MaTeMaTmdecKoe MOJAETHPOBAHNE, METHUI-TPET-Oy THIOBbIH 3dup,
MEKMOJIEKYJIIPHAS IeTUIPATAIUs, MOIEb JIeHrMiopa—X nHIeIBY/1a, 17100aIbHAs Ol-
TUMU3ALAS.

1. ITocTanoBka 3ajga4n

B nannoit pabore paccMarpuBaeTcss CHHTE3 METUI-TPeT-OyTHJIOBBIX 3(UPOB TpPET-
Oyrano/a ¢ MeTaHo,/1I0M. B KagecTBe KaTam3aTopa ObLT BEIOpaH IPaHy/InPOBAHHBIH MUKDO-
, Me30- 1 MakponopucTstii meosut cocrasa aNa 0.94% HY (HY jymm) [2]-

[TocTpoenne KMHETHYECKOH MOJIE/I COCTOUT U3 IPsIMOit n oOpaTHoit 3amaqan. Jasa pac-
yera HCIOIb30BajIcd makeT npukaagaeix mporpamm MATLAB. Ilpamas 3amada mpen-
cTaB/sger coboil KecTKyio cucteMmy auddepeHuaabibIX ypaBHEeHUH, ee pelleHrne Haxo-
JIUTCS ¢ TOMOIIBIO CIEIIHAJIH3HPOBAHHOIO OJHOIIANOBOTO MeToa 0ode23s, HCIOIb3YIONIETro
moauurposannyo dbopmyny Poszenbpoka 2-ro mopsiika |3|. s permenusi o6paTHOi
KHHETUIECKONH 3aaUl IMPUMEHEeH TeHeTUYIeCKUH aJropUTM TJIOOATbHOW ONTUMU3AINN —
MeTOA pelleHUud OIITUMU3aIUMOHHBIX 3aJdad4, OCHOBaHHBII Ha 6I/IOJ'IOFI/ILIGCKI/IX IpuHOUIIax
eCTEeCTBEHHOro 0TOOpa U 3BoIoNuN [4].

2. Pe3ynbTaThl 1 X 00CyXK/IeHTE

MaremaTndeckoe onnrcaHune MpsSMOil 33 1a91 HECTAIIMOHAPHON XUMHYECKOH KUHETUKN
pe/icTaBiIgeT coboit cucTeMy OOBIKHOBEHHBIX HeJIUHEHHBIX AuddepeHnuaibHbiX ypaBHe-
nuit (COH/Y) ¢ mavanpubivu ganubiva [5] — 3amaay Komm ansa ypasuenust (1) ¢ na-
JaJIbHBIMH YCJI0BUAMH 1pu 7 = (:

J
dz; .
df‘ = Z Vijwj‘, $Z(0) = ZE?, 1 = 1, I. (1)
j=1

3sech x; — KOHIEHTPAIlUsl PEAreHTOB PEAKIMH, MOJIbHBIE JIOJIU; T — YCJIOBHOE Bpe-

*PaboTa BBHITIOJIHEHA B PAMKaX MOCyJapcTBeHHOTO 3amanns UHcturyra HedbTexnmum n katammsa Y PUIL] PAH
(rema Ne FMRS-2022-0078).
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MfA KOHTaKTa, C; V;; — cTexmoMerpudeckue koaddunnentsr; J — Kosndectso craauii; [ —
KOJIMYECTBO BEIECTB; W; — CKOPOCTh j-oif cramun, 1/c.

B pabore npungaTo mpeanoioyKenue, YTO B TeTEPOTeHHOM KaTaJi3e KOMIIOHEHTHI a/l-
CcOpOMPYIOTCS Ha MMOBEPXHOCTH KaTAIN3aTOPa U MPUXOJIAT B COCTOSTHUE TEIJIOBOTO PaBHO-
BeCHs ¢ 9Tol moBepxHOCTHIO [6]. [To OKOHYAHHN PeAKIUH MPOUCXOJUT JTecopOIus 06paso-
BAHHBIX MPOJYKTOB peakiuu. B cBda3u ¢ 3TUM B ypaBHeHHe U3MeHeHUsI CKOPOCcTell cTauit
BBOJUTCS YUI€T JOJIM MOBEPXHOCTH KATAJIN3ATOPA, 3aHATON peareHTaMu, B pe3yJibTaTe Ipo-
[IeCCOB aCcOPOIUN U 1ecOpOINT:

W=k - H (xi)laijl . H (Qi)\am‘\ — k- H (:cl-)ﬂ” ) H (Gi)ﬁiﬂ' ki = k? exp (-%) - (2)

i=1 i=1 i=1 i=1

3/eCh T; — KOHIEHTPAIMs BEIIECTBA, MOJIb/JT; 6 — 10J1s1 TTOBEPXHOCTH, 3aHATASA i-bIM
KOMIIOHEHTOM; (v;; — OTPHIATEILHBIEC SJeMEHTHI MATPUIBI (1/;5); [;; — OIOKUTEIbHBIE JJIe-
MeHTHI (V45); kj, k_;j — KoHCTaHTa CKOpoCcTH j-0if craanu, 1/c; k? — IPEJIPKCIIOHEHINATBHbIE
MHOKHTeH, 1/c; Ej — 9Hepruy akTUBAIMA IPAMOl H 00paTHO peaknuii, Kau/Moib; R —
2 kan/(mosb K); T — temneparypa, K;

Ha ocnoBanuu onucannoit kuuetnku (1)-(2) KuHeTn4IecKne ypaBHEHHsT CKOPOCTEH X~
MUYECKUX peakiuii karaaurudeckoro cuaresa MTBD umeror Bujx (3), rue BemecTsa ¢
KOHIEHTPAIUAMEI I; — IIOCTOSHHBIC, a ¢ 0; — TPOMEKYTOUYHbIE, HOJAydaeMble B CBAZH C
ajcopOnueii n gecopOuueil moCTOSAHHBIX BEIECTB Ha KaTaJlu3aTope:

X0+ X — X1y w1 = k1261
X1 — X+ X7+ Xy wy = kob11
— (3)
Xg+ X0 — X2 ws = kzxgbio
L X12 + X4 — T5 + X10 L Wy = k?4l’4912

X10 - HY, X2 - (CHg)gCOH, X11 - (CHg)gCOHQY, Xg - CHQ, X7 - HQO, X12 - (CHg)gCY,
X4 — MeOH; X5 — (CH3)3COMe; (Hymepaliusi BemecTB u3 obIIel cxeMbl JJist BeeX au-
poB); k; — KOHCTAHTA CKOPOCTH.

COH/LY s3aBucumocTeil KOHIEHTPAIIMH KOMIIOHEHTOB OT T UMEIOT BHJL:

(dl'g_

dr i

doy

[

L5

70 4
dr Wyq ()
dzr _

[

ﬁzm—%

\ dr

Hauanbubie gaunsie npu T = 160° C: x5 = 3.91 a/mounb; x4 = 15.65 j1/Moub; 019 = 1;
r;=0mnpui=>5,8;0; =0mnpui=11,12.

Wexonsd u3 ycaoBUsl KBA3UCTAIMOHAPHOCTH MOXKHO HANTH KOHIIEHTPAIUKA IPOMEXKY-
TOYHBIX OOpasoBanwuit 6; [6]:
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db

— = —W1 +WQ —W3—|—u)14

4

— = W1 — W2 (5)
dr

db;-

— = w3 — W

dr 3 4

Ornpejenenne 3Ha4eHUH KHHETHYCCKAX AapaMeTpPOB BeJleTcd Ha OCHOBE pellleHnd 00-
pPaTHOM 3aJaud — peIraeTcsa 3a1a9a ONTHMU3ANMEA 18 (PYHKIHOHAIA OTKIOHEHHS IKC-
HEPUMEHTAJIBHBIX JAHHBIX KOHICHTPAIMI KOMIIOHEHT OT PACYCTHBIX 3HAYCHHUH. YCJIOBU-
€M BBIXOJA U3 AJrOPUTMa SB/ISIOCh MAHUMAJILHOE M3MCHEHHe 3HadeHus (hyHKIHMOHAIA.
®ynknuonas MuanMu3anun uveer sug (6) [7]:

|x?$p _ xqalc
EE (k) =YY =7 — min, (6)
i=1 p=1 Tip

rae P — KoudecTBO ONBITOB /IS KayK/I0M0 KOMIIOHEHTA,; xf‘zp 171 q:f‘;fc — 9KCIIePUMEHTAJIbHBIE
U paccUuTaHHble 3HAUYEHUS KOHIeHTPaIuii KOMIIOHEHTOB.
Haiinennble npu pemenun odpaTHOR KUHETHUIECKON 3a1a9 YHCJICHHbIe 3HAYCHUA KHU-

HETHIECKUX KOHCTAHT k; npu temneparype 160°C B tabaume 1.

Howmep cramunu | k; (160°C),1/c
1 0.0335
2 0.71
3 0.277
4 0.006

Tabuuia 1. [Tapamerpsr kunerwdeckoii momenu nosyderus MTBD wa HY

Ha puc. 1 npuBesieHbl KHHETHYECKHE 3aBUCHMOCTH (IKCTIepUMEHTANbHBIE U pacder-
Hble) PACXOJ0BAHUsI TPeT-0yTaHOo/a, 0OPA30BAHUA METHJI-TPET-0y TUIOBOTO 3upa.

- - -
-

-
"‘..— [ ]

KonuenTpamus, Moa.10.1.
I

Puc. 1. Kunerndeckue 3aBuCHMOCTY U3MeHeHus KOHIeHTpanuil Tper-Oyranosa (Xg) u MTBD (X5)
npu T = 160°C B npucyrcrsuu HY (CILIONIHbIE IMHUM — DACUETHDBIE JAHHBIE, MAPKEPHI —
9KCIIEPUMEHTAJIbHBIE IAHHDIE).
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CpaBHeHI/IG pPaCUY€THBIX W IKCIEPUMECHTAJIbHBIX JaHHBIX IOKa3bIBa€T, 4YTO KHHETH4Ye-

ckast MoJiesib (3)-(5) ¢ mapaMerpamMu, yKazaHHbIMH B TabunIe 1, HO3BOJISET BOCIPOU3BECTH
Pe3yJbTaThl OIILITOB B IIpeAe/laX MOTIPEITHOCTH SKCIIEPUMEHTAJIbHBIX JaHHbIX.

3. 3akJroueHue

[IpejscraBiaena kunerudeckas Mojeb cunte3a MTBD u onpeenensl napaMeTpbl Mo-

JIEJIH € UCIIOJIB30BAHUEM I'eHEeTHYECKOI'O aJITOPUTMA TJIO0AJIBHOM ONTUMU3AINK IIPU Pelire-
Huu obpatnoit 3aja4u. Iloaydennbie mapaMeTpbl MOJAEIN MOTYT OBITH UCHOJIB30BAHBI IIPH
HPOEKTUPOBAHUK PEAKIIMOHHBIX Y3JI0B MPOMBINLICHHBIX cxeM nosayderus MTBED.
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MSC 544.421

Mathematical model of the catalytic synthesis of
methyl-tert-butyl ether

A.A. Usmanova!, K.F. Koledina!-?

Institute of Petrochemistry and Catalysis of RAS!, Ufa State Oil Technical University?

Abstract: A mathematical model has been constructed based on an experimentally
developed scheme of chemical transformations in the synthesis of methyl tert-butyl
ether by intermolecular dehydration of tert-butanol with methanol using a HY zeolite
catalyst with a hierarchical structure [1]. The mathematical model is based on the
law of active surfaces, taking into account the processes of adsorption and desorption
on the catalyst surface. The solution of the inverse problem in the form of a global
optimization problem made it possible to determine the kinetic constants.

Keywords: mathematical modeling, methyl tert-butyl ether, intermolecular dehydra-
tion, Langmuir-Hinshelwood model, global optimization.
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VIIK 51-76
YcToiYuBOCTh MaTEMATUYECKOIl MOJes1 Pa3BUTUL JIeCca,

[MTanaesa A.A., Mamenosa T.®., Eroposa /I.K.

Hamumonasublil nccaemoBaTebeknii Mop/IoBCKIii TOCYTapCTBEeHHBIN YHUBEPCUTET

Annomayua: Ilpeacrapiera mMaremMarndeckas MOIETb PA3BUTHS JIECHOTO MAaCCHBA.
Mosenp MOXKeT OBITH UCIOIB30BAHA, [IJI YUCIEHHOTO MOETIUPOBAHNS CUCTEMBI C Iie-
JIBIO UCCJIEJIOBAHUSA yCTORYMBOCTHU PELIEHUs K HEIIPEPbIBHbIM BO3MYIIIEHUAM U IIOUCKA
11apaMeTpoB MOJIE/IU C dJIEeMEHTaMU ylIpaBJIeHUs.

