
VIII Международная научная молодежная школа-семинар
”Математическое моделирование, численные методы и комплексы программ” имени Е.В. Воскресенского

Саранск, 16-20 июля 2018

MSC 45G05

Note on approximation of the exact solutions of weakly
singular integral equations

Aleksandr N. Tynda 1

Penza state university1

1. Introduction

It is well-known that the exact solutions of weakly singular integral equations may have
unbounded derivatives near the bounds of domain (see, e.g. [2, 5]).

For a simplicity of presentation consider now the simplest case of one-dimensional Volterra
integral equation of the form

x(t) - 
t\int 

0

h(t, \tau )

(t - \tau )\alpha 
x(\tau )d\tau = f(t), t \in [0, T ], 0 < \alpha < 1, (1)

where the function h(t, \tau ) has bounded derivatives on each variable up to certain order r in square
[0, T ]2, f(t) \in Cr,\alpha (0, T ]. Then the exact solution x(t) \in Cr,\alpha (0, T ] ( [2]). Here is a definition of
this class:

Definition 1. Let 0 \leqslant \alpha < 1 and the function f(t) has continuous derivatives up to order r for
t \in (0, T ], satisfying the inequalities

| f (k)(t)| \leqslant Ak

tk - 1+\alpha 
, for all t \in (0, T ], k = 0, 1, . . . , r.

Then f(t) \in Cr,\alpha (0, T ].

Since the exact solution of (1) belongs to Cr,\alpha , there is a necessity to investigate the optimal
methods of approximation for this class.

2. Piecewise polynomial approximation

It is well-known (see, e.g. the papers [1, 2] by H. Brunner) that the polynomial spline
approximation of functions from Cr,\alpha in case of the uniform mesh tk = kT

N , k = 0, N , satisfies
only \| f  - fN\| \infty = O( 1

N1 - \alpha ). And this order is best possible for any r \geqslant 1. One can restore the
optimal convergence rate O(N - r) by using so-called graded meshes of the form

tk =

\biggl( 
k

N

\biggr) r
1 - \alpha 

T, k = 0, N. (2)

The mesh (2) is strongly nonuniform and there are some practical difficulties in its application
in collocation methods for integral equations. In using graded meshes we have to start the
collocation on a very small subinterval. This may create serious round-off errors in subsequent
calculations, which will restrict applicability of the method (see, e.g. [3, 7]).

In this paper we suggest the new practical mesh which is less nonuniform than (2), but at
the same time it gives us an equivalent approximation error for the functions from Cr,\alpha (0, T ].

The application of this mesh in practice (when the spline-collocation technique is used)
allows to save 2 - 3 orders of a theoretical accuracy. Such approach is also extended to the case
of multidimensional integral equations at the construction of its numerical solutions [8].

118



VIII Международная научная молодежная школа-семинар
”Математическое моделирование, численные методы и комплексы программ” имени Е.В. Воскресенского

Саранск, 16-20 июля 2018

References

1. H. Brunner, The Numerical solution of weakly singular Volterra integral equations by
collocation on graded meshes, Math. Comp.. 1985. Vol.45, No. 172. pp. 417-437.

2. H. Brunner, A. Pedas, G. Vainikko, The piecewise polynomial collocation method for
nonlinear weakly singular Volterra equation, Math. Comp.. 1999. Vol. 68, No. 227. pp.
1079-1095.

3. T. Diogo, S. McKee, T. Tang, Collocation methods for second-kind Volterra integral
equations with weakly singular kernels. Proc. Roy. Soc. Edin. 124A, 1994. pp. 199-210.

4. A.N. Tynda, Numerical algorithms of optimal complexity for weakly singular Volterra
integral equations, Comp. Meth. Appl. Math.. 2006. Vol. 6, No. 4. pp. 436-442.

5. G.M. Vainikko, On the smoothness of solution of multidimensional weakly singular integral
equations. Mat. Sbornik.. 1989. Vol. 180, No. 12. pp. 1709-1723 (In Russian)

6. V.K. Dziadyk, Introduction in Theory of Uniform Approximation of the Functions by
Polynomials. Moscow, Nauka. 1977. 512 p. (in Russian)

7. A.P. Orsi, Product integration for Volterra integral equations of the second kind with
weakly singular kernels. Math. Comp.. Vol.65. No. 215(1996). pp. 1201-1212.

8. A.N. Tynda, Numerical methods for 2D weakly singular Volterra integral equations of the
second kind. PAMM, 2007. Vol. 7, Issue 1, pp. 2020009 - 2020010.

119


