
XV Международная научная конференция
”Дифференциальные уравнения и их приложения в математическом моделировании”

Саранск, 15-18 июля 2021

MSC2020 74B20

Modeling the behavior of a bar under creep conditions
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The paper considers a metal rod of circular cross-section, the length of which is many times
greater than its cross-section. A constant tensile force is applied to the rod, which sets the stress
p at the initial moment of time. The rod is in creep conditions. In this one-dimensional case, the
equilibrium equation takes the form

\partial \sigma 

\partial x
= 0,

therefore, the stress will be an arbitrary function that depends only on time: \sigma = \sigma (t). Taking
into account that at the initial moment \sigma (0) = p, we take this function in the simplest linear
form \sigma (t) = p+kt, where k is some constant. In areas where irreversible deformations are absent,
stresses can be calculated as

\sigma ij =
\rho 

\rho 0

\partial W

\partial dij
(\delta ij  - 2dij),

where W is the elastic potential, \rho 0 is the density of the material in the undeformed state (dij = 0,
temperature T = const), \delta ij are the Kronecker symbols. In an isothermal process deformation
W = W (dij) and for an isotropic medium this function depends only on the invariants of the
tensor dij : W = W (J1, J2, J3). It was shown in [1] that if this function is expanded in a Taylor
series with respect to the free state, limiting ourselves to terms up to the third order in the
components dij

W =
\lambda 

2
J2
1 + \mu J2 + lJ1J2 +mJ3

1 + nJ3 + ...

J1 = dii, J2 = dikdki, J3 = dikdkjdji,

then we obtain the following dependence for calculating the stresses in the regions of reversible
deformation

\sigma ij = (\lambda dkk + ldstdts + (3m - \lambda )d2kk  - (l + \lambda )dkkdstdts + (
1

2
\lambda  - 

 - 3m)d3kk)\delta ij + 2(\mu + (l  - \lambda  - \mu )dkk  - (l + 2\mu )dstdts + (\mu  - 3m - 

 - l + \lambda )d2kk)dij + (3n - 4\mu  - (4l + 3n - 4\mu )dkk)ditdtj  - 6nditdtpdpj .

(1)

In (1) \lambda , \mu , l,m, n are elastic constants of the medium, and the first two are the Lame

parameters: \lambda =
\nu E

(1 - 2\nu )(1 + \nu )
, \mu =

E

2(1 + \nu )
, \nu  - Poisson’s ratio.

If in the expression for stresses in reversible deformation regions (1) we take into account
only the linear dependence on the component of the total strain tensor d: \sigma = (\lambda +2\mu )d = p+kt,
then we get

d =
p+ kt

\lambda + 2\mu 
=

\partial u

\partial x
 - 1

2

\biggl( 
\partial u

\partial x

\biggr) 2

. (2)
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Let’s introduce the replacement
\partial u

\partial x
= z, (3)

then equality (2) takes the form

z2  - 2z +
2(p+ kt)

\lambda + \mu 
= 0.

This quadratic equation has roots

z1,2 = 1\pm 

\sqrt{} 
1 - 2(p+ kt)

\lambda + \mu 
,

from which it is reasonable to take positive. In what follows, we will need the \varepsilon - component of
the total strain rates, equal to

\varepsilon =
dz

dt
=  - k\sqrt{} 

(\lambda + 2\mu )(\lambda + 2\mu  - 2p - 2kt)
. (4)

If we take into account the quadratic dependence of the total strain tensor component d in
the expression for stresses in the regions of reversible deformation (1), then we obtain the relation

\sigma = (\lambda + 2\mu )d+ 3(l +m+ n - \lambda  - 2\mu )d2 = p+ kt

or the equation a1d
2+a2d - a3 = 0, where a1 = 3(l+m+n - \lambda  - 2\mu ), a2 = \lambda +2\mu , a3 = p+kt.

Introducing the notation b =
a2
2a1

, c =
a3
a1

, we rewrite this equation in the form d2+2bd - c =

0, the positive root of which will satisfy the relation

d = b+
\sqrt{} 
b2 + c =

\partial u

\partial x
 - 1

2

\biggl( 
\partial u

\partial x

\biggr) 2

,

which, taking into account the replacement (3), can be written in the form

z2  - 2z + 2(b+
\sqrt{} 

b2 + c) = 0.

We are satisfied with the root of this equation z = 1 +
\sqrt{} 
1 - 2(b+

\surd 
b2 + c), then the

component of the total strain rates will take the form

\varepsilon =
dz

dt
=  - k

2a1

\sqrt{} 
1 - 2(b+

\sqrt{} 
b2 + c)

\surd 
b2 + c

. (5)

In our case, the equation of transfer of elastic deformations [1] takes the form

de

dt
= (\varepsilon  - \gamma c)(1 - e).

The creep of the rod is modeled by kinetic equations; therefore, the deformation process will
be described by the following system of equations:\left\{               

de
dt

= (\varepsilon  - \gamma c)(1 - e),

dpc

dt
= (1 - 2pc)\gamma c,

d\omega 

dt
=

B

A
\gamma c.

(6)
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Here
\gamma c =

A\sigma n

\omega n(1 - \omega )n
,

the pc – component of the irreversible creep strain tensor; the \gamma c – component of the creep strain
rate; \omega – parameter of the rod material damage; A,B, n – parameters of creep, \varepsilon – the component
of the total strain rates can be calculated by the formula (4) or (5). We believe that the stresses
in the bar, as in the classical theory, are completely determined by reversible deformations. At
the initial moment of time t = 0, the rod is in an undeformed state, and the applied stress in a
short time \tau increases from 0 to p, and the initial conditions will be homogeneous. However, the
\tau interval is much shorter than the creep time t\ast of the material, so the initial conditions can be
taken as:

e(0) =
p

E
, pc(0) = 0, \omega (0) = 0, (7)

where E is the modulus of elasticity of the rod material. The system of equations (6) should be
solved under the initial conditions (7) until the moment of time t = t\ast , at which the damage
parameter takes the value \omega (t\ast ) = 1, which determines the failure of the rod. The results were
compared with the data obtained in [2] when studying the creep of rods with a diameter of
0.042 m made of steel grade St. 45.

References

1. A.A. Burenin, L.V. Kovtanyuk Large irreversible deformations and elastic aftereffect.
Vladivostok: Dalnauka, 2013.

2. Kuznetsov E.B., Leonov S.S. Technique for selecting the functions of the constitutive
equations of creep and long-term strength with one scalar damage parameter. Journal of
Applied Mechanics and Technical Physics. 2016. Vol. 57, No. 2, pp. 369-377.

67