Karouesvie caosa: MaTemaTndeckas Moienb, Mogens Jlorku-BoabTeppa, jgecnoit mac-
CHUB, CUCTEMA OOBIKHOBEHHBIX M MepPEHITNANIBHBIX yPABHEHNI, YCTONINBOCTD.

B mannoe Bpems Bce 6oJ1ee MpUCTAIbHOE BHUMAaHNE OTBOAUTCS MpobhIeMe coOXpaHeHUsI
U BOCCTAHOBJIEHUS PUPOJIHBIX PECYPCOB, B YaCTHOCTH, JIECHOT'O MaccuBa. [[ocko/IbKY Jiec-
HOIl MacCHB B CBOEM MHOT00ODAa3NH sIBJISIETCS HE TOJIHKO BayKHEHIITIM (PaKTOPOM, OKa3blBa-
IONUM CYIIECTBEHHOE BJIUSHHE HA IKOJOIHYECKUE TPOIECCHl, HO U UI'PAeT OOJIBIIYIO POJIb
B XO34UCTBEHHON W MPOMBITILIEHHOMN JIedTeTbHOCTH YeioBeka. Mudopmanus o cocrosgnnu
U JIMHAMHUKE JIECHBIX MACCHBOB IBJIAETCA HEJOCTATOYHON W HE OTBEYAET COBPEMEHHBIM
TPeOGOBAHUAM KOJOTHIECKOI0O MOHUTOPUHTA, HE JIAeT TOYHOI'O OTBETA Ha BOIPOCHI, KAKOE
KOJIMYECTBO JIPEBOCTOSI BO3OOHOBJISIETCS €CTECTBEHHBIM MYyTeM, B KAKOH MOMEHT BpEeMEHH
HEOOXOIMMO MPHUBJIEKATH YeJIOBEUECKHH pecypc.

Oaun u3 cuocobos MO/IC€JIUPOBAHUS JUHAMUKU PaA3BUTUS JIECHOIO MaCCUBa OCHOBbI-
BAETCS B PA3JIeJIEHUH BCEX eJMHHUIL JIECHOTO MACCUBA (/IePeBheB) HA BO3PACTHBIE I'DYIIIIHL.
BuigBiieHo, 4TO JIepeBbs Pa3HBIX BO3PACTOB MMEIOT ONPEIEIEHHYIO CTEIeHDb BJIUSIHUS B
JUHAMUKE YUCJICHHOCTU U KaYeCTBa JKU3HEAeATeJbHOCTU APYT ApyTra, B YaCTHOCTH, Jiepe-
Bbsl PA3HOTO BO3PACTa OTJIMYAIOTCS BBICOTOMN, TMaMETPOM CTBOJA, MOTPEOHOCTHIO K CBETY
U B TEJIOM JIOCTYIHOCTBIO K HeMy. Tak, /iepeBbsl cTapIIero BO3pacTa OKAa3bIBAIOT CHJIb-
HO€ BJIUSIHHE HA KOPHEBYIO CHCTEMY MOJAPOCTa (JIePeBhEB MIIa/IIero Bo3pacra). B pabore
chOpMYIUPOBAHBI OCHOBHBIE TPeOOBAHUS K MOJIE/IM M HCXOJHDBIE JAHHBIE JIIs MOIEeJIHPOBa-
HUs, TIOCTaBJIeHA KOHIENTyaIbHast (POPMYIUPOBKA JaHHOMK Mojaen n. B yacTHOCTH, BayKHO,
4TOObI JIECOHACAK/IEHUS PA3BUBAJIUCH HA 3aMKHYTON OJIHOPOJIHON TeppUTOpPUHU, C OJIMHA~
KOBBIMHI KJINMATHUYCCKHMH N HE BJAUAIOIMIMMNI Ha HEe FeOFpaCbI/I‘{eCKI/IMI/I YCJIOBHAMHU, BCe
JIECHbIE HACaXKJIeHWS Pa3HbIX BO3PACTHBIX (HUTYDP ObLIM PABHOMEPHO DPACIpEJIe/IeHbl Ha
sToit Teppuropun. Konkypeniusa u mpeob/iajanue OTAEILHBIX BUJIOB MONMYIAIHI HCKIIO-
4eHa.

B ocHoBe mocrpoenus MareMaTHdecKoil MOJIJIHM BBIOpaHA MOJIE/b B3auMOJeicTBUS
JaByX u Gosee coobmmects Jlorku-Bossreppa [1.

Haubosee cioxxuoit u akTyaabHOM MpodaeMoit MOIe/IMPOBAaHUS PeaJbHBIX IIPOIECCOB
SBJISIETCSI OTpeeeHne TapaMeTpoOB MOIEHN, TAKUX, YTOOBI OHE HAnbOJIee TOUHO OTparKa-
JIK COCTOAHUA U Pa3BUTUE CUCTEMBI.

[Tyctb x;(t) — KOIMYECTBO JiepeBbeB B i-0ff BO3PACTHON IPYIIIe B MOMEHT BPEMeHH t,
riae t = 1,n, Tae n — KOJTYeCTBO KJIACCOB Pa3OHeHns.

Boimo npubagaTo pasaennTh Bech JIECHOW MaCcCUB HA TPU BO3PACTHBIE KATErOpHU: JAepe-
Bbsl CTApIIEro BO3pacTa, CPeIHero u MoapocThl. KosmdecTBo KaaccoB pa3dueHus IpuMeM
3HAYEHUEM paBHOE TpeM (n = 3).

Beesmem 0003HAYEHHUsS: & — JAPEBOCTOH MJIaJimell rpymisl (HOJPOCTHI), Yy — CpeIHe-
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BO3DACTHBIE JIEPEBbs, 2 — JepeBbs cTapiieil Bo3pacTHO# rpymusl (mepecroit), a(y,z) —
dbyHKIH, XapaKTepu3yolnas CKOPOCTh POXKJIEHHs JePeBbeB MJIAJIIIero Bo3pacta, y(z) —
dyukImMg rubesm JepeBheB MJIAJINEro Bo3pacTa; r u h — koxddunuento rubesm jaepe-
BBEB CTapIeii BO3PACTHON TPy (BTOPOil M TpeTheii); g M ¢ — MHTEHCHBHOCTH Mepexo/ia
JIepEBBEB B CJEMYIONIYI0 BO3PACTHYIO I'DYIILY.

B pesyzibprare 6pl71a ONyUeHa ceayomasg cucreMa auddepeHnnaabHbX YPaBHEHHI:

(d

g—f: oy, 2) — Y(2)z — g(x),

d—gzzg:ﬁ—qy—ry, (1)
dz B L

|z =W h=

[IpencraBaeHHas MOIEIh TO3BOJISAET OMUCATE TMHAMUKY JECHBIX HacaxKaeHnii mo Pec-
nyosimke Mopaosus. OiHako, jijis 60Jiee MOJTHOTO UCCIeI0BAHMS MOJIEIN HeOOX0 MO IIPO-
AHAJU3UPOBATH BIHSHUE YeJOBEKA Ha IPHUPOIY, HOCKOJBKY dYe0BeUYeCKas JIedTebHOCTh
SBJISETCS BayKHBIM (haKTOPOM, KOTOPBI HEOOXOIUMO YUHTHIBATH KaK g 3(hDEKTUBHOTO
HCIIOJIB30BAHUS PECYPCOB, TaK U I COXPAHEHUS ITPHPOILL.

Moesib MOZKeT OBITH UCIOJIB30BAHA, JIJIs1 YHCJIEHHOIO MOJICIUPOBAHUS CUCTEMbI C Ie-
JIBIO MCCJIEIOBAHNS YCTORYMBOCTU PENIeHUS K HEIIPEPBIBHBIM BO3MYIIEHUSIM U IMOUCKA, T1a-
paMeTPOB MOJIEIN C dJIeMeHTaMHu yIpaBaeHns. TakKe MOXKHO BBISIBUTH XapaKTepHBIE pe-
JKUMBI ¥ HCCJIEIOBATH JOMYCTUMOCTD MOy YeHHBIX Pe3yJIhTaTOB.

BakHO OoTMeTHTH, 9TO Jieca sBJIAIOTCA BaKHBIM PECYPCOM LI 9eJIOBEUeCTBA, II0-
CKOJIbKY OHHM 00€CIIeYUBAIOT KHUCJIOPOI U SIBJIAIOTCA JTOMOM I MHOIHX »KUBOTHBIX. OI-
HAKO HEyMepeHHAas BRIPYOKa JIECOB MOXKET IIPHBECTH K CEPBE3HBIM IKOJOTHIECKIM ITOCJIE/I-
CTBHSM, TAKAM KaK YXYIIIeHHEe KadeCTBa IMOYBHI U CHUKeHHe OmopasHoobpasus. IToaro-
MY HCIOJIb30BAHHE TAHHOW MOIEIN MOMKET IIOMOYb B Pa3zpadOTKe YCTONIUBLIX CTpaTeruit
yIPAaBJIEHHUS JIECHBIMU PECYPCaMu, KOTOPbIE YIUTHIBAIOT KAK SKOHOMUYECKHE, TaK U KO-
Jorugeckue acmekTsr |2} 3.

Takzke, Mome/ b MOXKET ObITH HCIIOIB30BAHA /I ITPOTHO3MPOBAHUS OVAYIIHX H3Me-
HEHUI B JIECHBIX HACAXKIEHHUAX W /I OUEHKH 3OPEKTUBHOCTU PA3INUHBIX TTPOTPAMM
JlecoyIpaBieHus. B memom, oHa gBISeTCa BaKHBIM HHCTPYMEHTOM JIJTsl HCCJI€IOBAHUS JTH-
HAMMKH JIECHBIX HACAZKICHNN U UX YIIPABJIEHAS U MOXKET IIOMOYb B CO3TaHUH YCTONIUBBIX
CTpaTeruil yupapaeHus pecypcaMi U COXPAHeHUN TPUPOIbI I OYAYIIUX MOKOJIEHHHA.
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MSC 94M60

Stability of the forest development’s
mathematical model

A.A. Shalaeva, T.F. Mamedova, D.K. Egorova

National Research Mordovia State University

Abstract: A mathematical model of forest development is presented. The model can
be used for numerical simulation of the system in order to study the stability of the
solution to continuous disturbances and search for the parameters of the model with
controls.

Keywords: mathematical model, Lotka-Volterra model, forest, system of ordinary
differential equations, stability.
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VIIK 517.9

K Bompocy 00 uccijiegoBaHuM BBIHYKJIEHHBIX KOJIeDaHMit
JIMTHEWHON CUCTEeMBI JIByX CBA3aHHBIX OCIHUJIJIATOPOB
BOJIM31M pe30HaHCa

[Mamanaes I1.A., Ocunos JL.A.

HammonasbHbI nccaenoBaTe bkt Mop/10BCKUil TOCy/1apCTBEeHHBIN YHUBEPCUTET

Annomayua: B macrosmeit pabore meromom Jlsmyrosa-IlImuara uccmeayercs mare-
MATHYECKasd MOJIEIb KOJIeOAHUIl B CUCTEME JIBYX CBA3AHHBIX OCHUJIATOPOB BOIU3U
PE30HAHCA C MaJIbIM MMapaMeTPOM TPU YCJIOBUHU, YTO HA CUCTEMY JEHCTBYET BHEITHSIS
MEPUOIMYECKasi CUJIA C TPEMS COM3MEPUMBIMU 9acTOTaMu. Pa3paboTanubiii Ha OCHOBE
verona Jlamynosa-IllMuara anroputM peann3oBaH B MATEeMATHIECKOW OubimoTeke
SymPy Python. B kadecrBe mpumepa paccMOTpeHA HEKOTOpasi CHCTEMa ¢ (DUKCH-
poBaHHBIME Tapamerpamu. Jljis Hee HAMIEHO HEePUOIMIECKOe DPEIeHne, MOCTPOCHbI
rpaduKu KOMIIOHEHT TTEPUOINYECKUX PeIieHnit n (ha30BbIX TPACKTOPHIA.

Karuesvie ca06a: CBI3aHHBIE OCIUJIIATOPDI, BHIHYKICHHBIE KOJIEOAHNUsI, TEPUOIATE-
CKHue peIeHus, Masblil napamerp, meron Jlanynosa-IIImuara, pesonanc

1. Beruucienue nmepmogmvecKoro penieHus JIMHEWHON CruCcTeMbl
JABYX CBS3aHHBIX OCIUJIJISTOPOB BOJIM3U PEe30HAHCA

B paborax |IH3| mpuBemenbl pe3ysibTaThl HCCJIEIOBAHUsS BBIHYZKJIEHHBIX KOJIeOaHUil
OJIHOIO M JIBYX CB3aHHBIX OCIM/LIATOPOB BOJM3U PE30HAHCA ¢ MaJbiM IapamerpoM. Ha-
cTodImag paboTa IPOJOJIKAET UCCIeI0BAHIe TAKAX CUCTEM IIPU YCJIOBHH, YTO HA CUCTEMY
JIeHCTBYeT BHEIMHAL MEePUOANYECKAsA CUIA ¢ TPEMS COU3MEPUMBIMU JaCTOTAMHM.

PaCCMOTpI/IM MaTEeMaTUYE€CKYIO MOAEJIb BbIHY2KJ/ICHHbIX KOﬂe6aHI/H71 ABYX CBA3aHHbIX
OCIUILIATOPOB BOJIM3U PE30HAHCA ¢ MaJbiM mapamerpoMm [3)4]

. k
G + (n} + edir)qr + (——3 + 5d12> @ = Fi(t),
™ (1)

) k
Go + (—m—3 + 5d21> ¢+ (n3 + eda)qa = Fa(t).
2

e qi, go — obobmennbie koopaunatel, k; > 0 (i = 1,3) — koadduiuents KecTKocTH
NPy KUH, N7 = %, n3 = % — mapnmanbHble 9acToTsl, d;;, (i,7 = 1,2) — mexo-
TOpBIE BGH_LGCTBGHHB%G HapaMeprl,25 — MaJIblil BEIIECTBEHHBIH mapameTp, My, Mg — MacChl
IPY3UKOB (OCIUILISITOPOB).

Byaem npeanosararh, 9T0 Ha OCHMLIATOPHI JCHCTBYIOT BHENTHUE CHUJIBI 1O CJIEILYIO-

eMy 3aKOHY

Fi(t) = rygsin(wit + 011) + riz sin(wat + 012) + 713 sin(wst + 013), )
)

Fg(t) =791 Sin(wlt + 921 + 7o9 sin(wgt + 912) + To3 Sin(u);;t + 023),

0 Tgs, Oks, wp € R, (K =1,2;5=1,3), w1 = aws = Pws, a, € Z.
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Cdopmynupyem 3amady I CHCTEMbI [5,6]: mpu mocrarouro MaaBIX BenECTBEH-
27

HBIX € HafiTu —-nepuoandeckoe peutenue ¢ (t,€), ¢o(t, €) cucremst (1)), upu yciaosun, uro
w

1
nafirennoe pemtenue ¢ (t, ), q2(t, ) yA0BIETBOPSET YCIOBHUIO
Q(t,0) = Q1(t), ¢t 0) = Qa(1),

2w
rae Q1(t), Q2(t) ecTb —-IepHOUYECKOe PEIleHHe CHCTEMBI

w1
3} , ks
1 +niQ1 — —Q2 = Fi(t),
A (3)
Q2 — —Q1 +n5Q2 = Fy(t).
ma
2T
J1191 HAXOXKAEHUST —-[I€PUOINUECKOI0 PEIeHUs] CUCTEMa, HPUBOJIUTCHA K HOPMAJIb-
w1
HOli popMme, Tocte yero npumensiercss Mero JIsnyrosa-IlIMunra, usnoxenusiii B [6]. Cy-

2T
[ECTBOBAHUS —-IIEPUOJIUMICCKUX PEIIEHUI CUCTEeMbI obecrieanBaercst yeaosusimu [6),
w

1
HAJIArAeMbIMU Ha IapaMerpbl BHemHux cui (2)). Dru yerous uveror s
rn=rie=ry, bOh=0, 0p=~0+m, (4)
To1 =Toy =Ta, bo1 =0, Ooy = 0o, (5)
rie g, Ok, (k= 1,2) — mpou3BOIbHBIE BeleCTBEHHbBIE TTApaAMeTPHI.
B kauecTBe mpuMepa paccCMOTPHM CHCTEMY CO CJEAYIOIMMI 00e3pa3MepeHHBIMI
napamMeTpamu
mi=mo=1, ni=n3=10, ky=ksz=6, (6)
dip = =2, dyp=2, dig=dy=0. (7)

SHaveHnsl YaCTOT BHEIIHUX CHUJI IMOJIOZKUM PaBHBIMHA
W1 = 2, Wy = 4, W3 = 8. (8)

g npoBejienusi pacyeToB Ha ocHoBe Meroja JIanynosa-IIImuara pazpadboran ajro-
PUTM, KOTODHIif pean30BaH B MaTeMaTH4ecKoil ombanorexke SymPy Python.

B pesysibrare mpoBeieHnsT BEIYUCIATETHFHOTO YKCITEPUMEHTA JJIsT CHCTEMBI ¢ mapa-
merpam ([4)-(8) mouyueno m-nepuosuieckoe perenue

1 ] 1 . e—24 )
q1 (t, 5) = —2—67”1 sm(2t + 01) — 2—87“2 SlH(4t + 92) — m?“g Sln(St + 93), (9)
(£.2) = ——py Sin(2E 4 0y) — 1y sin(4 + 0) + — 2 sin(8t + 65)
€)= ——r1s1n — —T9 81N ——— T3 S1n .
it 2! Vg 2T 2 —0) " ’

13 dopmya (9) caexyer, uro xkomumonentst ¢i(t,€) u ga(t, &) T-1EPHOANIECKOrO pelie-
HHUA CHCTEMBI

1) HeIpEepLIBHO 3aBHCAT OT HapamMerpos ry, Oy € R (k = 1,3) suemnux cun (2));

2) UMEIOT TIOJIIOC TIEPBOTO TOPSAIKa B Touke ¢ = 0, u, ciegoBaTeabHo, mpu € — 0 He
CTpeMATCdAd K COOTBETCTBYIOIIUM KOMIIOHEHTaM CUCTEMbI .
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2. I'pacdukn nepumoagnmvuecknx perteHnii n (pa30BbIX TPAEKTOPUii

st mocTpoeHust rpapuKoB T-TMEPUOIUIECKIX pellleHuilt n (pa30BbIX TPACKTOPHl CH-
CTEeMbI 1o popmyJiam @D B KQUeCcTBe MapaMeTPOB BHEITHUX CHJI BbIOEpEM CJIeJ1YTO-

e
T = 05, 9 = 03, s = 10,
8120, 92:9327'('.
Ha puc. |1|u 2| npusegensr rpadukn kommonenT ¢ (t, €) u go(t, £) m-nepuogudeckux pe-

meHnii 1 pa3oBbIX TPACKTOPUN CUCTEMBI , COOTBETCTBEHHO, ITPW 3HAYEMHUAX €, PABHBIX

0.1, 0.3 u 0.5.

3 3
2 2
g 5 s 20 2 5
o ‘u’A \— 0T = = 7 7
= -1, A\ <4
-7 -2
5 o -3 ImanE
—_—rmDS — =5
EEEEIREE ST T CEIEETTRETERT

a) q1 (tv 5)

b) QQ(ta 5)

Puc. 1. I'paduku komnouent a) q;(t,€) u b) g2(t, ) w-€puogMIECKUX PENIeHUH CUCTEMbI npu

Pa3/IM9IHBIX €£.

ql

Puc. 2. I'pacdux dpa3oBoii TpaeKTOpUn CHCTEMBI B KoHUryparumonaom npocrpancree OJg;gs npu

Pa3/IN9IHBIX £.
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3 rpadukos kommoHeHT ¢1(t,€) u qo(t,€) m-nepuoguueckux pernreHuii u (HazoBbIX

TPaeKTOPHUil CHCTEMBI , n300paKeHHbIX Ha puc. (| u [2| BUAHO, 9TO MPU YMEHBIICHUH
napaMeTpa € aMILIHTY/1a KOJeOAHUH OCIUJLISTOPOB yBEJIHINBACTCS.
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On the question of studying forced vibrations of a

linear system of two coupled oscillators near resonance

P. A. Shamanaev, D. A. Osipov

National Research Mordovia State University

Abstract: The article presents using of the Lyapunov-Schmidt method to study
a mathematical model of vibrations in a system of two coupled oscillators near a
resonance with a small parameter. It is assumed that an external periodic force with
three comparable frequencies acts on the system. The algorithm developed on the basis
of the Lyapunov-Schmidt method is implemented in the SymPy Python mathematical
library. As an example, a certain system with fixed parameters is considered. A
periodic solution is found for it, plots of the components of periodic solutions and
phase trajectories are plotted.

Keywords: coupled oscillators, forced vibrations, periodic solutions, small parameter,
Lyapunov-Schmidt method, resonance
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YK 517.925+531.552

NuBapuanTabie nudpdepeHnmnaabHbIe (POPMBbI
JAMHAMUYIECKIX CHCTEM C KOHEYHBIM YHCJIOM CTelleHeii
cBOOO/IBI CO 3HAKOIIEPEMEHHOI AMCCUIanmnei

IMTamonmnu M.B.

MI'YV umenu M.B. Jlomonocosa

Annomayua: g paccMaTpuBaeMoro Kjiacca OJHOPOIHBIX TUHAMUYECKUX CHCTEM Ha,
KaCaTeJbHbIX PACCIOCHUAX K [VIQJIKUM KOHEYHOMEPHBIM MHOIO00PAa3UsIM IIPeIbsiBJie-
HBI TIOJIHBIE HAOOPHI TEH30PHBIX NHBAPUAHTOB — WHBAPUAHTHBIX Tu(hdepeHInaIbHBIX
dopwm. [Tokazana CBsI3b MEXKIY HAJUINEM ITAHHBIX WHBAPUAHTOB U TOJHBIM HAOOPOM
MEPBBIX UHTEIPAJIOB, HEOOXOAUMBIX [IJIsi HHTEIPUPOBAHUS PACCMANTPUBAEMbBIX T€0Ie-
3UYECKUX, TOTEHIINAIbHBIX U JUCCATATUBHBIX AUHAMUYECKuX cucreMm. [Ipu sTom BBO-
JUMbIe CUJIOBBIE I0JI BHOCAT B CHCTEMbI JUCCHUIIAIMUIO PA3HOIO 3HAKA U 0DOOIIAIOT
paHee pacCMOTpPEHHBIE.

Karouesvie crosa: TnHaAMIYIECKas CUCTEMA C JUCCHATAIEH, HHTETPUPYEMOCTb, TPAHC-
IEHJIEHTHBIA TeH30PHbIII WHBAPUAHT.

Kaxk ussecrno [1], Haxoxkjienue g0CTaTOMHOIO KOJIMYECTBA TEH30PHBIX HHBAPUAHTOB
(He TOJBKO MEPBBIX MHTErPAJIOB) MO3BOJSIET TOYHO MPOUHTEIPUPOBATH cucTeMy nudde-
peHnuaIbHbIX ypauenuit. Hanpumep, najmyne nuBapuanTaoil auddepenuaibaoit ¢pop-
MbI (ha30BOTO 00'bEMa, TTO3BOJISIET YMEHBITUTDh KOJUIECTBO TPeOyeMbIX MePBBIX HHTErPa-
J0B. Iyt KOHCEPBATHBHBIX CHCTEM 3TOT (PAKT €CTeCTBEHEH, HO JJIsi CHCTeM, 00/1aar0-
MUIX TPUTATHBAONIAMHE WJIH OTTAJKABAOIIIMEI MpeeTbHBIMA MHOYKECTBAME, HE TOJBKO
HEKOTOPBIe TepBble WHTErPAJIbl, HO U KOI(hDMOUIUEHTH UMEONNXCsl THBAPUAHTHBIX JTUd-
depeHIIAIBHBIX (OPM JTOJKHBI, BOOOIIE TOBOPs, BKJIIOYATHL (DYHKIUU, 00J1aJaI0IIHe CY-
MECTBEHHO 0COOBIME TOYKaMu (cM. Takzke [2-4]).

B kagecTBe npuMepoB T€H30PHBIX HHBAPUAHTOB IIPUBEJIEM, IPEXK/IE BCETO, CKAJISPHBIE
WHBAPHUAHTHI — IEPBbIE MHTETPAJIBI CUCTeMbI. VIHBApUAHTHBIE BEKTOPHBIE TIOJIsI — OIS CHM-
MeTpHil (OHH KOMMYTHPYIOT C BEKTODHBIM TIOJIeM paccMaTpuBaemoii cucrembr ). PazoBbre
noTokn cucrteM AudepeHnna bHbIX YPAaBHEHUH, MOPOKIAEMBIX STHUME TOJSIMH, Tepe-
BOJIAT DeIlleHus PAacCMaTpPUBaeMOU CHCTEMBI B pellleHns TOU ke cucTeMbl. VlHBapmaHT-
Hble BHemHue auddepernuaibabie (hopMbl (IIOUCK KOTOPHIX, B OCHOBHOM, U TIPOBEJIEH B
JAHHOH paboTe) TOPOKIAIOT HHTerPAJIbHbIE HHBADUAHTBI CHCTEMBI. [IpH 9TOM, OUeBH/THO,
CaMO BEKTOPHOE TOJIe PACCMATPUBAEMOI CHCTEMBI SIBJISIETCS] OJTHUM U3 HHBAPUAHTOB (TpH-
BUAJBHBI HHBAPUAHT). 3HAHUE TEH30PHBIX WHBAPUAHTOB CUCTEMBI JTUMDDEPEHITHATHHBIX
ypaBHEeHW 00Jierdaer u ee HHTErPUPOBAHNE, U KAY€CTBEHHOE UCCaemoBanne. Harr momaxo;n
COCTOUT B TOM, 4TO JJIsl TOYHOTO WHTEIPHPOBAHUsI aBTOHOMHON cucTeMbl U3 m audde-
PEHIMABHBIX YPABHEHUI TOMUMO YIOMSHYTOIO TPUBUAIHLHOTO WHBAPHAHTA HAJIO 3HATH
eme m — 1 HE3aABUCHMBIX T€H30PHBIX WHBAPUAHTOB.

Kaxk nokaszano panee, 3aj1a4a o JBHzKeHHU (n+ 1)-MepHOro MasgTHUKA HA 0OOBIMIEHHOM
ccheputeckoM MapHUpe B HEKOHCEPBATUBHOM TIOJIE€ CHJI, KOTOPBIII MOYKHO OOpa3HO OId-
caTh, KAK <«IIOTOK HaDEralomeil cpeibl, 3amoHsionei obbemorniee (n + 1)-MepHoe mpo-
CTPAHCTBO», IPUBOJIUT K TUHAMUYIECKON CHUCTeMe Ha KacaTeTbHOM PACCTOCHUN K N-MepHOi
cepe, 1pu 3TOM METPUKA CIENHUAIBHOTO BU/IA HA HEH WHYIUPOBAHA, JIOTOIHATEHHBIMA
rpyinamMu cummerpuii [5,(6]. JIunaMudeckne cucreMbl, ONMUCHIBAIONINE JIBUKEHHE TAKOTO
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MasgTHUKA, 00J1a/1a10T 3HAKOIEPEMEHHOM JIuCcCHIIaIiueil, MOJHbIH CITMCOK MePBbIX HHTEeIPa-
JIOB COCTOUT U3 (DYHKIHI, UMEIOIIHUX CYIIECTBEHHO OCOOBbIE TOYKHU, BbIPAKAIOIINXC Y€pe3
KOHEYHYIO KOMOWHAIMIO djeMeHTapHbIX GyHKIuid. To ke dhazoBoe MPOCTPAHCTBO ecTe-
CTBEHHO BO3HHWKAET B 3aJlade O JIBUKEHUU TOUYKH 110 n-MepHO# cdepe ¢ WHIYINUPOBAH-
HOM MeTpuKoil oobemitonero (n + 1)-mepHoro mpocrpancTa. OTMETHM TaKzKe 3a7a49U O
JIBUZKEHUH TOYKH 110 OoJiee 0OIIUM n-MEePHBIM HOBEPXHOCTAM BPAIIECHHS, B IIPOCTPAHCTBE
JlobaueBckoro u T. 1.

Bazkuble ciyuyanm HHTETPHPYEMBIX CHCTEM C 711 CTeIeHsIMU CBOOOJIbI B HEKOHCEPBATHB-
HOM I1I0JIe CUJI PAcCMaTpuBa/uCh B JIpyrux paborax apropa. Hacrosinee ucciejoBanue
pacipocTpanger pe3y/abrarbl 3TUX padoT Ha 0oJiee MIUPOKUN KJACC JUHAMUYECKUX CHU-
CTEeM.

B nammnoit pabore it paccMaTpuBaeMoOro KJIacca, JMHAMUYECKUX CUCTEM TP bsB/ie-
HBI [MOJIHBIe HAOOPBI MHBAPUAHTHBIX JU(depeHnuaabHbiX popM s OJTHOPOTHLIX CHCTEM
Ha KacaTeJbHBIX PACCIOEHHIX K [JIAJKHM KOHEYHOMEPHBIM MHOrooOpasusim (06 aHaso-
TUYHBIX WCCJET0BAHUAX Il CHCTeM MeHblell pasmeproctu oM. [23L[5]). [Tokazana cBsa3b
MeXKJIy HAJUYINEM JIAHHBIX HHBAPHAHTOB M IOJTHBIM HAOOPOM IEPBBIX HHTEI'PAJIOB, HEOOXO-
JUMBIX JIJIST HHTETPUPOBAHUS Te€0e3UIeCKNX, TTOTEHIIUATBHBIX H JUCCUTATHBHBIX CHCTEM.
[Ipu 3TOM BBOJMMBbIE CUJIOBBIE II0JIsi BHOCIT B CHCTEMbI JIMCCHUIIAIUMIO PA3HOIO 3HAKA U
0060011Ial0T paHee pacCMOTPEHHBIE.

CuavaJia u3ydaercsa 3aja4a reoIe3nIecKnX, BKIYAMONAs, B 9aCTHOCTH, T€0/1e3ntde-
ckue Ha cdepe U JIPYruxX MOBEPXHOCTIX BPAIEHUs, KOHEYHOMEPHOTO MIpocTpancTra Jlo-
DadIeBCKOTO. YKa3bIBAIOTCS JIOCTATOYHBIE YCJIOBUS HHTETPUPYEMOCTH yPAaBHEHUI Te0/1e31-
YeCKWX. 3aTeM B CHCTeMBI JT00aBJseTCs MOTEeHIINATbHOE MOJIe CUJI CIelNHaIbHOTO BUJIA,
TaK:Ke YKa3bIBAIOTCS JIOCTATOYHBIE YCJIOBHS MHTEIPUPYEMOCTH PACCMATPUBAEMBIX ypaB-
HEHHU, Ha KJIACCaX 3324, aHAJOTTIHBIX PACCMOTPEHHBIM paHee. B 3akIiouenne crpouTcest
YCJIOXKHEHHEe 33/1a4k, BOZHUKAIONIEEe B pe3y/brare ji00aB/eHus HEKOHCEePBATUBHOI'O 101
CHUJI CO 3HAKOIIEPEMEHHOil Juccunarueii. Y Ka3blBalOTCsd JOCTATOYHbIE YC/IOBUS HHTEIPUPY-
eMOCTH.
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MSC 37C

Invariant differential forms of various dissipation
dynamical systems with a finite number of degrees of
freedom

M.V. Shamolin

Lomonosov Moscow State University

Abstract: For the considered class of homogeneous dynamical systems on tangent
bundles to smooth finite-dimensional manifolds, complete sets of tensor invariants, i.
e. invariant differential forms, are presented. The connection between the presence of
these invariants and the full set of the first integrals which necessary for the integration
of the considered geodesic, potential, and dissipative dynamical systems is shown. At
the same time, the investigated force fields introduce dissipation of different signs into
the systems and generalize the previously considered ones.

Keywords: dynamical system with dissipation, integrability, transcendental tensor
invariant.
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VIIK 517.91

OO0 omeHKe CHU3Y THUIIEPCUHTYJISIPHOTO OIepaTopa
nepuaAnHAMUAKA

[MTepasmes I11.H.

Ouunan MI'Y nmenn M.B.JIomonocosa B ropoje Tarikente

Anrnomayusa: s THTIEPCUHTYISIPHOTO WHTETPAIBLHOTO oreparopa Tuna KasbaepoHa-
3urMmyHia, CBA3aHHOIO C 33a9aMU MEPUINHAMUKH, MOJIYYeHA OIEHKA CHu3y. Tem
CaMBbIM YCTAHOBJIEHO, UTO HallJleHHAs paHee OIEHKa CBEPXY SIBISIETCS TOTHOM.

Karouesvie cr06a: CHHTYIIsIDHBIE OIIepaTOPbI, HepaBeHCTBO Kasbnepona-3urmyHia, mne-
PHUIMHAMUKA.

OcHOBHOe ypaBHEHHE MepHINHAMUKH, MPeJJIozKeHHoe B pabore [1|, B mureapuszoBan-
HOM BapHaHTe UMeeT CJIeyIoNnnil BU/I:

Ou(x,t)
ot?

IJie CHHIYJISPHBIM HHTerpaJIbHbII oneparop Ag ompesessercs paBeHCTBOM

— Asu(x,t) = f(x,t), ze€DCR", t>0,

Au(z) = /D K (e, 9)luly) — u(z)] dy.

B arom ypasrennn D — orpanundenHas n-MepHast (n > 3) 00JacTh ¢ KyCOUHO-TJIA KON
rpanuteit, v : D x [0,T] — R"— nenspecrnasi byHkiys, n X n-mMarpuna-byaxmms K,
ompenesnennad B D X D, apageTcs 3aJaHHBIM 91pOM HHTEIPAJLHOTO OIepaTopa, (pyHKIa
f:D x[0,T] - R" npencrapiser coboii BHEITHIOWO CHIY.

Anpo K(x,y), onuceiBaionee pacupeeéHHOe B3aMMOIEHCTBAE MEXKLY YaCTUIIAME
TBEPIOTO Teaa D, HMeeT HOCUTETh B p-OKPECTHOCTH JUATOHANA {x = Yy}, IUCII0 p TIPH STOM
HA3BIBACTCS TOPU30HTOM B3ammogeiicreus. Ha mmaronanu sapo K (x,y) moxer umerhb
HEHHTErPHPYEMY0 0COOEHHOCTH, KOMIIEHCHPYEMYIO DasHOCThIO u(y) — u(x). B sToM ciy-
Jae MHTerPaJbHLIH omepaTop A, gBASeTCA CHHTYISAPHBIM H MOXKET OKa3aThCs HEOTDAHMU-
YCHHBIM.

B macTogmeii pabore MBI paccMaTpUBaeM HHTEIPAJLHBIT onepaTop A, B Bue CBEpTKH
B IPOCTPAHCTBE IEePHOANICCKUX (DYHKIMEA, a HMEHHO:

Aulz) = / Koo — puly) — u(@)]dy, @€ T" = [—m,a]" 1)

BaxkHbIil K1ace omeparopos Buja (1) coCTaBJISIOT OMEPATOPBI ¢ CHHTYJISIPHBIM SITIPOM

|

K(x) r €T,

rae |1, dbopmyna (61)].
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®ukcupyem p u3z narepana 0 < p < m u 0603HAYUM CHMBOJIOM X () HEOTPHIATE b
uyio yukmmo, npunaaiexkanyo C(R), pasuyo 1 opu r < g U HYJIO IIPH 7" > p.

OCHOBHOII 1EJIbI0 HACTOSIIEl PAOOTHI ABIIETCd U3YdYeHHe HHTErPAJIbHOI0 OIepaTopa

ly|"

Af(x) = / L) D@ —y) — f(@)] dy. 3)

Ormerum, uto B ciay4dae, Korga §2(x) sBjsieTcss npOU3BOJIBLHON IJIAJKONH OHOPOIHOT
MaTpuileii-QyHKIneid, BaXKHYIO pOJib UTPAeT € cpejaHee 3HaYeHUe 110 eJUHUIHON cdepe

w3

o — L / Q(z)do(x), wn—

Wn
|z|=1

27
r(z)

B ciyuae, xorma 0° = 0, 7. e. Bee anements Q) (1,7 = 1,n) 3TOi MATPHUILI PABHbI
HYJIIO, HHTeTPaJIbHBIN onepartop (3) siBasiercst omeparopoM Tuna KajbaepoHa-3urMyHia
(eM. [2]). U3BecTHO, 9TO B 9TOM CJIydae onepaTop (3) ecTecTBEHHBIM 00pa30M OIpe/IesaeT-
¢Sl B KJIacce WIAJAKUX (DYHKIHI 1 MPOJ0JIZKAETCs 10 onlepaTopa, HenpepsiBHOro u3 L,(T") B
L,(T"). Ilpu srom ycioBue 0* = 0 saBiIsieTcst HeOOGXOIUMBIM ISl CIIPABEJINBOCTH JAHHOTO
YTBEPKIEHUSI.

B paccmarpuBaemMoM HaMu ciydae cpejmee sHadenue F spipa (2) omIM9aHO OT HYJIS,
BCJIEJCTBIE 4ero omeparop (3) e asisercs orpammdenuniM u3 Lo(T") B Lo(T™).

g Toro, 4To0bl CHOPMYINPOBATH OCHOBHOIN pe3y/bTar, BBeJAeM (YHKIMOHAILHOE
IPOCTPAHCTBO MEPHOANICCKUX (DYHKIHI ¢ JorapundMUYecKoil rIajakocThio.

OnpegennM caMoconpszKennblii ncesaoanddepeHnnnaabablii oneparop mepBoro I1o-

paaKa
= ) fe™ T+ k]

kezn
rioe

fo = @)™ [ f(z)e **da.
/

Uubivu cioBamu, A = /1 — A, tme A — camocompsizkénnoe paciuperue B Lo(T")
oneparopa Jlamaca, orsedalorniee HepruOAUICCKAM IPAHUIHBIM YCI0BUIM. OTMETHM, 9TO
0bJ1acThio olpejesenus oneparopa A sapjstercsa npocrpancrso Cobosesa WE(T"), coor-
sercreenno D(A) = W}H(T"). Ilpu stom dbynknusa f : T™ — R"™ npuna/jie:Kur 1pocTpan-
crBy BekTop-byukuit Wy (T™), ecin kaxkaast KOMIOHEHTa f;(1) IPUHAIIEAKAT OGBITHOMY
npocrpancrey Wy (T").

Mg m060ro HATYPAJILHOTO 11 PACCMOTPHM HOJOKHMTEJIbHBI CaMOCONPSZKCHHBIH B
Lo(T™) oneparop log™ (1 4+ A). O61acTh onpeiesieHnst 3T0ro oneparopa 0G03HAYHM CHM-
sosiom Hyp, (T"):

Hi5(T") = D(log™(1+ A)).

m
Kaxoe mpocrpanctso H|j, ABisercs I'IILOEPTOBBIM ITPOCTPAHCTBOM CO CKAJIAPHBIM

IPOU3BEICHUEM
(o9 = > figrlog™ (14 V1+KE).
kezn
AcconuupoBaHHYIO ¢ 9TUM CKaJISPHBIM 1POU3BEIeHneM HopMy djiementa f € H™ (T™)
o6ozHaduM || f||y,-

log
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Monoxum Hy (T") = Ly(T"). Ouennno, 1ist 11060r0 HATYPATBHOTO 171 BHIIOTHSAETCS
PABEHCTBO:
log(1 + A)Hy,,

log

(T") = H"™Y(T"), meN.

log

13 pesysbraro pabor 3] u [4] BeTekaeT crpaBe s InBOCTD CJAELYIONIETO YTBEPK IEHHSI.

Teopema 1. /s 4106020 namypasvrozo m onepamop A, onpedeaénmuili pasencmeom (3),

deticmeyem us H,(T") 6 Hfgg_l(’]l‘") U ydosaemeopaem oueHKe

[ASlm < Cllfllm,  f € Higg(T"). (4)

B macrogmieit pabore J0Ka3bIBaeTCs CIPABEIUBOCTDL ITPOTUBOINOIOKHON OIECHKHU H,
TeM CAMBIM, TTOKa3aHA TOYHOCTBH ONeHKH (4). VIMEHHO, cOpaBejInBO CJeIyoliee yTBep-
KJIeHUe.

Teopema 2. /laa 1106020 Hamypasvrozo m u 6ol gynruu f € H™ (T") ewnosnsemca

log
OUEHKQ

[l < CllAf -1+ Cl[fllm-a- (5)

Bameuanne 8. [Ipumep gynryuu f(r) = 1 nokaswsaem, wmo emopoe caazaemoe 6 npa-
601 wacmu ouyenky (5) ne moscem Guims UCKAIOUEHO.

JloKazaTebCTBO TEOPEMbI 2 OCHOBAHO HA MeToje (hOPMYJIbI CPEJIHErO 3HAUCHUs, Pas3-
paborannom B.A. WbuubiM (eM. [5]).
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MSC 34D20

On the estimation from below of the hypersingular
operator of peridynamics

Sh.N. Sheraliev

The branch of Moscow State University named after M.V. Lomonosov in Tashkent

Abstract: For a hypersingular integral operator of the Calderon-Zygmund type associ-
ated with peridynamics problems, a lower bound is obtained. Thus, it is established
that the estimate found earlier from above is precise.

Keywords: singular operators, Calderon-Zygmund inequality, peridynamics.
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VIIK 532.5.013

NccaepoBanue sgBJIeHd Pe30HAHCA MPU BBITAXKKE
CTEKJIAHHOIO IUAJINJIPA

[Oposa T.C., TTomos I1.10.
Yuusepcurer UTMO

Annomayua: B paboTe paccMOTPEH MPOLECC BBITIKKNA CTEKJISTHHOTO IUJINHIPA U UC-
CJIEJIOBAHO ABJIEHUE PE30HAHCA IIPHU BBITSAXKKE — HEYyCTOMYNBOCTH, BOZHUKAIONIENA B IIPO-
1IECCe BBITSKKHU U XapaKTEPU3YIOIIEeHcss KOebaTeIbHBIMA U3MEHEHUSIMA B Pa3MeEPax
dopmbl mmuHApa. s mccaeoBanms MpoIecca MpoOBEIEH TUHEHHBIN aHATN3 yCTOM-
9UBOCTHU C PA3IUIHBIMA (P PeKTaMu, TAKHMHA, KAaK TPABUTAIMS U JIOKAJTbHDBINA HATDEB,
W TIPOAHAJIN3NUPOBAHA YCTONYMBOCTH MPOIECCA B 3aBUCHMOCTU OT XapaKTEepHBIX Ta-
paMeTpoB 3aadu. TakxKe, INCIEHHO MTPOBEIEH HEJTMHEWHBIN aHAIN3 YCTONIUBOCTU U
TMOKAa3aHO, YTO IIPU MOTepe IPOIECCOM YCTONYUBOCTU B CUCTEMe BO3HUKAIOT yCTONIHN-
BBbIE KOJIEOAHMSI.

Karouesvie caosa: pe3oHAHC TP BBITSIKKE, JTHHEHHDbIN anamn3, KoddduuueHt mepe-
TSIKKY.

1. BBeagenue

B pasiaununabix 001acTIX HAYKW U TeXHUKHW BO3HUKAIOT 3a/a4M 110 U3YUYEHUI0 TeIeHUS
BA3KUX YKUJKOCTEHl B TOHKUX CTPYKTypax. Ilo «TOHKHMH CTpYKTypaMu» HTOHUMAIOTCS
reoMeTpruIecKHe KOH(PUIYPAIUKA CHCTEMBbI, B KOTOPBIX MacIiiTa® B OJHOM HalpaBJICHHH
3HAYUTEJTBHO MEeHbIle, 9eM B JIDYT'OM, 38 CHET Yero MOYKHO MOHU3UTh Pa3MepPHOCTh CUCTe-
MBI, COXpaHss IIPU 9TOM TUHAMUKY HU3HAUYAIbHON cucTeMbl. IIpuban:keHne TOHKOTO CJIOS
NI TIPOIECCA BBITIXKKU JOCTATOYHO TOIPOOHO OMUCAHO B AUCCEPTAINI [1] JJId pa3and-
HBIX KOHMUTYpaIuii 3a/1a4, TAaKUX KaK JIByMePHbIe BA3KHUE JIUCTHI (;LHCHJIeI/I), OCeCUMMeT-
pUYHBIE BOJIOKHA (OHTOBO.HOKHO), HEOCECUMMETPUYHBIE BOJIOKHA U TPEXMEPHBIE JIUCTHI.
ITporiecc BBITSIKKH ITPEJIIO/IaraeTcs HEIPePhIBHBIM, MTOITOMY IIPU MPOU3BOJICTBE BaXKHO
CIIEINTh 33 €ro CTabMJIBHOCTHIO, TAK KaK 3TO HANPSIMYIO BJIWSET Ha KAadeCTBO W3IEJIHS:
ecJIu Ipolece OyAeT HecTaOUIbHBIM, TO MOTYT BOBHUKHYTH pa3/ddHble J1e(DeKThl B CTPYK-
Type, KOTOPbI€ BIIOCJIEJICTBAN BJIMAIOT HE TOJBKO HA BHEIIHUNA BUJ, HO U Ha IPOYHOCTDL
uzjiesns. fBjieHne, KOTOPOe OMUCHIBAET IOTEPIO CTAOMIBHOCTH IPOIEcca — PE30HAHC IIPHU
BBITAYKKE — HEYCTOMYUBOCTH, KOTOPasi BOSHUKAET B IPOIECCe BBITAXKKU U XapaKTepU3yeT-
¢ KoJie0aTeJbHBIMU U3MEHEHHSIMHU B pasmepax (popmbl nuiuaApa. OCHOBHOH mapamerp
9TOro mporecca — KoM UIueHT mepersykKKi, PaBHBI OTHONIEHHIO CKOPOCTH BBITSIZKKHU
Ha BBIXOJIE K CKOpPOCTH Ha Bxoze. CUUTAeTCsA, ITO MPOIECC BHITIKKH CTAHOBUTCS HECTa-
OMIBHBIM, KOTIa KOMDMUIIMEHT MMepecekaeT KPUTHIECKOe 3HAYEHUE. DTO sIBJIEHHE MOMKHO
YBUIETH MPU TTOMOIIK JUHEHHOTO aHaIn3a yeToiauBoCTH. [IJIst KayK 1010 mpoIecca KpuTn-
qecKuil KO3 DUIMeHT mepeTss>KKU CBO, Ha HETO BJIMSET MHOXKECTBO BHEIIHUX (paKTOPOB,
TaKWX KaK BHEITHee TaBJeHHe, BJIaKHOCTh, TeMiepaTypa u T. 1. IloaTomy B yciaoBmax
IPOU3BOJICTBA KpaiiHe BaykKHO 3HATh, KAKON KPHUTUUECKUUH KOIDDUIUEHT HMEPeTAKKH Y
JAHHOTO TNPOIECca, KaKue IapaMeTphbl Cpelibl Ha HEro BJAULIOT, a TVIABHOE, 9TO IMPOUC-
XOAUT MNOCJE €r0 NPEBbIIIEHUA U HACKOJADbKO KPUTHUYHO 3TO NPEBbIIICHUE JIJII KadeCTBa
HU3AeJAUdA, 9TO MOXKET NOKa3aTh HEJMHEAHBIH anaan3 yCTONYNBOCTH.
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Pezonanc mnpu BbITSIZKKE — M3BECTHOE $BJIEHUE B Cpejie MOjeupoBaHusd (hOPMOBKHU
CTeKJIa U TOJUMEepPOB, €My IOCBSIIEHO AOCTATOYHO HCCJIEJI0BAHUIl ¢ pa3JIMYHbIMU KOH-
durypanugMu CUCTEM U 3aBUCUMOCTeHl OT MHOYXKecTBa napameTpoB. Hanpumep, B cTa-
The [2| mpeacraBieH KpaTKuil XPOHOJIOTHYECKHH OTYeT 00 HCCIeOBAHNN De30HAHCA TTPU
BBITAKKe U IIPeJIJIOZKeH HOBBII MeTO/I aHaJIU3a PE30HAHCA BBITSKKH, OCHOBAHHBI Ha B3a-
UMOOTHOIIIEHUN BPEMEH NMPOXOKJ/IeHNUd KHUHEMAaTHYCCKUX BOJIH B CHUCTEME BBITAKKH, 4TO
MO3BOJIUIIO 00Jiee TOYHO OMPEeIeJUTh YCJIOBUS BOSHUKHOBEHHS PE30HAHCA U MPEITOKUTH
crocoObl ero ycrpanenusi. B crarbe [3| Haiizena acuMnToTuka COOGCTBEHHBIX 3HAYECHHIA,
YTO JIAET [IPeJICTaB/IeHne O Ka4eCTBEHHOM ITPUpoJie COOCTBEHHOI'O CIIEKTPA; OHA TOKA3blBa-
eT, YTO CYHIEeCTBYeT DECKOHEYHO MHOT'O COOCTBEHHBLIX 3HavYeHuii. Kpome TOro, HeKOTOpbIE
HEYCTOMYMBOCTH MOTYT OBITH IIPEJCKA3aHbl HAa OCHOBE aHAJM3a dTOro mpejena. B cra-
Thsix [4,5] GBLI0 MOKAa3aHO BAMSIHUE HATDEBA W OXJIAXKIEHHS ¢ BSI3KOCTHIO, 3aBHCAIIE OT
TeMIIepaTypbl, U TPABUTAINY € UHEPIUell Ha KPUTHIecKuil K03 MUIUEHT TepeTaKKA B
MO/IeJTH TOHKOT'O JINCTA M PACCUUTAHBI 3HAYEHWS TapaMeTPOB, IIPU KOTOPHIX ITU IPDEKTHI
J0OABISIOT YCTOUIUBOCTH MPOTECCY BBITIKKH.

2. N30B43K0e TeueHue

PacemorpuM ypasnenus Hasbe-CTokca B R®, onuchiBaooImue IBUKeHHe BA3KOH K-
KOCTH:

0
p(a—?+u-Vu):V-J+f7 (1)

V-u=0, (2)

rae p — MIOTHOCTh KUJAKOCTH, U = (u, v,0) — 1moJie ckopocreii, u = p(x, r) — nepeMeHHas
BA3KOCTH, f — MoJIe BHEIMHUX CHJI, 0 — TEH30p HAIPSKCHHUII,

0 =—pL+ (u(Vu+ (Vu)?), (3)

p — nasjenue, I — equnnynbiii Ten3op. I3 aux npu moMornin npub/inzKeHus TOHKOTIO CJIOs
MOJIyHaI0TCA YPaBHEHUA JJISI BEPTAKAJIBHON BBITAXKKHA CTEKJAAHHOTO IMUJIMHIPA:

(A)¢ + (Au), =0, (4)
0
—(3Au =0 5%
2 (3 u,p) = 5)
Fﬂe U — KOMIIOHEHTA CKOpOCTI/I BBITAKKH 110 {E, A - HJIOHla;Lb cedeHUud CTEKJIAHHOTO
NIIHHEIpa. [ paHnYHbIe YCJIOBHSL:
Alpmo = Aoy Ulpmo = uo,  Ul|e—p = ug (6)

ObGespa3MepeHHOe CTAIMOHAPHOE PEIIeHne YPABHEHUN BBITSKKH ¢ TAKUMHU IDAHUYIHBIME
YCJAOBHUSMU:

u(z) = DR®, A(x) = DR, (7)
A R 1 C)) _ A)
rﬂeDR—uo,x—L,u(x)— w JA(x) = A

JI1g moHMMAaHus TOTO, KaK BeJIET cebsl MPOIECC BBITIKKU TTPU Pa3INIHbIX KOIDDU-
IMEHTAX NEPEeTSIZKKA, HeOOXOAMMO MCCIen0BaTh crannoHaproe pemrenne cucrenmsr ([4))- ()
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Ha ycroitunocrsb. [IpeacraBum masoe Bosmymienue B Buge u(x,t) = a(z)e™!, A(x,t) =
A(z)e™ rue 4(x) — aMuIATy I8 BO3MYyIIeHusl, w — dactota. OT 3HAKA MHUMON 9acTH W
OyjieT 3aBUCeTh YCTORIMBOCTH Iporecca. Hecranuonapuoe perienne CHCTeMbl UINEM Kak
CYMMY CTaITHOHAPHOTO DeNTeHus M BO3MYIIEHUS:

u(z,t) = ug(z) + a(z)e™ (8)
Az, t) = Ay(z) + A(x)e™, (9)

¢ rpanmaabivE yesrosuami 4(0) = A(0) = 4(1) = 0, uy(z), Ay (2) — cranuonapHoe pelre-
nue (7). dasee mojacrasisieM HECTAIMOHAPHOE PEIICHHE B CHCTEMY, OTGPACHIBACM HeJId-
HeliHbIe YJIEHBI, PeIlaeM MOJYYeHHYIO CHCTEMY H BBIBOJUM TPAHCIEHICHTHOE yYDABHEHHE
HA W:
0= wL prl B 1w L i twL n
Ug In DR UgIn DR ugDRIn DR

1 DR |l DR " DR iwLug! ln_lDR] (10)

Ha puc. [1] mokazana 3aBUCHMOCTH MHHMONH 9acT W OT KO3 DUIHEHTA TePeTsIKKH.
Kpacunas kpuas coorBercrByer momenuposannio B COMSOL, cunsasa — perrennto ypas-
HeHug MeronoMm Hoiorona.

——— HbloToH
CoMSOoL

MHumasna YacTb cobcTBEHHOro Yucna

4 : : . - .
0 20 40 60 80 100

KoabdbuumeHT nepetamxu

Puc. 1. Ananuz nuneitnoit ycrottuusocru. Kpurnaeckuit kosdpduiment neperszkku DR, = 20.2

N3 rpaduka Ha puc. [l| BugHO, 9TO0 MHUMAsT 9acTh HepecekaeT HOJIb HPH KPHTHIECKOM
ko dunmente neperszkku DR, = 20.2. 910 3HAUAT, 9TO I JAHHON MOCTAHOBKH 33, 1a9H
(n30Bsi3KOe TedeHme 0e3 BHEITHWX CHJI), TPOIECC BHITSIKKH TepsieT yCTONYHBOCTH MPH
Koy durmenTax neperdxKkku oosbiie 20.2.

3. NI30Bga3K0e TedeHne ¢ rpaBUTaINE

[loTepst ycTOMIUBOCTH 1718 MOJIETTH H30BA3KOTO TeUeHNs Oe3 KaKUX-JTHO0 BHEITHUX CHJT
— 3HAYHUTEJIBHO YIPOIEeHHAd 3a/1a9a peaJbHOTO mporecca. s Toro, 9To0sl TpuOIU3UTH
MOJIeSTb K PeaTbHOMY TIPOIeccy, HeoOX0IUMO J00ABUTH BHEINTHUE CUJIBI W ITPOAHATUIUPO-
BaTb, K&K BJIMAIOT XapaKTepHble LHapaMeTrpbl 9TUX BO3AeHCTBUI HA yCTONYUBOCTD.
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Cucrema ypaBHEHUH BBITSKKH C ITPaBUTAIHE:

((A); + (Au), = 0,
0
—(3Au,pu) = —StA,
5y (AU L) a1
Alm:O - 17
u|a::0 =1, u|1’:1 = u_L
\ Uo

Jluneitnas ycroitauBocTh cucremsl (|11 mecaemoBasach METOTOM KOHEIHBIX JI€MEH-
TOB. Pe3ybraTsl mpe/icTaBlIeHbl Ha PHUC.

DRc(St)

30+ ]
29} |
28t :
27t -
26} |
25} ~
24t ]
23t -
22} |
21} |

Kputnuecknin koadpduument
nepeTAMKMI

0 20 40 60 80 100

Yucno Crokca

Puc. 2. Basucumocts ot ducia CTokca

Ha puc. [2| npuBeiena 3aBUCHMOCTb KPUTHYECKOT'O KOI(PPUIMEHTA NEPETAZKKI OT YUC-
naa Croxkca. Bugno, aro kpurndecknit k03O puimeHT nepersizKku yBEeTNINBALTCS BMECTE
¢ ysesmdenueM 4dncsa CTOKCA, a 9TO 3HAYHUT, 9TO CUCTEMa CTAHOBUTCS 60Jiee yCTONINBOM
IpU yBEeJWYEHUN CUJT TPABUTAIINH U /WM YMEHbIIeHUN B3KuX cul. OTCrofia MOKHO Cie-
JIaTh BBIBOJ, UTO CHJIA TKECTU CTaOMIM3UPYyeT MOTOK CTeKJIa U MeHee BA3KOe TedeHHe
boJ1ee yCTORYINBO.

4. I30BA3K0e TeUdeHune C Terionepeaadeii

[Ipumensast npubauzKeHne TOHKOTO CJI0s, TOJYIUM JOMOTHUTEIbHOE YPaBHEHNE B CHU-
creMy, uctosb3ys ypasnenus Oypoe-Kupxrodda ¢ pajuanuOHHbIM UCTOYHUKOM U3/1yYe-
HUST:

(A): + (Au)z =0,
0
—(3Au,u(T)) = —StA,
(3 Au,u(T)) ]
q Pe A(T, + uT,) = (AT,), + ay| = (T (z) + T4 (12)
s
A|x:0 = 1a
u|x:0 = 17 u|a::1 - u_La
\ Uo
3
rae Pe = pcé]L — qucyo Ilekie, a = %.
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B s7oift mocraHoBKe 3aja4M Mbl U3y4aJld 3aBHCUMOCTb KPUTHIECKOTO KOdMDduiumeH-
Ta MEPeTszKKM, M3MEeHsIsl TapaMeTpPhl BHEITHeil TeMIepaTryphl, a HMEeHHO, MaKCHMAJIbHY O
TeMepatypy Tjnq; W MIHPUHY 30HBI JIOKAJTHHOTO HATPEBA (py. PUC. [3| mokaswiBaeT 3a-
BUCHMOCTD JIoTapumMa OTHOIIEHUsT KPUTUIECKOTO KOodpdurmenrta neperszkku DR, npu
saganabiX napamerpax (Thuee U Gpot) K KOIDOUIHEHTY MepeTsiKKH B OCTAHOBKE 331441
6e3 momomHUTETBHBIX 3hdekToB DR, 0T 31X napamerpos. llpomecc cranoBuTcsa 6omee
cTaOMJIBHBIM C HE3aBHCUMBIM JIPYT OT JPYra YBEJIHYEHHEM HapaMeTpPoB JIOKAJIHLHOI'O Ha-
rpeBa. CTOUT OTMETHTD, YTO J0OABIEHHE HATPEBA B CUCTEMY JeaeT ee 6osee cTabuIbHOM
npumepsuo B 100 pa3 B HavaJje KpacHoit objiactu.

log1o(DR/DRc,)

1 DR.~102DR,, 18

r12

Tmax/ TO

- 09
0.6
03

0010 0012 0014 0016 0018 0020
apot/L

Puc. 3. 3aBucumocts jorapudma oTHOIMEHNS KOIDMUIIMEHTA MEPETAKKHI 380391 K KOIDDUITHEHTY
MepeTszKKY 330a49u 663 3(pHeKToB OT mapaMeTpoB JTOKATHHOTO HATPEBA.

5. Henuneiinbplii aHAJIN3: 9YUCJIEHHOE MOIEJIMPOBAHMIE

Hesmueitnbiit anain3 ycTOMYMBOCTH TOKaXKeT, 4TO OYJAET ITPOUCXOJAUTH C CHCTEMOI
1OC/Ie epPexoia Yepe3 KPUTHIeCKuilt KoM UIMeHT nepeTsKKu: AefiCTBUTEIHLHO JIT BO3-
HUKAIOT YKCIOHEHIIMAILHO PacTyinue Kojebanus. BymgeMm pemarh ypaBHEHUS BBITSIKKI
— ¢ IOMOIIBIO METOa KOHEIHBIX jieMeHToB B makere COMSOL Multiphysics. Pac-
CMOTPHM HECTAIIMOHAPHYIO 3aJa4y, /IS KOTOPO# B KadyecTBe HAYaJbHBIX YCJIOBHH OyieM
oparb dopmy cobcTBeHHBIX (DYHKINH JUHEHHON 3aJa4M IpU Pa3HBIX Kodhduiumenrax
nepeTsizkkn D R.

Ha puc. 4] npencraBiena 3aBucuMOCTh 3HAUYEeHUs Tiomaan A(xr) B KOHEUHOH TOUKe
x = 1 or BpeMeHu npu pPa3andHbiX KOIMDMDUIMEHTAX TePeTAZKKH.

[Tockosibky KpuTndeckuit koaddunuent neperszkku DR, = 20.2, To Mbl OKujaem,
yro npu DR < DR, necranuoHapHOe peIleHue cO BpeMeHeM Oy/eT CXOIUTCH K CTalllo-
HAPHOMY, YTO U MOYKHO HaO/07aTh Ha puc. [l a mia DR = 19. Ha ocranbabix rpadukax
MBI BHJIUM, YTO KOJI€OaHUs JIOCTUIAIOT ONPeIeIEHHON aMILIUTYIbl U JIaJIbIIe He PacTyT,
npuaém, dem 6osibire KodhGUIueHT nepeTs:KKu, TeM O0JIbIIe aMILIATYIa KoJebaHuii.

3aBUCHMOCTL aMILIATYIBI KOJIeOaHW IJIOMAIN Ha BBIXOJE OT KodddUImeHTa mnepe-
TSIKKH MOYKHO YBUIeTh Ha puc. 5] Takzke MOKHO 3aMeTHTD, YTO TP pocTe Kovddurmenra
HEPETSZKKM BOZHUKAIOT OruOaloniue KOJIe0aHmsi.

Ha puc. @ IPUBEJIEH YACTOTHBIN CIIEKTD HeCTANMOHAPHBIX perenuii (bypbe-koaddu-
IHeHT npeacTapien B penubenax). C ysesunderneM Ko3hhUIHEHTa TePeTaKKI JTOMUHI-
pyfomast gacrora f = 7.2 ml'm caBuraercss BIeBO W HAYMHAIOT HPOSIBASTHCA KPATHBIE
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22+

21r

201

TLiomaze Ha Beixoe (Mm?)

DR =19

19+

18-

TLiomazps Ha BeIXOze (Mm?)

Bpems (¢

)

.
0.8 x10°

DR =21 L

ol {iltitine

15
Bpems (c)

Puc. 4. Kosebanus miomaau Ha bixoze npu a) DR =19; b) DR = 21

AMIUTMTY/a Il A, mm ™2

AMIUITYAQ KOMeBaH Uil TLIOMA/M Ha BLIXOAC B 32

or

80

751

70

651

60

551

50

ast

a0l

351

30

251

20

22 24 26
DR

28 30

Puc. 5. BaBucuMocTb aMILIUTyIbl KOJeOaHMIl ILJI0IALM HA BHIXOAE OT KOI(M(PUILMEHTa LePEeTAKKY

0oJiee KOPOTKOBOJTHOBBIE MOJIbI.

6. BriBoabI

Nroro, B nannoii padoTe MoIy4deHbl yPaBHEHUS BBITIKKU ¢ TOMOIIBIO TPUOJINKEHU S
TOHKOTO cjiost u3 ypasuenuii Hapre-CTokca, mpoBeiéH aHau3 JUHEHHONW yCTONINBOCTH
IPOIeCCa BBITAXKKHU CTEKJSHHOTO NMUJINH/IpPA, HalileH KpUTHIecKuil Ko3hUIueHT mnepe-
Tk DR, = 20.2, npu KOTOPOM CHCTEMa TepseT YCTONYUBOCTD, ¥ IMOKA3aHO, YTO CUCTe-
Ma CTAaHOBUTCH YCTOWYMBee IIPH yueTe KaK IPABUTAIINN, TaK 1 JOKAJIbHOIO HarpeBa. Kpome
TOTO0, C MTOMOTIBIO YUCIEHHOTO MOJIeTNPOBAHNS HallIeHa 3aBUCUMOCTb aMILIATY/I U YaCTOT-
HOT'O CLEKTPa KOJebaHuil 1pu yJaJeHuu OT KPUTUYECKOI0 KOIDPUIMEHTA HEePETIKKUA 1
MOKA3aHO, YTO IPU €I'0 IPEBBIINIEHUH B CHCTEMEe BO3HUKAIOT MOCTOSIHHbIE KOJICOAHMS.
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actoTmstii criexp, DR = 21

-

5 Ao N s O @O
— T T 1T T T

101

&
T

Fourier coefficient

~ =
S} @
o b s
® 5 &0 o
——

N
>

J
ii‘44
/
[
L
|
|
_T
=
e

N
@

I I I I I I I I I I
0 0.001 0.002 0.003 0.004 0 0.001 0.002 0.003 0.004
Frequency Frequency

Puc. 6. YacToTHBI CIeKTp KOMEOAHUIT HECTAIMOHAPHON 331891 TP Pa3HbIX KoddbdunmenTax
neperskku DR: a) DR = 21; b) DR = 30

. Renardy M. Draw resonance revisited // Journal of Physics: Conference Series,
2007. P. 12-16.

. Scheid B., Quiligotti S., Tran B., Gy R., Stone H. On the (de)stabilization of draw
resonance due to cooling // Journal of Fluid Mechanics, 2009. P. 155-176.

. Cao F., Khayat R., Puskas J. Effect of inertia and gravity on the draw resonance in
high-speed film casting of Newtonian fluids // International Journal of Solids and
Structures - INT J SOLIDS STRUCT, 2005. P. 5734-5757.
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MSC 34D20

Investigation of the resonance phenomenon during the
glass cylinder draw

T.S. Yurova, I.Yu. Popov
ITMO University

Abstract: The paper considers the process of a glass cylinder draw and investigates
the phenomenon of draw resonance — this is an instability that occurs during drawing
and is characterized by oscillatory changes in the size of the cylinder shape. A linear
stability analysis with various effects, such as gravity and local heating, was carried
out, and the stability of the process was analyzed depending on the characteristic
parameters of the problem. Also, a nonlinear stability analysis is numerically carried
out and it is shown that when the process loses stability, stable oscillations occur in
the system.

Keywords: Draw resonance, linear stability, draw ratio.
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YK 517.955.8

NccaepoBanne yCTOMYUBOCTUA JUHAMUKNT
KOHIleHTpaInuii BemiecTtB B Audpy3moHHOi Mo/1esn
3epHA KaTaJam3aTopal’]

dsosresa O.C.Y, TyGaitxymmmn 1U.M.2, Uamakosa A.C.3, Ponpkuna /I.A3

Maremarndecknii nacTuTyT HM. B.A. Crexiosa Poccuiickoii akageMun Hayk ',
NucturyT Hedrexumun u karaauza Y PULL PAH?,

HanwonapHBI# BccaemoBaTeIbcKuit MopoBekuit rocymapcTBeHHBIT yHI/IBepCI/ITeT3

Annomayus: B crarbe mpenjozkeHa MeTOIUKA UCCI€I0BaHUS JUHAMMYIECKONR yCTOM-
YUBOCTH PEIeHUil CHCTeMbI MapabOInIeCKuX yPaBHEHNH, OMUCHIBAIOIIEH MaTeMaTH-
9eCKyI0 MOJIe/Ib TOMOTE€HHOH peakiuu B 3epHe Karaam3aropa. HenwmeiiHas momenb
MOCTPOEHA € MCIOJIb30BaHmEM auddY3UOHHOTO MOAX0AA — yuuThiBaeTcs muddy3us
KOMITOHEHT T10 paJanuyCy I'PaHyJIbl, UX PACXOI 1 O6pa30BaHI/Ie 3a CHET XUMHUYIECKUX peaK-
mwit. UccnenoBanne qUHAMUYECKON YCTOMYIHUBOCTH TPENOJAraeT pa3jIozKeHUe perre-
HEi B pag MeTonoM [asepKuHa ¢ HCIIOIb30BAHNEM HEMIPEPBIBHBIX OA3UCHBIX (DYHKIIHIA.
W3 ycioBusi opTOroHAIbHOCTH HEBA3KU ITOCTPOEHA HEJIMHEHAS CHCTeMa OObIKHOBEH-
HBIX qud depeHnnaabHbIX YPABHEHNH OTHOCUTEIHFHO BECOBBIX (DYHKITHI, A1 KOTOPOi
HaﬁﬂeHbI TIOJIOZKEHUA PAaBHOBECHA. B OKPECTHOCTU KazKJI0Tr0 u3 TOJIOXKEHUIA pPaBHO-
BeCHsi CHCTEMa OOBIKHOBEHHBIX AuddepeHnna bHbIX JuHeapu3oBana. Ha ocroBanun
3HAKOB COOCTBEHHBIX 3HAYECHUI JTHHEHHOTO MPUOIHKEHNsT CIeTaH BBIBOI 00 yCTON M-
BocTH perrernii. Jlasee BHIBOJ PACIPOCTPAHEH HA PEIIEHUS TEPBOHAMAIBLHON CHCTEMBbI
— KOHIIEHTPAIIUKU BEMIECTB B MOIEJIN 3€PHA KaTaJIn3aToOPAa.

Karwuesvie caosa: mapaboOIndecKre ypaBuenus, Meton [amépkuna, TuHeapu3anus, Ti-
HaMHUYeCcKasd YCTOUYMBOCTD, 3€PHO KaTaIn3aTopa

B xuMmmdeckux mpon3BoacTBax HanboIee pacpocTpaHeHHbIe TTPOIECCH — KaTaJIuTHYe-
ckue. Obusne pa3HoOBUIHOCTEH KATAIU3ATOPOB JaeT BO3MOYKHOCTDH BBIOPATH TOIXOIATINE
YCJOBUS NMPOTEKAHUS [Ij1 BECbMa OOJILIIOTO KOJMYECTBA PEAaKInii. Y YUThIBasd, YTO MPO-
1eypa HaTYPHBIX 3KCIEPUMEHTOB J0CTATOYHO TPYA0EMKA, JAJIUTEJbHA 110 BDEMEHH U Tpe-
OyeT HeMaJIbIX MaTepUaJbHBIX 3aTPAT, PAIMOHAJILHO U B TO K€ BpeMs YA00HO HMCII0/I1b30-
BaTh MATEMATAYECKYIO MOJEJb PEaJbHOTO TIPOIEecca, KOTOPad MO3BOJIIAET B CPABHUTEIBHO
KOPOTKHE CPOKH HCCJIEI0BATH MHOYKECTBO XapPaKTEPUCTUK ONHMCHIBAEMBIX OOBLEKTOB IPH
pasIuIHbIX yeaoBusx [1].

OnHOM U3 OCHOB MAaTEeMaTUIECKOTO MOIETUPOBAHUS IPOMBIILICHHBIX KATAJTATUICCKUAX
IIPOIECCOB SIBJISAETCS MATEMATHYECKOe OLMCAHNE OTIEIBHOIO 3¢pHA Karajmszaropa |3} 4.

[To npuynne MHOTO(AKTOPHOCTH XUMHKO-TEXHOJIOINYECKHX TPOIECCOB HEIIOCPEICTBEH-
HO BO3HHUKAIOT 33/1a9¥ aHAIN3a BJIAUSHUSA PA3/JTUIHBIX YCAOBUI HA TedeHnue nporecca. Muo-
rOYMC/AEHHBIE ITPOMBITILICHHBIE 33/[a491 [IPEJIIT0IATaloT CYIEeCTBEHHbI 00beM BHIYUC/ICHHUIT,
KOTOpPbIe B HEKOTOPBIX CJIydasx 00ecrnevnBaioT, TeM He MeHee, JTOBOJbHO HEBBICOKYIO TOY-
HOCTD [5).

JnraMuvIecKoit yeTOMYINBOCTHIO pellleHns HeCTAlMOHAPHON CHCTeMbl YpaBHEHMIT MaTe-
MaTHIeCKON (DU3UKU MOXKHO Ha3BaTh MaJioe OTKJIOHEHHE PeIlIeHUsl OT IePBOHAYAILHOIO
IOJIOYKEHUST TIPH BHECEHUH BO3MYINEHUI B HavasbHble namubie [6H8]. Inst obecrievenms
JIMHAMUYECKON YCTORYMBOCTU XUMUYECKOIO HPOIECCa HEOOXOJAUMO KOHTPOJUPOBATDL P/l

“VlccnemoBaHrie BBIIOJIHEHO 3a cueT rpaHTa Poccuiickoro maygyroro donma Ne 19-71-30012.
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HapaMerpoB, TAKUX KaK TeMIeparypa, CKOPOCTb LIOAAYU PEAKIIMOHHON CMeCu, KOHIEHTPa-
O BEIIeCTB M T. II. OTCyTCTBI/Ie ,ZLI/IHaMI/I‘{eCKOfI yCTOfI‘H/IBOCTI/I oponecCa MOZKeT IIPUBECTU
K CHUKEHUIO 3(PDOEKTUBHOCTH, YBEJIUICHUIO PACXOJIOB HA YHEPTHUIO U ChIPhE, & TaKKe I10-
BBITIEHUIO PUCKA aBapuitHbIX cuTyaruii. Ha npakTuke obecrievenne ycja0BHil, OTBEYAIONINX
AUHAMUYECCKON YCTOMYUBOCTH, ABJIAETCA BaXKHOW 3a/iadeil 114 IPOU3BOACTBA.

Hesbio HacTosmeil paboThl ABJIAETCA aHAJIN3 IUHAMUICCKON YCTORUYMBOCTU pelreHuit
MaTeMaTHYIecKOil MOJeaId TOMOIeHHOR XUMUYIECKON peaknnu B ¢cpepuIecKoM 3epHe KaTa-
JU3aTOPA.

Paccmorpum ojiHOCTaUTHYI0 PEAKITUIO U ONPEJIEJIUM €€ CKOPOCTh W:

X+ Xy — Xg, w = k)(T) Tr1 To. (].)

Bnech X, u Xy — pearentsl, X3 — IPOAYKT peaklnu, T; — KOHIeHTpanun X;, i = 1, 3,
k(T) — KoHCTaHTa CKOPOCTH XUMHYECKON peakiun, T — Temieparypa.

B pabore 6yjem paccMaTpuBaTh PEAKINIO, TPOTEKAIONILYIO MPH MTOCTOSAHHON TeMIIepa-
Type: H30TEPMUIECKYIO UM C IIOCTOAHHBIM MOIBOJIOM M OTBOJIOM dHepruu. B aTom ciaydae
k(T) = k.

MaremaTudeckas MO/IeJIb TOMOTeHHON PEaKIny B cepuueckoM 3epHe KaTaan3aTopa
B 9TOM CJIydae UMeeT BHU/I:

o0x; 1 0 [0z >
- D . E — t. 2
€ : 2 r( T)%—I/Zw, ilxz cons (2)

31ech t — Bpems,  — KOOpJMHATA 110 PaJIUyCy 3epHa KaTajauzaropa, D — Koadppuuuent
auddy3un peakIuOHHON CMeCH B MOPHI 3€pHA, V; — CTEXUOMETPUUIECKUH KOIPPUITHeHT
U3 CXEMBI , JOMHOXKEHHBIIT Ha HEKOTOPBIA MOCTOAHHBIA MHOXKHUTEIb, 3aBUCIIIANA OT
Pa3MepHOCTH ;.

B KaueCTBe Ha4vaJIbHO-KPaeBbIX yCﬂOBI/Iﬁ B OEHTPE 3€pHa KaK B TOYKE CHUMMETPHU
NPAHATHI YCJIOBUA OTPaKeHWd, & Ha BHEITHEH IrpaHunle 3epHa — YCJIOBHA BTECKAHUA:

Oz, —
aa; =0, r:R:xQ z;(0) =2 i=1,3, (3)

1 79
r=0

e R — paauyc 3epHa KaTaan3aTopa.

Y cucrembl CyIIIeCTBYeT TEPBbI WHTErpaJi, B CUIy 4Yero MOKHO pacCMaTphuBaTh
TOJIBKO JIBa NEPBLIX YpaBHEHNUSA. BBIBOI OTHOCHTETBHO MOBEJIEHNS KOMIIOHEHTHI X3 OyIeT
CIeJIaH HA OCHOBE MOBEJICHUA T U Ta.

Paznoxkenne pemtennda no metony lasepkuna, cooTBeTCTBYIONIEe TPAHUIHBIM YCJIOBU-
aM , Oy/leT UMeTh CIeAYIONni BUI:

Z; = v;(t) cos (%) + u;(t) cos QLRT : (4)

[Ipu momcranoBke pemienns (4) B cucremy nostyauM HeBsi3ky N (t, 7). YceaoBue
OPTOTOHATBHOCTU TPUMET CJAEAYIONNN BUT:

R

/N(t,r) cos (%”) dr—0, k=12 (5)

0

278



XVI Meowcdynapodnas nayuwras xongeperyua
«Judpeperyuarvroe YpasHeRUA U UT NPUAOAHCEHUA 6 MATMEMATNUNECKOM MOJEAUDOBAHUL>
Capanck, 17-20 aseycma 2023 20da

[Ipu uHTErpUPOBAHUK MOJYYUM HEJUHEHHYIO CUCTEMY BUIA!

vy = f1(vy,v2,up, uz),
i = g ),

fa(v1, 9, u, uz), (6)

( )

Ug = g2\V1, V2, U1, U2).

V1, U2, U1, U2
1

Up

Y cucrembl @ CyIIecTBYET TPHU IOJIOZKEHUs] paBHOBECHSI: JIBA HEHYJIEBBIX W OJIHO HY-
nepoe. [Toctpous maTpuny fkobu a1 cucTeMbI @, HaiigeM coOCTBEHHbBIE 3HAYEHUS ITOMH
MaTPUIBI B OKPECTHOCTIX KayKJI0TO U3 MOJOXKEHUH PaBHOBECHSI:

D D D D D D D D
(Oqza —042?, —043?, —Oé4z) ) <5IE’ —52?7 _53E7 _B4E> )

D D D D -
/ylk’, 72]{:7 ’YIka 72]{; )

rie oy, Bi, Vi — HOJOKHUTETbHbIE BellleCTBeHHbIE TUCIA.

B nepBbIx AByX HaOOpax cOOCTBEHHBIX 3HAYCHUN HIPUCYTCTBYIOT TOJOKUTEIbHBIE YHC-
Jla, YTO O3HAYaeT HEYCTONYINBOCTH JABYX HEHYJIEBBIX TMOJIOKeHUH paBHOBecus. llocemamit
HA0OP CBUIETETHLCTBYET 00 ACUMITOTHIECKON YCTOWUHBOCTH TPUBHAILHOTO TOJIOYKEHHS
paBHoBecus. [OCKOJIbKY pelieHust CuCTeMbl @ — 3TO0 BecoBble (DYHKIIUHU B PA3JIOKEHUU
(4], meycroitunBOCTL MO/IOKEHNST PABHOBECHS CHCTEMBbI (@ 0O3Ha4YaeT OTCYyTCTBUE NUHAMU-
YEeCKOR yCTONYUBOCTHU pelieHuii , a acUMITOTHYECKad YCTOHYUBOCTH — HAJIMYHE JUHA-
MUYECKO! yCTOUYUBOCTH.

DTO O3HA4YaeT, YTO /IJId HAJUYUA JTUHAMHUYICCKOU YCTOWYMBOCTU PEIIeHHI CHCTEMBI
HeoOXO MO BHIOHpATH HAYAIbHO-KpaeBble yeaoBus (3]) Tak, 9To6bl OHE MPUBOIUIN K
TPUBUAJIBLHOMY IOJIOKCHUIO PABHOBECHS.

Takum obpaszom, Ge3omacHoe TeUeHHE HPOIECca U30TEPMUIECKOR TOMOTeHHON XUMHU-
YeCcKOH peakIuu BO3MOXKHO 00ECIeUnTh M0I00POM HAYAIbHBIX KOHIEHTPAIIN BEIIecTB.

[TepcrieKTUBHBIM HANPAB/JIEHUEM BUJIUTCS PACHIUPEHUE MPEJIJIOKEHHOTO aJIFOPUTMA Ha
CHUCTEeMbI C Y4Ye€TOM TeILIOBOrO OasjlaHca 3epHa KaTaau3aTopa, a TaKKe Ha IPOIEcChl C
reTepPOreHHON KUHETUKOMN.
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Investigation of the stability for substances’
concentrations’ dynamics in the catalyst grain’s
diffusion model
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Abstract: The article proposes a method for studying the solutions’ dynamic stability
of parabolic system describing a mathematical model of a homogeneous reaction in a
catalyst grain. The nonlinear model is constructed using a diffusion approach — the
diffusion of components along the granule’s radius, their consumption and formation
due to chemical reactions are taken into account. The study of dynamic stability
involves the decomposition of solutions into a series by the Galerkin method using
continuous basis functions. A nonlinear system of ordinary differential equations with
respect to the weight functions is constructed from the orthogonality condition of
the residual. Its equilibrium positions are found. The system of ordinary differential
equations is linearized at the neighbourhood of each equilibrium. A conclusion is
made about the solutions’ stability based on the signs of the eigenvalues of the linear
approximation. Further, the conclusion is extended to the solutions of the initial
system — the concentration of substances in the catalyst grain model.

Keywords: parabolic equations, Galerkin method, linearization, dynamic stability,
catalyst grain.
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Variational statement of the problem of vibrations of a
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Abstract: The statement of the problem of vibrations of a beam with a moving
spring—loaded support carrying an attached mass is obtained. When the support is
not absolutely rigid, energy exchange occurs through the moving boundary. In this
regard, there is a difficulty in writing the boundary conditions. To formulate the
problem, we used the variational principle of Hamilton. In this case, the viscoelastic
properties of the beam material are taken into account. The problem posed includes
the differential equation of vibrations, initial conditions for the bent axis of the beam
and for the added mass, boundary conditions. The conditions on the moving boundary
are written as ratios between the values of the function and its derivatives to the left
and right of the boundary.

Keywords: oscillations of a beam, boundary conditions, variational principles, moving
spring support.

Among all the many problems of the dynamics of elastic systems from the point
of view of technical applications, the problems of oscillations in systems with moving
boundaries: longitudinal-transverse vibrations of the ropes of hoisting installations |1-6]
flexible transmission links |2], rods of solid fuel and beams of variable length, drill strings,
railway contact network [7], belt conveyors, etc.

In a mathematical setting, this is reduced to new problems in mathematical physics
— to the study of the corresponding equations of hyperbolic type in variable ranges of
variation of both arguments [4-6,[8-{10].

Until now, there is no general approach to the formulation of such problems, and
the authors in each specific case adapt the existing methods to solve the problem under
consideration. Here we note that the methods for solving these equations in variable
geometric domains are qualitatively different from the classical methods of mathematical
physics. In other words, the studied dynamic process develops over time.

The problems of oscillation of systems with moving boundaries have been solved
mainly with a linear setting and rigid fixation of boundaries, when there is no energy
exchange across the boundary [1-31|7,/11]. In rare cases, the effect of damping forces was
taken into account. Real technical objects are much more complicated. Problems about
vibrations of a beam with a moving support belong to a wide class of problems related to
the vibrations of objects with moving boundaries. In all the cases considered earlier, the
rigid fastening of the moving support excluded the exchange of energy through it. In the
presence of energy exchange, the complexity in recording the conditions at the moving
boundary increases. In this paper, to formulate the problem, it is proposed to use the
variational principle of Hamilton.

In connection with the intensive development of numerical methods, it became possible
to de-scribe such objects more accurately, taking into account a large number of factors.
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Of all the possible laws of motion, in fact, one is realized for which the action

t1

/(T — U)dt (1)

to

where T" and U are the kinetic and potential energies of the system takes a stationary
value [10].

A new nonlinear mathematical model of transverse vibrations of a viscoelastic beam
with a moving spring—loaded support carrying an attached mass is formulated. The
boundary conditions are obtained in the case of the interaction of the parts of the object to
the left and to the right of the moving boundary, taking into account the energy exchange
through it. The resulting mathematical model makes it possible to describe high—intensity
oscillations of systems with moving boundaries. Note that there are currently no methods
for the analytical solution of the problem posed, so this problem, apparently, can be solved
only by numerical methods.
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Numerical simulation of oxidative regeneration of a
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Abstract: The article presents the results of numerical simulation of a spherical catalyst
layer with single-stage kinetics. The model is described by partial differential equations.
The diffusion-reaction equations correspond to the material balance of the reaction’s
gas phase in the grain pores. The inhomogeneous equation of heat conductivity
corresponds to the heat balance. The decrease in the mass fraction of coke sediments
on the catalyst grain is described by an ordinary differential equation. Heat and
mass transfer in the reaction mixture layer is taken into account. The computational
algorithm is constructed using the integro-interpolation method. The results of the
software are the profiles of the distribution of temperature fields across the catalyst
layer, the dynamics of the mass fractions of the reaction mixture in the catalyst layer,
the average values of the concentrations of substances in the catalyst grain.

Keywords: mathematical modeling, integro-interpolation method, diffusion-reaction
equations, heat conductivity equation, oxidative regeneration.

The issue of resource conservation is one of the most important questions in our days.
An urgent task of industrial chemistry is to study the possibility of reuse of the catalyst
within the framework of this problem.

During the reactions, the catalyst inevitably loses its effectiveness, including by reducing
the active surface due to the accumulation of coke on the surface and in the grains’
pores |1]. One of the methods of restoring catalytic activity is the oxidative regeneration
— the burning of coke sediments with oxygen-containing gas [2]. The main disadvantage
of the reduction process is the prolonged exposure to high temperature on the catalyst,
which violates its physico-chemical properties, structure, and also leads to an increase in
the fragility of the material [3|. It is obvious that regeneration needs strict temperature
control while reducing the burning time. This leads to the need to predict the flow of the
process under various technological conditions.

Mathematical modeling is an effective mean of solving such problems [4]. Modern
computing capabilities make it possible to carry out serial calculations fairly quickly with
various input data of a mathematical model [5,6].

The mathematical model of oxidative regeneration of the catalyst layer is two-phase
— the gas and solid phases are described separately. It is a system of partial differential
equations [7,[8]. The system includes equations of material balance by the number of
substances involved in the reaction. The material balance of the gas phase in the catalyst

“The work of O.S. Yazovtseva was supported by the Russian Science Foundation under grant no. 19-71-30012,
https://rscf.ru/en/project/19-71-30012/ and performed at Steklov Mathematical Institute of Russian Academy
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grain (oxygen and carbon dioxide) is described by diffusion equations with a source term
corresponding to chemical transformations — diffusion-reaction equations. The decrease of
coke mass fraction on the catalyst grain is described by an ordinary differential equation.
The model also includes the equations of the thermal balance for the catalyst grain
— the heat exchange of the gas and catalyst layers, the heating of the grain due to
chemical reactions and its propagation along the reactor’s length is taken into account.
The calculations are performed under the assumption of grain isothermicity, which greatly
simplifies the model and the computational algorithm for it [9]. In turn, the material and
thermal balances of the gas in the catalyst layer are described by the heat and gas transfer
equations, respectively, taking into account the heat and mass transfer of the gas and the
catalyst layer.

The initial boundary conditions for the system describe the entry of gas into the
catalyst layer and heat and mass transfer at the grain boundary. The difference scheme
for the model is based on the integro-interpolation method and has an explicit-implicit
character [10].

The computational algorithm is implemented in C+-+. The results of the software are
the profiles of the distribution of temperature fields across the catalyst layer, the dynamics
of the mass fractions of the reaction mixture in the catalyst layer, the average values of
the concentrations of substances in the catalyst grain.

The pictures fig. [1Fig. 1:{2Fig. 2| present changes of characteristics. The initial values
is follow. Oxygen in the catalyst pores and in the reaction gas is 100%, catalyst’s temperature
is 273 K (0°C), temperature of reaction mixture is 793 K (520°C).

Different lines on the graphs correspond to different lengths of the catalyst layer in
meters (transcript in the right columns).
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The temperature of the grain is compared with the temperature of the gas over time.

Reactions go fast enough from the first minute. Oxygen in the grain’s pores burns
out, while the mass transfer between the grain and the gas layer is not fast enough for
smooth burning. This leads to low oxygen concentrations both in the pores and in the gas
layer at the first minutes.
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The oxygen concentration reaches the initial value by the end of the burn (about

thirty minutes) due to the fact that the coke has burned out and the reaction is not going

O1l.
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